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Abstract
The atmospheric density in the very low Earth orbit (VLEO), the lower region of the thermosphere
is a critical factor for satellite missions on prediction of orbit and lifetime. However, accurately
determining atmospheric density remains challenging owing to difficulties in acquiring data within
the VLEO. The re-Entry satellite with Gossamer aeroshell and GPS/Iridium (EGG) nanosatellite
mission, conducted in 2017, obtained sparse coordinate data through the iridium network and
Global Navigation Satellite System (GNSS). Using these data, we developed a methodology based
on machine learning and special perturbations to estimate atmospheric density. The originally
obtained atmospheric density predicted by NRLMSISE-00 was corrected during trajectory repro-
duction from GNSS data by special perturbation. The prediction performance of the method was
validated using the generated trajectory data. Subsequently, we estimated the density at altitudes
of approximately 200 km, particularly in the lower region of the VLEO. Density values that accu-
rately reproduced trajectories of the EGG were 0.5 to 0.64 times greater than that predicted by
the NRLMSISE-00 model. This methodology is effective for measuring atmospheric density in the
lower VLEO region using GNSS data from low-cost and high-frequency nanosatellite missions. By
increasing the availability of accurate atmospheric density data, this methodology enhances our
understanding of the atmosphere in the VLEO.

Keywords: Thermospheric density, Gaussian process regression, Bayesian optimization, Satellite
trajectory

1. Introduction

The very Low Earth Orbit (VLEO), which is at an altitude range of 100–400 km, the lower
region of the thermosphere, is poised to become a hub for future satellite operations. This range is
lower than the altitudes at which Earth observation satellites have traditionally operated. There-
fore, the spatial accuracy increases, and the sensor transmission power decreases in this altitude
range. The VLEO has been the primary field for nanosatellites. Numerous nanosatellite missions
have been carried out in the VLEO, often facilitated by deployment opportunities, such as the
Japanese Experiment Module (JEM) Small Satellite Orbital Deployer (J-SSOD). This system re-
leases nanosatellites from the JEM Kibo airlock aboard the International Space Station (ISS) at
an altitude of 400 km.
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Atmospheric density is an important factor in the VLEO. Satellites are decelerated by the
aerodynamic force proportional to the atmospheric mass density (hereafter, density), which is
expressed by the following equation:

Faero = −1

2
ρCDA|v|2

v

|v|
(1)

where ρ is the density, and CD , A, and v are the drag coefficient, front projected area, and
velocity of the satellite, respectively. The density at the VLEO is significantly higher than that
at higher altitudes. Consequently, the aerodynamic force described in Eq. 1 is magnified and has
a considerable impact on the orbit and function of the satellite. Therefore, accurate prediction
of density is essential for effectively utilizing this region. However, this task is challenging. First,
observations in this region are difficult. Satellites that collect measurement data cannot remain in
this region for extended periods owing to the large aerodynamic forces, and observation balloons
cannot ascend to this altitude. Second, the density in this region changes rapidly and drastically
owing to solar activity and geomagnetic conditions, which are measured respectively as F10.7,
representing the solar radio flux at 10.7 cm wavelength, and the Ap index, a daily average indicator
of geomagnetic activity.

Considerable efforts have been made to estimate the thermospheric (90–600 km) density [1][2].
The existing methods are those based on orbit derivations [3] [4], accelerometers [5][6][7], Global
Navigation Satellite System (GNSS) data [8][9], Broglio drag balance instruments [10][11], neu-
tral mass spectrometers [12][13], ultraviolet remote sensing [14], pressure gauge [15], incoherent
scatter radar [16][17], and atmosphere occultation [18][19]. Various empirical models based on
measurement data have also been constructed: the MSIS series (MSIS [20][21], MSIS-83 [22], MSIS-
86 [12], [23], NRIMSISE-00 [24], and NRLMSISE 2.0 [25]), DTM series ( [26], DTM94 [27], DTM-
2000 [28], and DTM-2013 [29]), and Jacchia series ( [30], Jacchia-70 [31], Jacchia-71 [32],HASDM [33],
and JB2006 [34]).

Orbit-derived density or density estimated from accelerometers is used as global density data.
Density derived from orbits is estimated based on satellite drag or orbital perturbation, primarily
through variations in the orbit’s semi-major axis. This method is highly versatile as it uses tracking
data from satellites such as the two-line orbital element (TLE). Two methods are used to obtain
the orbit-derived density: Global perturbation (GP) and special perturbation (SP). GP is used
to analytically calculate orbits from the satellite TLE data using an orbit propagator, such as
SGP4 [35], whereas SP calculates the orbits by evolving the satellite’s equations of motion over
time. These methods were compared and a method was developed to calculate the density from the
difference between the GP orbit and observed orbit [3]. The density predicted by the Jacchia-70
model was corrected using SP and fitting orbital elements and ballistic coefficients using satellite-
tracking data [4]. However, the density derived this way is typically averaged over a certain
period of time. Hence, it may not capture rapid or short-term variations in atmospheric density,
particularly in dynamic regions like the very low Earth orbit (VLEO). This could lead to less
accurate predictions for satellite operations that require real-time or precise density information.
Accelerometers provide density measurements with high temporal resolution; however, they are
expensive and only a limited number of satellites have been equipped with them. Hence, the
spatial coverage and historical extent of these measurements are less than that of the density
measurements derived from orbits. Most of these density data came from satellites that orbit at
altitudes of 400 km or higher for extended periods. Density data in the VLEO are limited because
satellites in this range cannot remain in orbit for long periods. Hence, empirical models do not
always accurately evaluate the VLEO density. Increasing the accuracy of atmospheric density
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measurements, particularly in the lower VLEO region, at an altitude of approximately 200 km,
is crucial for enhancing our understanding of the atmosphere in VLEO. Therefore, a new and
effective methodology for obtaining density data for VLEO is necessary.

Currently, many low earth orbit satellites are equipped with high-precision GNSS receivers
and obtain high-temporal data. These data can be used to estimate the density by differentiating
them and extracting the acceleration due to aerodynamic force [9][8]. Particularly, GNSS data
from nanosatellites can be used to acquire density data in the VLEO, potentially increasing the
quantity of available data. However, these nanosatellites typically have severe limitations in terms
of budget, weight, and battery capacity. Therefore, data from such satellites may not always be
readily accessible for density estimation.

The nanosatellite re-Entry satellite with the Gossamer aeroshell and GPS/Iridium (EGG),
which departed from the ISS in 2017, obtained GNSS data in the VLEO. Figs. 1 and 2 show
the concept of the EGG mission and its GNSS positioning data [36]. The horizontal axis of the
GNSS data shows the number of days since the beginning of the mission, that is, the release
from the ISS. The primary objectives of this flight demonstration were to (1) deploy an inflatable
aeroshell in the VLEO, (2) achieve orbital decay by the aerodynamic force acting on the inflatable
aeroshell, and (3) establish telemetry and command systems using the Iridium satellite network [37]
in the VLEO. All communications with the EGG were via the Iridium satellite communication,
eliminating the need for ground antennas. The EGG was released from the ISS on January 16,
2017; 27 days later, its membrane aeroshell was deployed in orbit by commands sent from the
ground. The aeroshell deployment increased the EGG’s front projected area and the aerodynamic
force, which decelerated the EGG and collapsed its orbit. It thus gradually descended. The altitude
data in Fig. 2 (c) depict this situation. In addition to the GNSS data, different types of data (e.g.,
temperature) were acquired via the Iridium satellite communications during the mission. However,
they were intermittent, with intervals of tens to thousands of seconds, owing to the sub-optimal
communication conditions.

Takahashi et al. performed trajectory reconstruction from the data using Gaussian process
regression (GPR) [38] as the basis for the density estimation [36]. This method is effective when
an input data set is sparse or complex. They showed that the position can be reconstructed from
intermittent data; however, the accuracy of the velocity reconstruction is insufficient. Therefore,
the methodology of utilizing GNSS introduced in [9] and [8] cannot be used with these data.
Hence, after the trajectory reconstruction, they estimated the velocity of the EGG by fitting the
trajectory using SP and Bayesian optimization (BO) [39] methods. They optimized the components
of the initial velocity vector and found that these values were consistent with the altitude of

Figure 1: Concept of the EGG mission
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a) b) c)

Figure 2: GNSS positioning data obtained by EGG

the reconstructed trajectory. In other words, they estimated the velocity that was not precisely
obtained by the EGG from the intermittent GNSS data. The BO method was chosen because it
could efficiently attain an optimal solution at a low computational cost, particularly when dealing
with complex objective functions that vary across many input parameters. Its advantage lies in
avoiding the pitfalls of local optimum solution. However, the density value was not optimized
because its effect on the trajectory (altitude) was too small. The altitude of the GNSS data was
approximately 330 km. By incorporating GNSS data from lower altitudes, where density has
a greater impact, and integrating density values into the optimization parameters, it becomes
feasible to estimate the density experienced by the EGG. In short, the orbit-derived density can
be obtained from the nanosatellite’s intermittent GNSS data.

If a methodology for estimating the density from the EGG data can be established, it can
be applied to other nanosatellites. This technique will then provide more observations of the
density in the VLEO, effectively filling the gap of missing mass density data in this region. This
study aims to develop a methodology that can estimate density using intermittent GNSS data
from nanosatellites and apply it to the EGG data. We used GNSS data from an altitude of
approximately 200 km, which is a lower VLEO region.

In Section 2, we describe the density estimation methodology. Section 3 presents reconstructed
trajectories from the EGG GNSS data. In Section 4, the validation of our methodology is described.
The results of the application of the EGG data are presented in Section 5. Finally, Section 6
concludes the study.

2. Methodology

The concept of the density estimation methodology developed in this study is shown in Fig. 3.
The basic idea is to reproduce a reconstructed trajectory (blue line) based on the measured GNSS
data (black point), obtained by a nanosatellite using SP. GPR is used to reconstruct the trajectory.
Among the input parameters of the SP, the components of the initial velocity vector and density are
estimated using BO and grid search. The results (red line) are considered valid if the reconstructed
trajectory is successfully reproduced. In other words, the density estimation in this study is an
inverse problem of determining the appropriate input parameters based on the trajectory data
derived from actual measurements and the SP output data.

This section describes the components of the methodology.

4



2.1. Trajectory reconstruction using Gaussian process regression
GPR is a regression method that does not require detailed assumptions on the basis functions

and is easy to handle with few hyperparameters. It can be easily applied to complex and varying
data using a small number of measurement points. We used this method because the GNSS data
obtained by EGG was sparse owing to the characteristics of the Iridium satellite communications.
In GPR, given a set of N input–output pairs X = (x1, ...,xN) and y = (y1, ...,yN) as training
data D, the probability distribution of the output y∗ for a new input x∗ is predicted as follows:

p(y∗|x∗, D) = (kT
∗ K

−1y, k∗∗ − kT
∗ K

−1k∗). (2)

Here, k∗ is the vector of the kernel function k, defined as k∗ = (k(x∗,x1), k(x∗,x2), ..., k(x∗,xN)).
Furthermore, k∗∗ = k(x∗,x∗). K is the covariance function of X, defined as follows:

K =

 k(x1,x1) · · · k(x1,xN)
... . . . ...

k(xN ,x1) · · · k(xN ,xN)

 (3)

In this study, the kernel function k was obtained by the radial basis function kernel with added
white noise w, as described by [36]:

k(xi,xj) = θ1exp

(
− 1

θ2
|xi − xj|2

)
+ w, (4)

where xi and xj are the arbitrary input points. Furthermore, θ1 and θ2 are hyperparameters, repre-
senting the variance and length scale, respectively. These were optimized using the limited-memory
Broyden—Fletcher—Goldfarb—Shanno algorithm for bound constrained optimization [40][41].
The Python package “GPy”(version 1.9.9) [42], an open-source package to conduct GPR, was
used to perform the GPR.

We used only the reconstructed altitude time series to perform Bayesian optimization and grid
search, as described in the following section, because we hypothesized that the density would have
a significant effect on this parameter.

2.2. Special perturbation
To estimate the density during the flight of the nanosatellites, the reconstructed trajectories

were reproduced by SP, which included density as one of the inputs. The density value that

Figure 3: Concept of the methodlogy
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reproduced the reconstructed trajectory was the result of this estimation. In the SP, we assumed
that a nanosatellite is a point mass on an Earth-centered, Earth-fixed (ECEF) non-inertial frame.
Subsequently, the Earth’s gravity; Coriolis, centrifugal, and aerodynamic forces; the Sun’s and
Moon’s gravity; tides; and solar radiation act on it. SP was calculated in this study in the region
below an altitude of 250 km; therefore, the Sun’s and Moon’s gravity, tides and solar radiation are
negligible compared to the aerodynamic force. In this case, the equation of motion was given by

m
∂2x

∂t2
= Fgrav − 2mω × v −mω × (ω × x) + Faero (5)

where x, t, m, and ω are the positioning vector, time, mass, and angular velocity vector, respec-
tively. The velocity vector v is given by

v =
∂x

∂t
(6)

The angular velocity vector represents the Earth’s rotation, given by ω = (0, 0, ω), where ω =
7.292115 × 10−5 rad/s. Furthermore, Fgrav and Faero are the vectors for the gravitational and
aerodynamic forces, respectively. Fgrav is calculated by differentiating the gravitational poten-
tial [43]; considering the longitudinal coefficients J20, J22, J30, and J40, as obtained from the study
by Liu [44], Faero is given by:

Faero = −1

2
dfρmodelCDA|v|2

v

|v|
(7)

where df , ρmodel, CD, and A represent the density factor, density from NRLMSISE-00, drag coeffi-
cient, and front projected area, respectively. The thermospheric horizontal wind is not considered
because its effect is sufficiently low. According to the horizontal wind model HWM14 [45], the
wind speed is as low as 100–150 m/s even in locally high-speed wind regions; and the wind speed
distribution is symmetric with respect to a latitude of 0 degrees. Furthermore, because nanosatel-
lites released from the ISS such as the EGG periodically move between -50 and 50 degrees latitude,
the effect of the horizontal thermospheric wind can be canceled out by performing calculations over
a sufficient period. Notably, this effect may not be ignored for satellites with different orbits. The
date and time of the NRLMSISE-00 to calculate ρmodel were set to 2017/5/14, 0:00 (GMT), when
the EGG was at an altitude of approximately 220 km. Furthermore, the density was calculated
by averaging the global distribution (0◦ ∼ 360◦ longitude, in 45◦ increments, and −50◦ ∼ 50◦

latitude, in 25◦ increments) because the EGG stayed in this region. This means that the current
SP calculation did not consider the Earth eclipse. The orbit of the EGG was almost similar to
that of the ISS in terms of the longitude and latitude; it circled around the Earth in the positive
direction of longitude in approximately 90 min. Therefore, the effect of the eclipse would also be
canceled out in the process of obtaining the averaged orbit-derived density. The density factor was
a constant value multiplied by ρmodel; therefore,

df =
ρsat
ρmodel

(8)

where ρsat is the density experienced by the satellite. df value is the target of the estimation in
this study. The drag coefficient of the EGG at each altitude should be accurately obtained using
a wind tunnel test or computational fluid dynamics calculation using a 3D shape model of the
EGG. The direct simulation Monte Carlo (DSMC) method [46] was applied as a CFD method, as
described in the following subsection.

6



2.3. DSMC method
We used the DSMC method to calculate the CD values of the EGG under atmospheric con-

ditions of a high Knudsen number. The method is driven by the Boltzmann equation. The 3D
shape model of the EGG and the computational grid are shown in Fig. 4. This shape was recon-
structed based on the images taken in orbit by the camera (Adafruit1386) mounted on the EGG
after deploying its aeroshell. We employed the Maxwellian thermal model as the wall reflection
model. The wall surface was assumed to be isothermal with a temperature of 300 K, whereas the
other boundary conditions were set to that of a uniform flow. The Larsen–Borgnakke model [47]
was used as the collision model. In this study, the conditions were set as presented in Tables 1 and
2 at the altitude where the EGG was positioned. Here, Neq represents the number of particles in
a single sample. Changing Neq from the values in Table 2 had almost no impact on the results of
CD. However, it affected the computational cost; hence, the values were determined so that the
computational cost was acceptable. The atmospheric composition was obtained from NRLMSISE-
00 on January 1, 2015, at 45◦ E and 55◦ N. OpenFOAM (ver. 4.1) [48] , an open-source CFD
solver, was employed for the DSMC calculation. The solver used was ”dsmcfoam”. The CD values
were calculated based on the results using the equation given by

CD =
D

1
2
ρU2A

(9)

where D, ρ, U , and A are the drag force, density, velocity of flow, and front projected area of the
3D model, respectively. The yaw angle of the EGG was adjusted by 30°. The calculated CD values
are presented in Fig. 5. Although not shown, the variation of CD to the pitch angle was almost
equal to that in this figure. The CD values were considered as cosine functions of the yaw angle,
and then averaged, as shown in Fig. 6. The reason for averaging was the inability to determine the
attitude of the EGG. It is hypothesized that the altitude of the EGG continued to change rapidly
during the time period covered by the GNSS data used in this study (117 days after the start of
the mission), as shown in Fig. 7. The CD values (' 1.3) shown in Fig. 6 were used for the SP with
linear interpolation to the altitude.

Table 1: Conditions of the DSMC calculation commonly used for all altitudes

U (m/s) 7800
Time step (s) 10−5

Number of steps 2500

Table 2: Conditions of DSMC calculation

Alt.
(km)

Number density (/m3) Temp.
(K)

Neq

(-)N2 O2 O N

300 5.594e13 1.544e12 5.308e14 1.306e12 822.1 1e11
200 2.493e15 1.222e14 4.727e15 7.997e12 792.1 1e12
150 2.466e16 1.894e15 1.811e16 4.794e12 661.5 1e12
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a) b) c)

Figure 4: 3D shape model of EGG and computational grids (1,883,154 grids). (a), (b), and (c) are
total computational domain, front and rear side view, respectively.

Figure 5: Results of CD value calculation Figure 6: Averaged CD value

Figure 7: Angular velocity data obtained by EGG. Roll, yaw, and pitch correspond to x, y, and z in
Fig. 4 (b)
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2.4. Parameter search using Bayesian optimization
Eqs. (5) and (7) require several input parameters, including the density, initial velocity vector,

initial coordinates, gravity potential, and physical constants such as the Earth’s mass, rotation
speed, and aerodynamic coefficients of the nanosatellite. The output values comprise the time-
series of the coordinates and velocity. The density factor and initial velocity vector are unknown.
These parameters are searched to determine the values that match the reconstructed trajectory
data from GPR. BO can efficiently determine the optimal solution. The process is as follows:

1. As an initial test, random sets of input parameters (components of the initial velocity vector
and density factor) are determined for the SP.

2. The selected input values are used to the SP calculations and the trajectory data are obtained.
3. The objective function, the difference between these and the reconstructed trajectory, is

calculated using Eq. 10.
4. Utilizing the results used to train the data, GPR is used to create a predictive distribution

of the objective function in the input parameter space.
5. The pair of input parameters for the predictive distribution of the objective function is

minimized and estimated by the acquisition function.
6. Steps 2 through 5 are iterated until umbral is established; the input parameters resulting in

the smallest objective function are regarded as the optimization results.

The objective function f minimized by BO was defined as

f =
1

N

N∑
i

(
|xi,alt,GPR − xi,alt,SP |

xi,alt,GPR

)
+

|tset,GPR − tset,SP |
tset,GPR

× wt

(10)

where x and t represent the coordinates and time, respectively, with subscripts GPR and SP
indicating the error evaluation points for GPR and SP, respectively. The term N represents the
number of error evaluation points, and i represents each point. The first term on the right side
of the equation represents the average altitude difference rate at each point. The second term
is the difference in time when the altitude reaches the set value, and wt is a weight parameter
to account for the earliness of the drop. The Matern 5/2 kernel [49] was used for the BO. The
expected improvement [50] was used as the acquisition function. The Python package “GPyOpt”
(ver.1.2.6) [51], an open-source package to conduct BO, was used to perform BO. The model was
set as a standard Gaussian process (GP).

Focusing on the low cost of BO, we repeated the process of ”random initial test → maximum
number of iterations reached” 100 times and obtained 100 patterns of the optimization results.
These were approximately optimal values; therefore, a more detailed grid search was performed,
as described in the following subsection.

2.5. Detailed grid search
A grid search is a parameter search method that sets the range and resolution of the input

parameters and searches all patterns. With this approach, we can estimate the optimal input
parameters, minimizing the difference in altitude, and analyze their sensitivities near the optimal
value. In this study, the following steps were performed for all cases: selection of the input
parameters of SP and calculation of the difference from the reconstructed trajectory.
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3. Trajectory reconstruction by GPR

We reconstructed the trajectory of the EGG using GNSS data before the end of the mission,
specifically, before atmospheric re-entry as shown in Fig. 2 (c). The initial values of the hyperpa-
rameters and the number of iterations for the optimization of the kernel function shown in Eq. 4
were 1 and 1000 for θs and max iteration, respectively. Fig. 8 shows the results of the trajectory
reconstruction using GPR. GPR provides the mean and variance of the predictive Gaussian dis-
tribution. The blue lines represent the mean of the predictive distribution, whereas the light blue
bands indicate the 95% confidence range; however, they are almost invisible because the maximum
values of these ranges were approximately 200 m, which was sufficiently low. They were sufficiently
accurate for the density estimations.

Figure 8: Results of Gaussian process regression

4. Density prediction performance

A validation test was conducted as follows:

1. Virtual ground-truth trajectory data were generated using the SP with a specific set of input
parameters (initial velocity vector vI,true and density factor df,true).

2. The reconstructed trajectory from the GNSS data, located in the lower left of Fig. 3, was
replaced with the ground-truth data. The initial velocity vector and density factor were opti-
mized using BO within certain ranges including their ground-true values. BO was performed
for 100 sets, as described in Section 2.4.

3. The ranges of the input parameters for the detailed grid search were determined from the
100 patterns of the BO results.

4. A grid search was performed to determine the condition that minimized the altitude difference
between the ground-truth trajectory data and the output of the SP, and verify whether this
condition was equal to vI,true and df,true. The sensitivity of each parameter was also discussed.

4.1. Ground-truth data
SP was performed under the conditions listed in Table 3 to obtain the ground-truth data, as

shown in Fig. 9. In Table 3, xI,true = (xI,long,true, xI,lati,true, xI,alti,true), vI,true = (vI,long,true, vI,lati,true, vI,alti,true),
and df,true are the initial coordinates, velocity vector, and density factor, respectively.
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Table 3: Parameters for ground-truth data

Parameters Values
xI,long,true (deg) -145
xI,lati,true (deg) 50
xI,alti,true (deg) 210
vI,long,true (m/s) 7200
vI,lati,true (m/s) -2070
vI,alti,true (m/s) 15
df,true 1.0

Figure 9: Ground-truth data

4.2. Bayesian optimization against ground-truth data
BO was performed 100 times under the conditions listed in Table 4. The “set altitude” indicates

the altitude at which the time difference in Eq. 10 was calculated. The total computational time
(wall time) was approximately 2 h. Among the obtained 100 patterns of the optimization results
(VI,opt = (vI,opt,1, ...,vI,opt,100), Df,opt = (df,opt,1, ..., df,opt,100)),the best results (vI,opt,best, df,opt,best)
closest to the altitude ground-truth data, the trajectory (red line), and the error magnitude (pink
line) are shown in Fig. 10. The red line is almost invisible because the maximum values of the
error was approximately 0.5 km. The closeness of the two-trajectory data was evaluated using the
average difference in altitude at each point (Erralt,ave). This figure shows that the initial velocity
vector and density factor, which were close to the ground-truth data, were obtained by the BO.
Furthermore, it shows that the df,opt,best = 0.944 is close to the df,true = 1.0 in Table 3. Fig. 11
shows the distributions of Erralt,ave for each input parameter VI,long,opt, VI,lati,opt, VI,alti,opt, VI,opt’s
longitude, latitude, and altitude components, respectively, and Df,opt. The distribution of the
magnitude values of VI,opt, VI,mag,opt is also shown in Fig. 11 (e). This value was not an input
parameter but was calculated by√

v2I,long,opt,j + v2I,lati,opt,j ≈ vI,mag,opt,j, (11)

because,
vI,alti,opt,j � vI,long,opt,j, vI,lati,opt,j (12)

Fig. 11 (c), (d), and (e) show that VI,alti,opt, Df,opt, and VI,mag,opt, have downward convex distribu-
tions centered on vI,alti,true, and df,true, in Table 3, and vI,mag,true, in Fig. 11 (e), respectively. They
show that these parameters gathered toward these ground-truth values. This may be because of
the preferential search by the BO, because they have a impact on the altitude of the trajectory. It
can also be inferred that BO revealed parameters that have a impact on the altitude.
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Table 4: Settings for Bayesian optimization (validation)

Parameters Values
VI,long,bopt (m/s) [7150, 7250]
VI,lati,bopt (m/s) [-2120, -2020]
VI,alti,bopt (m/s) [0, 20]
Df,bopt [0, 2]
Set altitude (km) 190
Weight of time, wt 1e-6
Number of initial tests 5
Max iterations 300

Figure 10: Closest result of trajectory reproduction by BO. vI,opt,best = (7187.6,−2114.1, 15.3) (m/s),
df,opt,best = 0.944

a) b) c)

d) e)

Figure 11: Distributions of the optimized parameters (prediction performance)
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4.3. Grid searching against the ground-truth data
The ranges of the input parameters for the grid search were determined based on the BO

results, as listed in Table 6. The list of variations for each input parameter was named VI,long,grid,
VI,lati,grid, and VI,alti,grid, respectively. Based on the results in Fig. 11 (e), we assumed that the
magnitude of the initial velocity vector could be used as a constraint to reduce the computational
cost. vI,mag,min and vI,mag,max were the constraints. Thus, we conducted SP only when vI,long,grid,j
and vI,lati,grid,k satisfied the constraint as given by

vI,mag,min <
√

v2I,long,grid,j + v2I,lati,grid,k < vI,mag,max. (13)

They were given as the maximum integer value that does not exceed the minimum value of VI,mag,opt

and the minimum integer value that exceeds the maximum value. A grid search was conducted
using the conditions listed in Table 5. The total number of cases was 86,660. The number of
cases without the constraints in Eq. 13 was 452,480, thereby reducing the number of calculations
to approximately one-fifth. Fig. 12 shows the results with Erralt,ave (≤ 2 km) on the vertical axis
and each input parameter on the horizontal axis, similar to Fig. 11. First, Fig. 12 (a) and (b) show
that the values of VI,long,grid and VI,lati,grid have no effect on Erralt,ave. In other words, even if these
two parameters have different values from vI,long,true, Erralt,ave becomes extremely small depending
on the other parameters. Therefore, these two parameters could not be estimated based on the
smallness of Erralt,ave. Fig. 12 (c), (d), and (e) show that VI,alti,grid, Df,grid, and VI,mag,grid have a
certain effect on Erralt,ave because the distributions of this value became convex downward with
vI,alti,true, df,true, and vI,mag,true at the center, similar to the case of BO. Therefore, it was shown
that these parameters could be estimated by performing a BO and grid search. Furthermore, it was
possible to estimate these parameters in the case of EGG using the reconstructed trajectory from
the EGG GNSS data shown in Fig. 8. Compared with the methodology using high-precision and
high-temporal GNSS data, for example [9], the proposed methodology is advantageous in terms of
the measurement costs. Usually, satellite missions are expensive; however, using our methodology,
the information on the density in the VLEO can be obtained from low-cost nanosatellites inter-
mittent data. Finally, the sensitivities of these parameters to Erralt,ave were interpreted from the
results. Focusing on df , which is the target of this study, Fig. 12 (d) shows that Erralt,ave changes
by approximately 0.5 km with a change of 0.15 in Df,grid. This can be used to determine the
estimation error of df . For example, considering the GNSS measurement error, if the acceptable
maximum error of Erralt,ave is determined as 0.5 km, the estimation error of the density is deter-
mined as approximately ± 0.15 in this case. Compared with [9], this is a drawback in terms of the
spatial and temporal resolution. The sensitivity of df to Erralt,ave depends on the length of time
taken for the SP calculation because the longer the time, the larger the perturbation. Therefore, a
certain time span is necessary to obtain density from our methodology; this is the averaged value
along a certain trajectory length.

5. Atmospheric density in VLEO

The altitude intervals (A)–(D) shown in Fig. 13 were set based on the reconstructed trajectory
of the EGG shown in Fig. 8. For each of these intervals, BO and grid search were performed as
in Section 5 to estimate df . As described in Section 4, BO was performed 100 times under the
conditions listed in Table 6. The ranges of VI,long,bopt and VI,lati,bopt were determined experimentally
such that the magnitudes of the velocities converged, as shown in Fig. 11 (e), based on the results
of the GPR on the longitude and latitude GNSS data. This was because the velocity of EGG could
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Table 5: Ranges of parameters for grid search (validation)

Parameters Values Resolution
VI,long,grid (m/s) [7184, 7218] 2
VI,lati,grid (m/s) [-2120, -2020] 2
VI,alti,grid (m/s) [12, 18] 2
Df,grid [0.75, 1.25] 0.05
vI,mag,min/vI,mag,max 7489/7495 #

a) b) c)

d) e)

Figure 12: Distributions of the grid search results (prediction performance)
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not be reconstructed accurately, according to [36]. As an example, the BO results for interval (A)
are shown in Fig.14 as well as Fig. 11. The distribution of each input parameter was almost
identical to that used in the validation. The results for the other intervals were similar. Based on
these results, the grid search conditions were set as listed in Table 7.

Additionally, the results of the grid search for interval (A) are shown in Fig. 15 as well as
Fig. 12, and are almost similar to the validation results. The results for the other intervals were
similar. In other words, we could capture the range of optimal values for the altitude component
and magnitude value of the initial velocity vector, as well as the density factor using BO. This
enabled an effective grid search.

Fig. 16 shows df distribution, as shown in Fig. 11 (d). In each interval, the minimum Erralt,ave
were 0.07 km, 0.12 km, 0.07 km, and 0.18 km, respectively. The df values in each interval,
which output the minimum Erralt,ave, were 0.50, 0.56, 0.58, and 0.64, respectively. From Eq. 8,
the density EGG experienced (ρEGG) was

ρEGG = dfρmodel. (14)

Thus, in each interval, ρEGG was estimated as 0.50, 0.56, 0.58, and 0.64 times greater than that
of the NRLMSISE-00, respectively. This suggests that the model may overestimate the density at
an altitude of approximately 200 km. However, the EGG does not have attitude data and we used
averaged CD values in SP, as mentioned in Section 2.3. To perform more accurate validation on the
atmospheric model, we should use GNSS data obtained by nanosatellites, which obtain attitude
data within the same time as BEAK [52], the successor of EGG, which began flight demonstrations
on December 18, 2023. Data obtained from the spherical satellites can be used for this purpose.
Performing spherical nanosatellite missions to estimate the density of the VLEO is particularly
effective. In addition, the modeling of the SP calculations described in Section 2.2 has a certain
effect on accuracy. For example, the ρmodel is the altitude distribution averaged over the longitude
and latitude in the region where the EGG rested and is stationary. In reality, the density varies
with the Earth’s eclipses and time. More accurate density estimation will be possible by taking into
account such changes in the atmospheric density during SP calculation. Moreover, the parameter
used here to estimate the density is df ; however, a more meaningful estimate would be obtained
using a parameter that is more consistent with the structure of the thermospheric density, such as
F10.7.

Furthermore, Fig. 16 shows that the slopes of the distributions are different with the interval.
As mentioned in Section 4.3, these slopes show the sensitivity of df to Erralt,ave; they depend on
the length of time. Comparing interval (A) and (D), the trajectory of (D) is shorter (Fig. 13) but
its slope is steeper. This may be because of the higher density at lower altitudes and the greater
effect on the trajectory altitude by the percentage change in the density. From these results, it
can be deduced that our methodology visualizes the sensitivity of df to Erralt,ave, corresponding
to the time length and altitude of the GNSS data we used as well as the reconstructed trajectory.
As mentioned in Section 4.3, determining the maximum allowable Erralt,ave is a significant issue.
If this value can be determined by appropriately considering the errors in the GNSS data, the
methodology developed in this study can be used to estimate the density factor and its range.

6. Conclusion

In this study, we developed a methodology for estimating atmospheric density based on inter-
mittent GNSS data collected from nanosatellites. This approach corrects the density predicted by
the NRLMSISE-00 model in the process of reproducing the predicted trajectory from the GNSS
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Figure 13: Intervals to estimate density

Table 6: Settings for Bayesian optimization (EGG data)

Parameters Values
Intervals A B C D

VI,long,bopt (m/s) [6100, 6200] [6000, 6100] [7150, 7250] [4400, 4450]
VI,lati,bopt (m/s) [4150, 4250] [4350, 4450] [-2150, -2050] [6050, 6150]
VI,alti,bopt (m/s) [-20, 20]

Df,bopt [0, 2]
Weight of time, wt 1e-3
Set altitude (km) 220 200 180 160

Number of initial tests 5
Max iteration 300

a) b) c)

d) e)

Figure 14: Distributions of the optimized parameters (EGG data, Interval (A))
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Table 7: Ranges of parameters for grid search (EGG data)

Parameters Values Resolutions
Intervals A B C D

VI,long,grid (m/s) [6140, 6200] [6020, 6100] [7178, 7210] [4400, 4450] 2
VI,lati,grid (m/s) [4160, 4250] [4350, 4450] [-2150, -2050] [6050, 6150] 2
VI,alti,grid (m/s) [-13, -7] [-3, 3] [4, 8] [-7, 0] 2

Df,grid [0.2, 0.8] [0.3, 0.74] [0.4, 0.8] [0.48, 0.8] 0.02
vI,mag,min/vI,mag,min 7465/7472 7483/ 7493 7489/7500 7505/7532 #

a) b) c)

d) e)

Figure 15: Distributions of the grid search results (EGG data, interval (A))

A) B) C) D)

Figure 16: Distributions of the grid search EGG data results, only density factor (EGG data).
(A)–(D) are the names of intervals.
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data by special perturbation. We validated the methodology using virtual ground-truth data and
applied it to the measured GNSS data from the nanosatellite EGG.

First, trajectories were reconstructed from the intermittent GNSS data measured by the EGG
using GPR. The results were sufficiently accurate for density estimation.

Subsequently, the methodology developed in this study was validated. The virtual ground-
truth data were created using SP to simulate the EGG trajectory. The methodology was validated
by optimizing the components of the initial velocity vector and density factor using BO and grid
search. The results indicated that the density factor and its estimation error could be estimated.
Subsequently, the advantages and drawbacks with respect to the methodology based on the high
temporal GNSS data were discussed.

Finally, the methodology was applied to the EGG data, and the initial velocity component and
density factor that matched the reconstructed trajectory were obtained. The results suggest that
the empirical atmospheric model NRLMSISE-00 may overestimate the density at altitudes around
200 km. Furthermore, we successfully visualized the sensitivity of the density corresponding to
the time length and altitude of the GNSS data we used and reconstructed their trajectory. The
limitations and future work for further development of the methodology were discussed.
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