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Path Selection and Network Equilibrium Under Non-Extreme Flood Disturbances

Yifan Wang * * (corresponding author), Ryuichi Tani , Kenetsu Uchida ?
“ Graduate School of Engineering, Hokkaido University, Sapporo, Japan

Abstract

Non-extreme flood disasters caused by urban fluvial flooding can disrupt and impact the operation of
urban road traffic systems. This is particularly evident in the influence on the path selection behavior of
network users and the resulting changes in the equilibrium state of the road network. Consequently, the
network cannot maintain its original performance, leading to disturbances and interruptions. Therefore, this
study proposes a novel stochastic traffic assignment model to simulate and analyze such scenarios. The model
proposed in this study introduces a path cost expression that incorporates two stochastic terms, effectively
capturing the perceived objective costs for different types of users under non-extreme flooding: flood risk and
travel time, as well as the subjective cost factors of the users. Additionally, this study introduces a new criterion
to classify paths into acceptable and unacceptable categories. Users will abandon unacceptable paths deemed
too dangerous and will choose paths only from their set of acceptable paths until the road network reaches an
equilibrium state. The corresponding set of acceptable paths will dynamically change based on the risk
sensitivity of different types of users and the prevailing flood conditions. The model developed in this study
can effectively analyze the impact of non-extreme floods on the path selection behavior of users with different
risk sensitivities and simulates the evolution of the road network’s equilibrium state as users instinctively
avoid risks. This research provides valuable insights for stakeholders in the operation, management,
maintenance, and restoration of road networks under non-extreme flood conditions.

Keywords: Risk Sensitivity; Non-extreme Flood; User Path Selection, Path Choice Set.

1. Introduction
1.1 Background

Urban flood disasters can be categorized into pluvial flooding, fluvial flooding, and coastal flooding
(Agonafir et al., 2023). Given the increasing frequency of extreme weather events worldwide, urban pluvial
flood disasters triggered by extreme rainfall are becoming more severe (Ren et al., 2024, Ai et al., 2024,
Patwary et al., 2024). Urban pluvial flooding directly impacts the normal operation of road network
infrastructure, affecting driver mobility and potentially leading to disruptions in the road network, resulting in
significant economic losses and even threatening driver’ lives (Koetse and Rietveld, 2009, Patil et al., 2024).
Due to the complex nature of extreme rainfall events, urban pluvial flood disasters exhibit diverse intensities,
which in turn affect the path selection of users within the road network and influence the assignment of traffic
flow and equilibrium state of the network, and further impacting the performance of the road network in terms
of resilience and accessibility. Therefore, analyzing the assignment of traffic flow within the road network
under the influence of urban pluvial flood disasters plays a crucial role in facilitating the management,
maintenance, operation, and repair of the road network in the face of flood impacts, and particularly facilitates
further research on the resilience of transportation networks under the impact of non-extreme floods.
1.2 Literature Review

(1) Flood disasters in transportation networks

Urban pluvial flooding refers to floods triggered by a sudden and intense rainfall, leading to a rapid
increase in surface runoff due to the high impervious surface coverage and inadequate drainage system
capacity in urban areas (Gradeci et al., 2019). The extent of damage caused by rainfall floods is closely related
to rainfall intensity and urban drainage capacity (Wang et al., 2016). Extreme flood disasters occurring in
cities often result in significant damage to urban infrastructure systems, especially the road network system,
affecting accessibility and causing substantial property losses or even endangering lives (Acosta-Coll et al.,
2018). In contrast to extreme floods, non-extreme flood disasters occur when short-term rainfall is not
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extremely intense but still exceeds the capacity limits of the urban drainage system (Li et al., 2019). While
non-extreme floods may not directly paralyze the entire transportation network system, leading users to
abandon their travel plans entirely (Van Ootegem et al., 2015), they do impact users’ path selection behavior,
which in turn alters the traffic flow assignment across the network (He et al., 2023). This impacts the overall
efficiency of the network and results in diminished performance. Compared to extreme floods, the effects of
non-extreme floods on the network tend to be more widespread and prolonged, often leading to significant
indirect financial losses. Hence, investigating traffic assignment issues under the influence of non-extreme
floods is equally imperative, which will provide positive impetus for stakeholders in the transportation system
to manage and maintain road networks effectively. Although many current studies assume flood disasters as
perturbing factors in the analysis of transportation networks—such as accessibility (Zhou et al., 2022, He et
al., 2021), vulnerability (Sullivan et al., 2023, Ye and Kim, 2019), and resilience (Fang et al., 2023, Ma et al.,
2023, Chen and Rose, 2018) under flood disturbances—most of these studies consider the extreme flood
scenarios. There is limited research on the impacts of non-extreme floods. Therefore, incorporating non-
extreme flood scenarios into the analysis could advance research in this area and provide valuable insights for
real-world network management and maintenance during non-extreme flood events.

On the other hand, when a flood occurs in the road network, users with different levels of risk sensitivity
exhibit distinct path selection behaviors. Even for the same path submerged by non-extreme floods, less risk-
sensitive users might still opt for it, whereas those more sensitive to risks would avoid it. This implies that, on
the same network and between the same origin-destination (O-D) pairs, the path sets selected by users with
different levels of risk sensitivity differ when a flood transpires. However, scant scholarly attention has been
paid to this phenomenon. Therefore, exploring the dynamic changes in path sets for traffic assignment in
relation to changes in user risk sensitivity and flood scenarios holds significant relevance.

(2) Reliability-based network equilibrium

Travel time reliability is one of the key factors users consider when selecting paths (Jackson and Jucker,
1982, Abdel-Aty et al., 1995), especially when the network is impacted by disasters such as floods, heavy
rainfall, or earthquakes. In such scenarios, users instinctively seek to avoid risk, and the reliability of travel
time often outweighs purely minimizing travel time costs in their decision-making (Liu et al., 2004). When a
non-extreme flood occurs, although it may not force users to abandon their travel plans entirely, the uncertainty
and safety risks associated with the flood can significantly influence path selection behavior, thereby altering
the original network equilibrium state. Compared to traditional traffic assignment methods based on the user
equilibrium principle, models that account for travel time reliability are better suited to capturing the impact
of uncertainty on users’ path selections and analyzing changes in network equilibrium (Carrion and Levinson,
2013, Carrion and Levinson, 2012). Consequently, numerous reliability-based network equilibrium models
have been developed. Lo et al. (2006) proposed the concept of travel time budget and developed a within the
budgeted time network equilibrium model. Watling (2006) proposed a reliability-based equilibrium model that
utilized a path cost function incorporating stochastic travel time and late arrival penalty. Chen and Zhou (2010),
Xu et al. (2014) developed the mean-excess traffic equilibrium model, in which travelers always choose the
route with the least impact from unreliability, ensuring path reliability. de Palma and Picard (2005), Nikolova
and Stier-Moses (2014) used a linear combination of the mean and variance of random travel times to construct
a corresponding reliability-based network equilibrium model. Siu and Lo (2014) developed a model that
analyzes travelers’ route and departure time choices based on the need to ensure punctuality, considering the
trade-off between travel time reliability and the risk of arriving late. Among the many reliability-based network
equilibrium models, some scholars have considered the disturbances caused by adverse weather or natural
disasters and developed corresponding network equilibrium models based on the characteristics of these
disasters. For example, Sumalee et al. (2011) analyzed the uncertainty effects on both the demand and supply
sides under severe weather conditions and constructed a corresponding reliability-based network equilibrium
model with a focus on the mean-variance framework. Lam et al. (2008) incorporated a random term into the
route cost function to capture the uncertainty caused by heavy rain and developed a corresponding reliability-
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based network equilibrium model.

While some scholars have constructed reliability-based equilibrium models that consider natural disasters
as perturbing factors, very few studies have focused on the reliability-based network equilibrium models based
on the characteristics of non-extreme floods. Therefore, this research assumes non-extreme floods as a
perturbing factor for the network and conducts analysis accordingly. In reliability-based network equilibrium
models, most models express the impact of uncertainty on users’ perceived costs by incorporating a random
term into the path cost function. When a flood disaster occurs, users face not only time costs but also flood
risks, and users’ subjective psychological factors also influence their path selections. However, many current
reliability-based network equilibrium models rarely consider the combined effects of time costs, risk costs,
and psychological factors in path selection. This study incorporates all these influencing factors into the cost
function. Furthermore, these factors often exhibit uncertainty, so one single random term in the path cost
function is insufficient. While current reliability-based network equilibrium models always include only one
random term in the cost function, this study’s path cost function employs two random terms with different
distributions to better capture the uncertainties associated with various influencing factors.

(3) Bounded rationality network equilibrium

In real-world networks, users face limitations in information availability, computational capacity, and time,
preventing them from making fully rational decisions when selecting paths (Simon, 1955). Consequently,
bounded rationality theory assumes that users can only select the optimal or suboptimal paths within a
constrained set of options. The decision-making logic proposed by bounded rationality better reflects the
actual behavior of users in real-world scenarios, leading to the development of various network equilibrium
models that account for bounded rationality. Di et al. (2013) discussed the impact of bounded rationality on
network equilibrium states, while Fosgerau and Small (2013) analyzed congestion in traffic networks in the
context of bounded rationality. Mahmassani and Liu (1999) explored the dynamic effects of bounded
rationality on users’ travel decisions during the process of information acquisition. Siri et al. (2022) proposed
a day-to-day path selection model based on bounded rationality and validated it empirically. Bounded
rationality-based network equilibrium models typically set tolerance thresholds or constraints, allowing for a
certain degree of suboptimal choices, thereby avoiding the strict conditions imposed by fully rational user
equilibrium and system optimal states.

In the context of non-extreme flood events, certain routes may be deemed unacceptable by users and thus
avoided. The determination of these unacceptable routes is influenced by the flood conditions and users’ risk
sensitivity. However, in existing studies on network equilibrium under flood impact, few have simultaneously
linked users’ path choice sets to flood conditions and risk sensitivity. On the other hand, in studies employing
Logit-type models for traffic assignment, even routes with very high costs are assigned some traffic flow,
which is clearly inconsistent with real-world behavior under flood disturbances. Inspired by bounded
rationality theory, this study proposes a new path selection criterion that links tolerance thresholds to flood
conditions and user risk sensitivity, ensuring that unacceptable paths are excluded first. Subsequently, users
will select the most reliable path from the remaining options. This dynamic adjustment of the path choice set,
influenced by both risk sensitivity and flood conditions, allows for a more effective analysis of user path
selection behavior under non-extreme flood impacts.

1.3 Research Contents

Based on the current research status outlined above, conducting an analysis of traffic flow assignment
considering non-extreme flood scenarios and accounting for the varying risk sensitivities of different users
would be highly meaningful. Therefore, this paper takes the backdrop of non-extreme flood where users do
not entirely forsake travel plans, categorizes users based on the level of risk sensitivity, a link-based traffic
assignment model with cost function incorporating binary stochastic terms (BST model) is designed to
investigate the path selection behavior of different user types under the influence of non-extreme flood.
Compared with conventional model, the cost function in the BST model comprises three components: travel
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time, flood risk, and path selection inertia. Path travel time is determined on a ‘link-based’ method, factoring
in user risk sensitivity. Flood risk is determined by the length, depth, and velocity of flooding along the links.
Travel time and flood risk together constitute the objective costs considered by users during path selection,
while path selection inertia represents users’ subjective psychological factors. Both flood risk and path
selection inertia in the cost function are stochastic variables, which are incorporated to reflect the ambiguity
perceived by users and the uncertainty of subjective psychological factors. And the BST model also introduces
novel criteria for path selection, wherein paths are categorized into ‘acceptable paths’ and ‘unacceptable paths’
based on user risk sensitivity. Users of corresponding categories only select paths from their respective
acceptable path sets, ensuring that no traffic is allocated to the unacceptable path sets. Furthermore, the BST
model proposes new path equilibrium conditions, aiming to dynamically adjust the acceptable path set in
response to changes in user risk sensitivity and non-extreme flood conditions, and effectively simulate the
traffic assignment status of road networks under non-extreme flood conditions.

2. Path Cost Function

The notations employed in this paper are shown in Appendix A.
2.1 User Classification and Path Flow

Users within each O-D pair are categorized into different types based on their risk sensitivity, denoted as
Pim» Where m represents the user type. User risk sensitivity represents the degree of concern towards risks,
with higher sensitivity indicating greater aversion to risks. Users with different levels of risk sensitivity will
perceive different travel costs for the same paths and will make different path choices accordingly. This study
assumes that the demand for O-D pair Q;, i € I, is a random variable, denoted as Q;~(q;, 67). Employing
Qim represents the demand for different types of users within the same O-D pair. Q;,, is stochastic, denoted
as Qim~(qim» 02y), and Qj, is independent of each other. Then the following relationship holds:

=) Qm Viel ()
meM;
Qim =Pim"Q; Viel,VmeM; (2)
Qim = Pimq; Vi€, VmE€E M; (3)
0t = var[Qum] = (Pi)? - var[Q;] = (Pyy)? - of
Viel,Vm e M; (4)

where P, represents the proportion of Q;;, occupiedin Q;. Fj,; denotes the stochastic traffic flow on the

path j € J; belongingto Qj,,denoted as Fiyj~(fimj» ol ;). And introducing Py, to denote the proportion

of traffic flow among different paths within Q;,,, which is interpreted as the probability of user type ‘m
selection among different paths within Q;,,. Then the following relationship can be obtained:

le:ZFlm] VlEI,VmEMl (5)
JeJi
Fimj :le]le ViEI,VmEMl-,VjE]i (6)
fimj = Pimj " Qim YiEILVmM € M;,Vj € J; (7)
Oimj = \/UClT'[Fl'mj] = \/var[Pimj ' le] = le] " Oim Viel,vme Ml',Vj E]i (8)
coV|Fimj, Fimk| = cov[Pim; * Qim Pimk * Qim] = Pimj * Pimk * On
Viel,Vme€ M, Vj,k €]; 9)

F;; represents the total stochastic traffic flow on the path j € J;, as Fy;~(f;}, al-zj), and V, represents the
total stochastic flow on the link a, as V,~(v,, 62). The following relationship holds:

meM;
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meM; meM;
cov|Fyj, Fy ] = Z cov|Fimj, Fomie| = Z Pimj * Piamk * O
meM; meM;
Vi € 1,Vj, k € J; (12)
Va:ZZSa]FLJ VaeA (13)
i€l jej;
Ua=ZZ6a1'fu Va€eA (14‘)
i€l jeJ;
O'az =Zzgaj'UaT[Fij] +Zz 2 6aj'6aklcov[Fij'Fik]
i€l jeJ; i€l jej; k€] k%]
Va € A (15)
cov[Vy, Vp] = z Z z 8aj " Sar * coV|Fyj, Fy

i€l jeJ; keJ;
Va,b € A (16)
2.2 Construction of Path Cost Function
The acquisition of link travel times is based on the BPR function, as depicted below:

T, =t2 (1 + B (Z—“>A> Va €A (17)

a
where t0 is the free flow travel time on the link a. T, is stochastic, then the mean E[T,] and variance
var[T,] can be obtained:
ta B

&

2
var[T,] = (tgcf> . (E[VaZ-A] — (E[Vaﬂ])z) Ya € A (19)

a

E[T,] =t + E[V}] vaeA (18)

(1) Perceived Path Travel Time
In the context of non-extreme flood, risk sensitivity significantly affects users’ perception of travel time.
Users with higher risk sensitivity tend to dislike risks more, leading them to perceive longer travel times and
thus prioritize reliability in their travels. To reflect the impact of risk sensitivity on users’ perception of travel
time, this study adopts the approach of link-based travel time reliability measures based on the sub-additivity
property, as the corresponding reliability-based travel time calculation formulas used by Xu et al. (2017). Then
this study constructs the mathematical expressions that represents the relationship between risk sensitivity and
perceived travel time. Let t;,,, represent the perceived link travel time for m-type users within an O-D pair
under their own risk sensitivity influence. The way t;;,,, represents the user-perceived link travel time and
its specific calculation expression are as follows (the detailed derivation of the calculation expression can be
found in Appendix B):
Pr(Ta < tima) Z Pim
Viel,vm e M;,Va € A (20)

Pim
1- Pim

tima = E[T,] + -Jvar[T,] Vi€Il,VvmE€ M;,Va € A (21)

By directly summing t;,,,, the perceived path travel time for type m users can be obtained, denoted as
timj- The specific expression is as follows:

timjzzaaj.tima ViEI,VmEMi,VjE]i (22)
a€cA
The method represented by Equations (20), (21), and (22) for calculating the perceived path travel time
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of users is termed the ‘link-based method’. In contrast, the more commonly used ‘path-based method’ involves
first calculating the corresponding path travel time and then determining the user’s perceived path travel time
based on this, as shown below:

( E[T;] = Z 84" E[T,]
a€A
var[Tij] = Z Z 8qj " Opj - cov[Ty, Tp]
4 a€EA beEA
PI'(TU < tipr;lljh—based) > pim
thasthesed = E[Ty| + |2 lvar[T,]
\ plm
Viel,Vj€]J,VmeE M;,Va € A (23)
Whether adopting a link-based or path-based method, the key lies in the use of the calculation method
proposed in Appendix B for user-perceived travel time, as indicated by ‘E[-] + %- var[-]’, for

simplicity, p(-) isused to represent it. Under the impact of flood disasters, longer travel times imply a greater
likelihood of users encountering danger. Therefore, perceived travel time not only carries the characteristics
of time cost but also embodies a distinctive risk attribute. When considering the risk attribute of perceived
travel time, the calculation method represented by p(:) serves as a risk measure. For a reasonable risk
measure, sub-additivity is a necessary condition. Hence, ensuring that p(-) possesses sub-additivity to reflect
the risk characteristics of perceived travel time provides additional advantages. Let X represent the travel
time T, forlink a,and Y represent the travel time T}, forlink b.The travel time T;; for path j, composed
of links a and b, is given by X + Y. Thus, the following relationship holds (The proof process is provided
in Appendix C):
p(X+Y) < pX)+p(Y) (24)

The left side of Equation (24) can be regarded as the ‘path-based method’, while the right side can be
regarded as the ‘link-based method’. Equation (24) demonstrates that the method represented by p(:) for
calculating perceived travel time satisfies the ‘sub-additivity of risk measure’. Thus, the mathematical
expression p(-) proposed in this study for calculating perceived travel time not only effectively quantifies
the impact of risk sensitivity on users’ perceptions but also helps to reflect the risk characteristics of perceived
travel time under flood conditions. Additionally, the relationship expressed by Equation (24) can be interpreted
as the perceived travel time along a path not exceeding the sum of perceived travel times across all links within
that path. Moreover, whether using a link-based or path-based method, both approaches employ mathematical
expression p(-). However, considering the computational feasibility and tractability for large-scale network
applications, this study adopts the link-based method to calculate the final perceived path travel time.

(2) Perceived Path Flood Risk

Flood risk on a specific link within the road network is determined by the velocity, depth, and length of
flooding on that link. Leveraging mechanical principles, Martinez-Gomariz et al. (2018), Wang et al. (2021)
conducted a study on the stability of vehicles under the influence of flood depth and flow velocity, providing
corresponding analytical expressions. Let ‘0, denote the degree of objective risk for a vehicle to lose stability
under certain flood depths and flow velocities on the link a, which can be calculated using the following
formula:

. Uaf
9, = min|1, T Va€eA (25)

ac

(N e ko) B
Yae = <hc> \/2 gL [ /(pf'haf) Rf] vaed (26)

where hgr and U,y represent the flood depth and flood velocity on link a, respectively. These two key
6




O© o ~N O 0ol wWw DN

e
N B O

13

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

41

42

43
44

parameters directly influence the risk of vehicle instability caused by flooding on the link. The flood conditions
in this study are assumed, so the values of h,s and U,s are also predefined. However, in practical
applications of the model, these parameter values can be adjusted according to actual flood conditions. The
remaining parameters in the equation represent empirical values, the specific meanings of which can be found
in Appendix A.

Given lgr representing the proportion of the link’s inundation length to its total length, a larger l,f
amplifies the danger of flooding, thereby increasing the objective flood risk for users. To maintain the
uniformity of units among the elements in the cost function and considering the inherent risk characteristics
of travel time on the link, travel time is introduced as the basis for calculating flood risk. Thus, for m type
users, the objective flood risk on link a and path j, denoted as i, and 73, respectively, follow the

expressions below:

Tima = (14 laf) -9 " tima Vi €I, Ym€E M;,Va € A (27)
rimj =Z5a]rlma Vi EI,VmEMl,V]E]l (28)
a€A

When the flood conditions on links within a path become more severe, the value of (1 + laf) g
increases, leading to a higher 7;,, value. Similarly, if the risk sensitivity of users in the current category
increases, the value of t;,,, will rise, further resulting in a larger 7;,,,. This indicates that the flood risk of a
link is influenced by the objective flooding conditions on the link as well as the user’s risk sensitivity,
exhibiting a relationship akin to direct proportionality. Given the inherent uncertainty and vagueness in users'
perceptions of objective flood risk, a stochastic distribution is used to capture this uncertainty. Assuming
perceived path flood risk for m type users within Q; 18 ‘Ryp,;’. Let ‘=R, follows a Gumbel distribution,
denoted as ‘—Rjy, j~EV (—7im;, 1)°. In this context, a larger value of 7,,,; shifts the probability density curve
of Rim; totheright, increasing the probability of higher perceived path flood risk. Perceived flood risk among
different paths is mutually independent.

(3) Path Selection Inertia

Path costs play a pivotal role in users’ path judgment and selection processes. Among these costs, travel
time and flood risk are inherent components that consistently influence user behavior. Additionally, subjective
psychological factors can shape user decisions during these processes. When a user determines that one path,
such as path 1, is acceptable and can be chosen, there will be the user’s subjective psychological tendency on
path 1. Judgment and selection behavior must be based on comparison between path 1 and other paths. In such
cases, another path, such as path 2, serves as an anchor for comparison with path 1, and subjective tendencies
toward path 1 do not extend to path 2 during the current evaluation and selection process. This asymmetry
tendency in path selection is referred to as ‘path selection inertia’, denoted by &;p, ;. It is worth noting that the
concept of ‘path selection inertia’ defined in this study aims to describe the user’s tendency toward a particular
path in their path selection behavior and is unrelated to the commonly used concept of ‘inertia’ in dynamic
traffic assignment. The psychological path selection inertia is incorporated into the cost function, thereby
affecting users’ path selection behavior. Subjective psychological perceptions of users inherently involve
uncertainty and ambiguity. To capture this uncertainty, the path selection inertia of users is assumed to follow
a uniform distribution. When users have higher risk sensitivity, they become more selective and cautious in
their path selections. Consequently, the upper limit of path selection inertia for these users will be lower. Thus,
for m type users within Q;, the expression for path selection inertia €;,,; is given as follows:

Eimj~Uniform[0,&m;| Viel,vme M,;,Vj €], (29)
Emj = (1 = pim) "tim; VIiEIL,Vm € M;,Vj € J; (30)

In real-world scenarios, flood conditions in road networks and users’ subjective perceptions are highly
varied. Thus, the two random variables in the cost function—perceived flood risk and path selection inertia—

7
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may follow any distribution. Consider a probability density function curve based on perceived flood risk and
path cost. Path selection inertia, reflecting the user’s preference for a path, shifts this curve to the left (reducing
the cost). The extent of this shift is determined by the boundary of path selection inertia, within which any
shift value is possible. Consequently, this study uses a uniform distribution to represent path selection inertia.
On the other hand, selecting Gumbel and uniform distributions for the two stochastic terms in the cost function
ensures that the corresponding path selection probability expressions have closed-form solutions. Then, in the
context of non-extreme flood, the perceived path cost for users encompasses three elements: perceived path
travel time, perceived path flood risk, and path selection inertia. For m-type users, risk sensitivity consistently
influences the costs associated with a path. This is because all three cost components—travel time, flood risk,
and path selection inertia—are inherently associated with risk. Risk sensitivity reflects the user’s attitude
toward risk, thereby affecting the specific values of these cost components. A higher level of risk sensitivity
leads to greater perceived travel time and flood risk. It also signifies a more cautious attitude, which results in
a lower value of path selection inertia. For instance, when the risk sensitivity is equal to 1, it indicates that the
user evaluates and selects paths with extreme caution and rationality, effectively eliminating path selection
inertia. The perceived cost Cyp,; onthe path j for m type users within Q; satisfies:
Cimj = timj + Rimj — Eimj
Viel,Vvm € M;,Vj € J; (31)

3. Network Equilibrium Model
3.1 Path Selection Criteria

Under non-extreme flood conditions, certain paths may be deemed too dangerous by users and thus
classified as completely unacceptable. Consequently, users will not choose these unacceptable paths.
Therefore, when making path selection, users will evaluate paths based on specific path selection criteria to
identify acceptable and unacceptable paths. Users will then make their selections only from among their
acceptable paths. Let J;,, be the set of acceptable paths for m type users within Q;, which is a subset of J;.
Conversely, let J;,,, represent the set of unacceptable paths for m type users within Q;, which is a subset of
Ji-

(1) Definition and Selection of Acceptable Paths

Users determine the acceptability of paths through a comparison of path costs. During this comparison
process, both perceived path travel time and perceived path flood risk are present for the paths. In the context
of path selection inertia, it is not symmetrically applied to the costs of both paths during one comparison action.
Instead, it is only applied to the path that the user subjectively intends to evaluate for acceptability and
selection, while the other path, used as a reference for comparison, is not assigned path selection inertia. For
example, for m-type users, when determining whether path j is acceptable, they compare the cost of path j
with another path, denoted as path k. When m-type users subjectively assess whether path j is acceptable,
they develop a psychological inclination towards path j, resulting in the application of path selection inertia
to path j. In contrast, the path k being compared, does not have the user’s inclination and therefore does not
undergo path selection inertia. If, at this point, the cost of path j is not greater than the cost of path k, then
path j is considered acceptable to m type users relative to path k. Similarly, if the user wants to determine
whether path k is acceptable, path k will also receive the user’s psychological inclination during this
assessment, and path j will not have the user’s inclination.

In other words, if the cost of path j, which includes path selection inertia, is not greater than the cost of
path k, which excludes path selection inertia, then the path j is considered acceptable for m-type users and
has the potential to be selected. The specific expression is as follows:

timj + Rimj — €imj < timk + Rimk
Vi € 1,Ym € M;,Vj € J;m, Yk € J; (32)
This judgment method can only determine that path j is an acceptable path for m-type users, but it

cannot determine that path k is unacceptable. Therefore, after m-type users have evaluated all paths, their
8
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acceptable path set may include multiple paths, each being acceptable in comparison to the others. When the
acceptable path set for m-type users includes both path j and k, the following relationship holds:
{timj + Rimj — €imj < timk + Rimx Vi €1,YM € M}, V), k € Jim (33)

timk + Rimk — €imk < timj + Rimj Vi € ,Ym € My,Vj, k € Ji,

Once the acceptable path set is determined, users will select a path from within their acceptable path set.
The judgment method provided by Equation (32) is used to define whether a path is considered acceptable,
which essentially involves comparing the costs between two paths. The selection proportion of m type users
for a particular path from the set of acceptable paths is determined by comparing that path with all the
remaining paths in the acceptable set, following the judgment method represented by Equation (32). For
example, for a path j in the set of acceptable paths, if path j is compared with all other remaining paths in
the set using the comparison method from Equation (32), the greater the probability that path j satisfies the
definition of an acceptable path, the more advantageous path j is relative to other acceptable paths, and
therefore, more users will choose path j.

Let Yj,; represent the probability that a certain acceptable path (path j), when subjected to path
selection inertia, has a cost no greater than all other acceptable paths without the path selection inertia. The
expression for this probability is given as follows (the detailed derivation process is shown in Appendix D):

Yimj = Pr(timj + Rimj — €mj < timk + Rimi, Vk € Jimand j # k)

1 ( (e¥mi — 1) - e-(timf”imf))

= —-—" In| 1 +

L. - —(Cimrt7i
glm] Zke]ime (timk+Timk)

Vi € 1,VYm € M;,Vj € Jim (34)
When the value of Y;,; is larger, it implies that for m type users, this path has a lower cost compared
to other acceptable paths. Consequently, more users are likely to choose this path. Let P;,,; represent the

proportion, for this user category within this O-D pair i, that selects acceptable path j, the closed-form
calculation equation for P;,; is obtained:

Py = i
Zke Jim Yimk
Vi € I,Vm € M;,Vj € Jimm (35)

The method proposed in this paper for determining and selecting acceptable paths, as well as the method
for determining unacceptable paths to be discussed later, both hinge on the asymmetric application of path
selection inertia. The essence of path selection inertia lies in the user’s psychological preference during the
path comparison process. Since subjective psychological factors in the comparison process are inherently
biased, path selection inertia is necessarily asymmetric when focusing on the micro-level comparison between
paths, whether in the judgment or selection phase. However, from a more macro perspective, the user’s path
comparison behavior is not a one-time occurrence limited to a single path; rather, the user applies this biased
comparison process to all possible paths and, after evaluating each option, ultimately selects the most
satisfactory path. Thus, on a macro level, every path undergoes the influence of path selection inertia fairly,
making the application of path selection inertia effectively ‘symmetric’ at that stage.

(2) Definition of Unacceptable Paths

The definition of acceptable paths, along with their corresponding mathematical expressions, is used to
determine the assignment proportions of user demand within the acceptable path set. However, prior to path
flow assignment, it is essential to establish the composition of the acceptable path set. To avoid situations
where two highly dangerous paths are incorrectly classified as acceptable based on comparisons using
equation (33), introduce the definition of unacceptable paths. This definition is supplemented with specific
analytical expressions to facilitate judgment. Based on the judgment method provided by the unacceptable
path definition, users classify paths that do not meet the unacceptable criteria as acceptable paths. This ensures
a well-defined path set for subsequent assignment of user demand, which is carried out using the definition of

9
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acceptable paths. Unacceptable paths are determined through cost comparison with acceptable paths, for users,
an unacceptable path invariably fails to meet the criteria defining acceptable paths entirely. When a user
applies path selection inertia to a particular path (path k) and its cost remains strictly higher than that of
another acceptable path (path j) without path selection inertia, path k is considered unacceptable for the user.
Specifically, for m-type users within @Q;, an unacceptable path k, when compared to other acceptable paths
J, must satisfy the following relationship:
timk + Rimk — €mk > timj + Rim;j
Vi € 1,Ym € M;,Vj € Jin, Yk € Jim (36)
Equation (36) provides the logic for determining unacceptable paths. However, in practical applications,
due to the presence of various random components in path costs, it is not feasible to directly determine whether
a path is unacceptable by comparing cost values. Considering the stochastic nature of these components, use
the probability of equation (36) being satisfied to identify unacceptable paths. Let &®;,,;, represent the
probability that equation (36) holds when compared to the path with the highest cost in the set of acceptable
paths, and ®;,,,; is referred to as the ‘degree of unacceptability’ of path k. When utilizing the maximum cost
from the set of acceptable paths, due to the presence of random variables, the selection is made based on the
corresponding mean values for each path. Under non-extreme flood conditions, the magnitude of the perceived
path cost also reflects the level of danger associated with the path. A higher path cost indicates greater inherent
risk. If the likelihood of equation (36) being satisfied is higher, it implies that the path is more dangerous
compared to other paths. When the danger level of the path exceeds the user’s danger tolerance, the path will
be abandoned, and the user will deem it unacceptable. In this process, the parameter ®;,,,, which represents
the degree of unacceptability, can be used to reflect the path’s danger level. The specific expression for @,
is as follows (the derivation process of @;,,, is detailed in Appendix E):
DPimi = Pr(timk + Rimk — €k > Max(tim; + Rimj ), Vj € Jim)
1 elimj*Timj~—timk—Timk 4 1

timj+Timj—timk=Timk 4 o—E€imk
Vi el,vm € M;,Vk & J;, (37)
The user’s psychological tolerance for danger can be represented by a psychological threshold, denoted

Eimk €

as T;m, which is determined by the users’ risk sensitivity: the higher the risk sensitivity, the more selective the
users are in their path selection, making paths more likely to be deemed unacceptable. Then 7;,, holds the
following relationship:

Tim=1—pim ViELVMEeM,; (38)

In other words, when the unacceptability degree ®;,,,, of path k exceeds the psychological threshold

T;m of m type users, path k is considered unacceptable for these users. Then for m-type users, path k is
considered unacceptable when the following relationship is satisfied:
Dk = Tim Vi €EL,Ym € M;,Vk € [, (39)
3.2 Network Equilibrium Conditions
The network equilibrium conditions for the BST model is formulated as follows:

(a) For user category m within the same O-D pair i, the proportion of traffic on the any acceptable path
is denoted as Pyy,;. This proportion, Py,;, is determined by the probability Y;,,;, which represents
the likelihood that the path cost with selection inertia less than or equals to the cost without selection
inertia of other alternative acceptable paths.

(b) 74, denotes the psychological threshold, which is directly related to the users’ risk sensitivity and
equals 1 — pipm.

(c) The probability that the cost with selection inertia for user category m on any unacceptable path is
strictly greater than the maximum cost without tolerance factor among all acceptable paths, is not
strictly greater than the psychological threshold 7;,,.

Utilizing these road network equilibrium conditions, the corresponding mathematical model for the

10
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network equilibrium state is as follows:
{Fimj >0 Fipj = Pipj " Qi Vi €1,YM € M,Vj € Jim, (40)
Fimk =0 @i = Tim Vi €l,Ym € M;,Vk € J;;,
4. Solution Algorithm

The algorithm proposed in this paper can be abstracted into a dual-loop structure with inner and outer
loops. The outer loop iterates to determine whether the acceptable and unacceptable path sets for each user
type have changed and continuously updates these sets until they stabilize. The inner loop allocates the demand
for different types of users based on the proposed acceptable path selection method.

The core of the algorithm involves four key components: initial anchor, flow allocation, path set update,
and convergence criteria. Under non-extreme flood assumptions, users do not abandon their travel plans,
meaning that for m-type users, there must be at least one acceptable path in the network. In this case, without
considering path selection inertia, the path with the minimum average cost becomes the initial acceptable path
for m-type users, allowing the initial anchor to be determined. For O-D pair i, m-type users have a
corresponding demand Q;,,,, and the corresponding flow is allocated according to the proposed path selection
probability, with the MSA method selected as the iterative algorithm for flow assignment. Under non-extreme
flood disturbances, users do not abandon their travel plans, meaning that for m-type users, there must be at
least one acceptable path in the network. In this case, without considering path selection inertia, the path with
the minimum average cost becomes the initial acceptable path for m-type users, determining the initial anchor.
For O-D pair i, m-type users have a corresponding demand Q;,,, and the corresponding flow is allocated
based on the proposed path selection probability P;, ;, with the MSA method chosen as the iterative algorithm
for flow assignment. The path update strategy involves continuously comparing each unacceptable path with
the acceptable paths. If a path no longer satisfies the definition of an unacceptable path, it is added to the set
of acceptable paths for m-type users, thus updating the user’s path sets. When the paths for m-type users
have stabilized and are no longer updated and the flows on all acceptable paths converge with MSA iterations,
then the overall network convergence condition is satisfied. The detailed algorithm steps are presented as
follows:

Algorithm

#1 Parameter confirmation

#1.1 Enter initial parameters

#1.1.1 {(Qlll € I}Q {(Pim' Qimvpimli el,me M}; {Uaf:laf'hafJ taOJCa|a € A}-

#1.1.2 Set the iteration counter s = 1.

#1.2 Given initial path sets

#1.2.1 Path set for O-D pair: {J;|i € I}.

#1.2.2 Path set for users: J5, = 0,J5, =], Vi € ,Ym € M.

#1.2.3 Determine initial acceptable path sets: j* = argr}qin(timj + rimj), Jim — JinU{j*Vie,vme M.
J€Ji

#1.2.4 Update initial unacceptable path set: [, = J;\ J5,, Vi € I, Ym € M.

#2 Traffic assignment for acceptable path sets

#2.1 Initial parameters

#2.1.1 Convergence threshold: €. 2Initial iteration: n = 1. 3Maximum iterations: N.

#2.1.2 Set random initial flow: {fi(,’nj|i €l,m € M,j € J;,}. Obtain fl? based on the Equations (10)-(12).

#2.2 Cost components computation

Based on f,; and fi}, use the method of Equations (1)-(31) to compute: {timj, Rimj) Eimjli €, M E M, j € Jin}
#2.3 Flow updates

#2.3.1 Compute the path selection probability P[}, ; using Equations (34)-(35).

#2.3.2 Determine the new path flow xg,, ;.
#2.3.3 Updates the path flow: f7,; = (1 - %) . flﬁfjl + % * Ximj- Then obtain f;; based on the Equations (10)-(12).

#2.4 Convergence judgment

11
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If | fl7 - fi?_1| < € or n = N, it converges and enters (#3). If it does not converge, let n =n + 1 and return to (#2.2).
#3 Path set updates

#3.1 Compute the degree of unacceptability: k* = argr:nin(E quation(37)) ,Viel,vm e M.

#3.2 Convergence judgment: If @, < Tpp, Vi ELLYMEM, let s=s+1, J5, «— 5 u{k*}, J5, =J\Ji, Vi€
I,vm € M, and return to (#2). If @y = Ty, Vi € I, Ym € M, the overall algorithm converges and output the results.

5. Numerical Results
5.1 Case 1
5.1.1 Settings

This case employs the Nguyen and Dupuis network as the traffic network for the application of BST
model, as illustrated in Figure 1. The network comprises 13 nodes and 19 links. And a subset of links in this
network is affected by non-extreme flood, represented by the blue regions. In this network, there are two O-
D pairs, and the demand for each O-D pair follows a normal distribution. Furthermore, users within each O-
D pair are classified into different categories based on their risk sensitivity. The specific demand distribution
characteristics and user classification parameters can be found in Table 1.

Destination

Destination

Fig. 1. The Nguyen and Dupuis network with two distinct flooded regions

Table 1
Characteristics of O-D pairs and user classification features
O-D pair Mean [pcu/hour] Standard deviation User type Q;, Proportion P, Risk sensitivity pi,
(1,3) 700 140 Q11 0.2 0.3
Q12 0.6 0.5
Q13 0.2 0.7
4,2) 400 80 Q21 0.3 0.5
Q. 0.7 0.7

Table 2 provides information on the flood characteristics of links affected by flooding, where all links
have a free-flow travel time of 3 and a capacity of 500. Considering the non-extreme flooding background in
this paper, the flood parameter settings on each link will not introduce extreme risks that would lead users to
abandon their travel plans. To calculate the objective risk associated with flooding on the links, it is necessary
to provide characteristic parameters such as the average length and height of vehicles on the links, as shown
in Table 3. Table 4 details the paths corresponding to different O-D pairs and the links constituting each path.
In the calculations, parameters for the BPR function are involved, with [ setto 0.15 and 4 set to 4.

Table 2
Values of link characteristic parameters under flood conditions

Link number lor (%) hor (M) Uy (m-s7) Link number lap (%) har (M) Uy (m-s71)
1 0 11 70 0.5 6
2 0 12 100 0.3 5

0 0
0 0
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3 0 0 0 13 70 0.4 6
4 20 0.4 4 14 30 0.3 5
5 70 0.3 5 15 0 0 0
6 80 0.6 6 16 0 0 0
7 60 0.2 5 17 10 0.3 4
8 100 0.3 5 18 0 0 0
9 100 0.3 5 19 0 0 0
10 50 0.6 5
Table 3
Values of Vehicle Parameters on the Links
Wy W, he (m) g (m-s7% le (m) pe (kg -m~3) ps (kg -m~3) Ry
0.35 -0.45 1.6 9.8 5 190 1000 0.55
Table 4
Path and link sequences
O-D pair Path number Link sequence
1 1-6-13-19
2 2-17-8-14-16
3 2-17-7-10-16
(1,3) 4 1-6-12-14-16
5 1-5-7-10-16
6 1-5-8-14-16
7 3-5-7-9-11
8 3-5-7-10-15
4,2) 9 3-5-8-14-15
10 3-6-12-14-15
11 4-12-14-15

5.1.2 Results

The determination of acceptable path sets for users of different categories is not an instantaneous process,
it involves dynamic comparisons over iterations to eventually confirm their respective acceptable path sets,
leading to equilibrium on the acceptable path sets. The iterative evolution of acceptable path sets for a total of
five user categories within the two O-D pairs is presented in Table 5.

Table 5
Dynamic Evolution Process of Acceptable Path Sets
The acceptable The acceptable The acceptable The acceptable The acceptable
Evolution Process path set of user path set of user path set of user path set of user path set of user
type Q14 type Qs type Q3 type Oz type Q@
The Initial State 4] [0) [0) ) 0]
1 1 1 11 11
. 1,3 1,3 1,3 11, 8 11, 8
1,3,5,2, 1,3,5,2, 1,3 11,8,9, 10 11, 8
1,3,5,2,6 1,3,5,2,6 1,3 11,8,9, 10 11, 8
Complete
Equilibrium in the 1,3,5,2,6,4 1,3,5,2,6,4 1,3 11,8,9,10 11, 8
Road Network

Figures 2 and 3 illustrate the corresponding dynamic iteration process of acceptable paths for users within
two O-D pairs. Then a clear depiction of the users’ path selection process during dynamic iteration emerges.
The information in Figure 2 and Figure 3 clearly illustrates the dynamic selection process. In each iteration,
users of the corresponding categories compare the remaining non-acceptable paths in the network. They judge
and choose whether to add an acceptable path. This process continues until there is no further change in the
acceptable path set for all users. Then users are assigned only on these acceptable paths, satistfying the
principles of network equilibrium conditions of the proposed model. In each new path selection process, users
consistently demonstrate their instinct to avoid risks. Taking the example of the three categories of users within

the O-D pair (1, 3), in the first two iterations of Figure 2, all three categories of users chose paths 1 and 3 as
13



O© 00 NOoO O W DN -

ol e el el e el o =
© O ~NOO U~ WNREO

their acceptable paths. This is because, among all paths, only paths 1 and 3 can avoid flooded links 8 and 12,
where the flood situation is most dangerous. In the next iteration, the Q3 users no longer add new acceptable
paths. Only the Q;; and Q;, users choose to add new acceptable paths. This is because Q3 users are more
sensitive to risks, and for them, the remaining paths are considered too dangerous. Therefore, they do not
accept new paths. This phenomenon reflects the realistic behavior of users with high-risk sensitivity in the
context of a flood disaster. Observing Figure 3 and Table 5, it illustrates the path selection process for users
within the O-D pair (4, 2). For all users in the O-D pair (4, 2), reaching the destination implies crossing both
the left and right flooded areas. No matter which paths it is, each path includes links submerged in the left
flood zone. In this situation, the safest approach is to prioritize paths with minimal impact from the left flood
zone, meaning selecting links with the least danger among those submerged by the left flood. Simultaneously,
users aim to choose links unaffected by the right flood zone as much as possible. Based on this consideration,
the optimal choice for users in the O-D pair (4, 2) is expected to be Path 11, as it minimizes exposure to the
left flood zone while avoiding the most dangerous links. The model’s simulation results align with this optimal
path selection strategy. The suboptimal choice would be Path 8, as it circumvents the riskier links (8, 9, and
12) in the left flood zone. When further selecting additional acceptable paths, users’ risk sensitivity comes into
play. The Q,, users, with higher risk sensitivity, chooses not to accept the remaining high-risk paths.
Consequently, their acceptable paths remain Paths 11 and 8. In contrast, the Q,; users, less concerned about
risks, can accept even riskier paths, such as Paths 9 and 10. These results strongly demonstrate the model’s
capability to effectively simulate users’ dynamic path selection behavior in the context of a flood disaster.

Path of first type user (Qy;) ——
Path of second type user (@Q12) ———

Path of third type user (Q13) ——

Fig. 2. Dynamic Evolution of Acceptable Path Set for Users within O-D Pair (1, 3)

14
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Path of first type user (@)

Path of second type user (Q22)

» Whole network
equilibrium state

Fig. 3. Dynamic Evolution of Acceptable Path Set for Users within O-D Pair (4, 2)

Based on Table 5, users Q14 and Q3 began the iterative process of determining their acceptable path
sets, starting with Path 1 as their first acceptable path. During the first judgment, Path 3 was included in the
acceptable path set for both Q;; and Q3. In the second judgment, Q;; added Path 5 to its acceptable path
set, whereas Q3 did not accept any new paths. Figure 4 illustrates the path cost composition for both user
types during the first and second judgments. For simplicity, the random variables representing perceived flood
risk (R;mm;) and path selection inertia (€;, ;) are denoted by 7, and E[g;y;], respectively. It can be observed
that the acceptable path costs for Q;; are consistently higher than those for Q;; during both the first and
second judgments. This discrepancy arises from the higher risk sensitivity of Q3, leading them to perceive
greater path costs, including travel time and flood risk. In the first judgment, apart from Path 1 (already
classified as acceptable), Path 3 had the lowest cost among the remaining paths, significantly lower than the
cost of Path 1. Thus, both @4, with lower risk sensitivity, and @43, with higher risk sensitivity, selected Path
3 as their new acceptable path in this round. Following the same logic, during the second judgment, Path 5
had the lowest cost among the remaining paths that were not yet acceptable. Users then evaluated whether
Path 5 could be included in their acceptable path sets. For Q;4, Path 5 had a cost 1.1 units higher than Path 3,
but this increase in cost was within their tolerance, prompting them to accept Path 5. The higher cost represents
additional risk, but due to Q4;’s lower risk sensitivity, they were willing to accept Path 5 as a new acceptable
path. For Q3, the cost difference between Path 5 and Path 3 was only 0.4 units—substantially smaller than
for Q;;—yet Qq3 rejected Path 5. This is because Q43’s high risk sensitivity renders even small increases in
risk cost unacceptable, leading them to classify Path 5 as an unacceptable path. This behavior reflects the
model’s ability to effectively simulate the path selection behavior of users with varying risk sensitivities in a
flood scenario. As shown in Figure 5, after Q43 finalized their acceptable path set as Path 1 and Path 3, they
began making choices exclusively within this set. For clarity, the path costs are represented by tij, Timjs
and &;,;. It can be observed that through iterative path selection, the flow no longer changes after a certain
point, indicating that Q,3’s demand achieves equilibrium within their acceptable path set.

15
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Fig. 5. Changes in flow and cost within the acceptable path set of users Q3 during MSA iterations.

Once all user types across all O-D pairs have determined their acceptable path sets, they proceed to make
path choices within the same network until the entire network reaches an equilibrium state. Path flows are
iteratively reassigned until reaching equilibrium using the MSA algorithm. To illustrate network convergence
through changes in path flow, the gap function method is applied to evaluate the convergence of the 11 paths
in the network. The path flow-based gap function is defined as follows:

fn _ fn—-1
Relative Flow Gapy = %

K
where k represents the path, and f;* denotes the flow on path k at the n-th iteration. This function

quantifies the difference in flow assignments for each path between successive iterations. As iterations
progress, the gap values approaching zero indicate stabilizing path flow assignments and that the network is
nearing equilibrium. Figure 6 shows the flow gap changes for all 11 paths across iterations. The results
demonstrate that as iterations increase, the flow gap values for all paths converge to zero, signifying that the

(41)

network has reached equilibrium after users finalize their acceptable path sets and iteratively select paths.
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5.2 Case 2

Flow Gap (%)

5.2.1 Settings

To validate the effectiveness of the model in a larger real-world network, the Sioux-Falls network was
utilized for traffic network analysis and simulation. The Sioux-Falls network consists of 24 nodes and 76 links,
with its structure illustrated in Figure 7. The blue shaded area represents regions submerged by non-extreme
flooding. The characteristics of the corresponding links, including free-flow travel time, link capacity, flood

Path 1
Path 2
Path 3
Path 4
Path 5
Path 6
Path 7
Path 8
Path 9
Path 10
Path 11

Iteration

60

Fig. 6. Fluctuations in relative path flow gaps across iterations.

80 100

depth, and flood flow velocity, are detailed in Table 6. For simplicity and ease of comparison, only the flood
conditions for the submerged links are shown in Table 6, the capacity of all links is set to 80, and the free-flow

travel time is set to 10.

1 {2
T
2|5 4| 14
8 11 15
3 e /a“ 15 ) {6
9 ® g3z % fe|fre
21 17
7(]35 10f |31 9 )e 8
2s{T26 24 olh; %° 14
33 27 48 S5
12 11} 10 )y 16)
C,‘ 36 W/ 32 ) g 29 5 50
1 49 (s2
30
34| [40 28| [43 17
53| | s8
| 0 7 56/ /60
37| |38 14 aa 15 a5 39
42| [11 46l |67
72
23 22
61
70 22
63
73[ 76 69( [65 o3
~N 74 62
@)‘ $24) {21) $20

39

75

64

54

Fig. 7. The Sioux-falls network with three distinct flooded regions

Table 6
Values of link characteristic parameters under flood conditions
nll;rlr?‘tl)(er ta Ca Lay oy Uar nll;rlr?‘tl)(er ta Ca Lay has Uar

6 10 80 0.3 0.2 3 44 10 80 1 0.6 6
8 10 80 0.3 0.2 3 45 10 80 1 0.5 5
9 10 80 1 0.5 6 46 10 80 1 0.6 7
10 10 80 0.8 0.4 5 47 10 80 0.9 0.3 4
11 10 80 1 0.5 6 53 10 80 1 0.3 4
13 10 80 0.5 0.2 4 57 10 80 1 0.5 5
16 10 80 1 0.4 5 58 10 80 1 0.3 4
17 10 80 0.9 0.5 6 59 10 80 0.7 0.4 4
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70 10 80
71 10 80
72 10 80
73 10 80
74 10 80
75 10 80
76 10 80

0.7
0.8

0.8

—_— = e e

0.3

0.4
0.5
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0.5
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0.3
0.3
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Table 7

The empirical parameter values for vehicles on the links are consistent with those in Table 3. It is assumed
that the demand for O-D pair follows a normal distribution, encompassing three types of users with different
risk sensitivities, whose distribution characteristics are shown in Table 7. To better demonstrate the model’s
ability to simulate users’ path selection behavior under non-extreme flooding conditions, as well as to highlight
the correlation between the acceptable path sets, user risk sensitivity, and flood conditions, 100 randomly
generated paths for the O-D pair are provided for model validation. The specific paths and the nodes
connecting these paths are shown in Table 8. In the calculations, parameters for the BPR function are involved,
with f setto 0.15and A setto 4.

Characteristics of O-D pair and user classification features

O-D pair Mean /pcu/hour] Standard deviation User type Qi Proportion Py, Risk sensitivity pim,
Q11 0.2 0.2
(1,20) 100 20 Q12 0.5 0.5
Q13 0.3 0.9
Table 8
Path and node sequences
ll\la (t)h Seq. Node 12 (t)h Seq. Node lli (t'h Seq. Node ll,\; (:h Seq. Node
1 [1,3,4,11,14,23,22,20] 26 [1,3,12,11,10,15,22,21,20] 51 [1,3,12,13,24,21,22,20] 76 [1,3,4,11,10,17,19,15,22,21,20]
2 [1,3,12,11,14,23,22,20] 27 [1,3,12,11,14,15,19,20] 52 [1,3,12,11,14,23,24,21,22,20] 77 [1,3,12,11,10,17,19,15,22,21,20]
3 [1,3,4,5,9,10,15,22,20] 28 [1,3,12,11,14,15,22,21,20] 53 [1,3,4,5,6,8,7,18,20] 78  [1,3,4,5,9,10,15,14,23,24,21,20]
4 [1,3,4,11,10,15,22,20] 29 [1,3,4,5,9,10,16,17,19,20] 54 [1,3,4,5,6,8,16,18,20] 79 [1,3,4,59,10,15,14,23,22,21,20]
5 [1,3,4,11,14,15,22,20] 30 [1,3,4,11,10,16,17,19,20] 55 [1,3,4,5,6,8,16,17,19,15,22,20] 80  [1,3,4,11,10,15,14,23,24,21,20]
6 [1,3,12,11,10,15,22,20] 31 [1,3,12,11,10,16,17,19,20] 56 [1,3.4,5,9.8,7,18,20] 81  [1,3.4,11,10,15,14,23,22,21,20]
7 [1,3,12,11,14,15,22,20] 32 [1,34,59,10,17,19,152220] 57 [1,3,4,5,9.8,16,18,20] 82  [1,3,12,11,10,15,14,23,24,21,20]
8 [1,3,4,5,9,10,17,19,20] 33 [1,3,4,11,10,17,19,15,22,20] 58 [1,3,4,5,9,8,16,17,19,15,22,20] 83  [1,3,12,11,10,15,14,23,22,21,20]
9 [1,3,4,11,10,17,19,20] 34 [13,12,11,10,17,19,1522,20] 59 [1,3,4,5,9,10,16,18,20] 84  [1,3,4,59,10,11,14,23,24,21,20]
10 [1,3,12,11,10,17,19,20] 35 [134,5910,1514,23,2220] 60  [1,3,459,10,16,17,19,152220] 85  [1,3,4,5,9,10,11,14,23,22,21,20]
11 [1,2,6,8,16,17,19,20] 36 [1,3,4,11,10,15,14,23,22,20] 61 [1,3,4,11,10,16,18,20] 86 [1,3,4,5,9,10,11,14,15,19,20]
12 [13411,1423242120] 37  [13,12,11,10,15,14,232220] 62  [1,3.4,11,10,16,17,19,1522,20] 87  [1,34,59,10,11,14,15,22,21,20]
13 [13411,1423222120] 38  [134,509,10,11,14232220] 63 [1,3,12,11,10,16,18,20] 88 [1,2,6,5,9,10,17,19,20]
14 [1,3,12,13,24,21,20] 39 [1,345910,11,14,1522,20] 64  [13,12,11,10,16,17,19,1522,20] 89 [1,2,6,8,9,10,17,19,20]
15 [13,12,11,1423,242120] 40 [1,3,4,11,12,13,24,21,20] 65 [1,2,6,8,9,10,15,22,20] 90 [1,2,6,8,16,10,17,19,20]
16  [13,12,11,1423222120] 41 [1,3,4,11,14,23,22,15,19,20] 66 [1,2,6,8,16,10,15,22,20] 91 [1,3,4,5,6,8,9,10,17,19,20]
17 [134,568,16,17,1920] 42 [13,12,11,14,23,22,15,1920] 67 [1,3.4,5,6,8,9,10,15,22,20] 92 [1,3,4,5,6,8,16,10,17,19,20]
18 [134,598,16,17,1920] 43  [134,11,10,9,8,16,17,1920] 68 [1,3,4,5,6,8,16,10,15,22,20] 93 [1,3,4,5,9,8,16,10,17,19,20]
19 [1,3,4,5,9,10,15,19,20] 44 [13,12,11,109,8,16,17,1920] 69 [1,3,4,5,9,8,16,10,15,22,20] 94 [1,3,12,11,4,5,9,10,15,22,20]
20 [1,34,59,10,15222120] 45 [1,2,6,5,9,10,15,22,20] 70 [1,34,59,10,1522,23242120] 95 [1,3,4,11,14,15,10,17,19,20]
21 [1,3,4,11,10,15,19,20] 46 [1,2,6,8,7,18,20] 71 [1,3,4,11,10,15,22,23,2421,20] 96 [1,3,12,11,14,15,10,17,19,20]
22 [1,34,11,10,15222120] 47 [1,2,6,8,16,18,20] 72 [13.4,11,14,152223242120] 97 [1,2,6,5,9,8,16,17,19,20]
23 [1,3,4,11,14,15,19,20] 48 [1,2,6,8,16,17,19,15,22,20] 73 [1,3,12,11,10,1522,23242120] 98 [1,2,6,5,9,10,15,19,20]
24 [134,11,1415222120] 49 [1,3,4,11,14,23,24,21,22,20] 74 [1,3,12,11,14,152223242120] 99 [1,2,6,5,9,10,15,22,21,20]
25 [1,3,12,11,10,15,19,20] 50 [1,3,12,13,24,23,22,20] 75  [1,34,59,10,17,19,1522,21,20] 100 [1,2,6,8,7,18,16,17,19,20]
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5.2.2 Results
To demonstrate that all paths in the network have reached equilibrium, given the large number of paths,
it is not easy to directly observe the fluctuations in every path flow with each iteration. Therefore, a gap
function based on path flow is used to measure the convergence of the network system. Unlike in Case 1, the
large number of paths here necessitates constructing the flow gap function for overall paths. The corresponding
n—1

function is as follows:
100
Flow Gap = Z
k k
n-—1

where f' represents the flow of path k during the n-th iteration, and f;'"* refers to the flow of path k in
the previous iteration. Figure 8 shows the overall fluctuation of the flow gap across all paths with each iteration.
It can be observed that as the iterations progress, the overall gap in flow for all paths approaches 0, indicating
that the flow assignment across all paths has reached a stable state, and the network has achieved equilibrium.
The fact that the paths have reached equilibrium demonstrates that the model can effectively simulate the
traffic flow assignment in the network under the influence of non-extreme flooding. This helps to determine
the usage of various paths within the network under such conditions, providing valuable insights for managers

n_ gn-1
= fi (42)

to optimize and manage the network accordingly.
1.0

B 0w Gap

Flow Gap

I ’ 1 v 1 T T T 1
0 50 100 150 200 250 300
Iteration

Fig. 8. Fluctuation of the flow gap of overall paths with each iteration.

Table 9 illustrates the number of acceptable paths for different types of users when the network reaches
equilibrium, along with the elements contained in the sets of acceptable paths. Q;; users have 50 acceptable
paths, Qq, users have 33, while Q,3 users have only one acceptable path. The variation in the number of
acceptable paths for different user types clearly reflects the impact of risk sensitivity on the determination of
acceptable paths. For Q,; users, who have low risk sensitivity, this indicates that they are the least concerned
with flood-related risks among the three types of users. As a result, more paths are considered acceptable, and
these users can choose from a larger set of paths. In contrast, Q;, users have a higher risk sensitivity than
Q41 users, leading to a reduction in the number of acceptable paths. The increased risk sensitivity means that
Q4. users are more focused on potential risks, making them more selective in their path selections. Therefore,
paths that are acceptable to Q4 users may be deemed unacceptable by @, users. For example, the paths
97, 16, and 28, which are considered acceptable for Q;; users, are deemed unacceptable for Q;, users. Q3
users have an even higher level of risk sensitivity, reaching an extreme level. These users are particularly
concerned with flood risks along the paths, making their evaluation of paths highly stringent. Consequently,
despite having 100 available routes, only one is deemed acceptable by Q3 users. This outcome effectively
demonstrates that the proposed model can be successfully applied to scenarios where large networks are
subjected to non-extreme flood disturbances. It provides a valuable tool for simulating and analyzing users’
path selection behavior, enabling network managers to assess and predict the usage of various paths under
different non-extreme flood conditions, thereby supporting the operation and maintenance of the network
under such scenarios.
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Table 9
Number of acceptable paths for different types of users and corresponding acceptable path sets
User category Number of acceptable paths Composition of the acceptable path set
{63,14,47,61,46,10,59,31,88,25,40,6,9,51,50,57,11,30,26,56,54,27,8
Q11 50 9,98,7,2,45,15,53,8,21,4,90,97,16,28,99,29,44,22,23,65,1,5,100,19,1
2,34,3,66}
0 13 {63,14,47,61,46,10,59,31,88,25,40,6,9,51,50,57,11,30,26,56,54,27,8
12 9,98,7,2,45,15,53,8,21,4,90}

Q13 1 {63}

Figure 9 presents a schematic diagram of certain paths in the traffic road network. When combined with
the path composition of the user-acceptable path sets in Table 9, it further illustrates how risk sensitivity
influences users’ path selection behavior under non-extreme flood conditions. For all three types of users, Path
63 is unanimously chosen as the first acceptable path. Even for Q3 users, who are particularly risk-sensitive
and only accept a single path, Path 63 remains the sole choice. This is because Path 63 is the only path among
the 100 alternatives that is unaffected by flooding. As shown in Figure 9, Path 63 avoids all three flood-affected
areas in the network, making it a risk-free path and the preferred choice for all user types. For Q3 users, any
path other than Path 63 is associated with varying degrees of flood risk, and thus no other path is deemed
acceptable. @, users, with lower risk sensitivity, find certain low-risk paths acceptable. For instance, Paths
14 and 47 are identified by Q,, users as acceptable after Path 63. Although these paths pass through flood-
affected areas, they only traverse the edges of one flooded region. While these paths involve some level of
flood risk, which makes them unacceptable to Q3 users, the lower risk is acceptable to Q;, users.
Compared to Paths 47 and 14, Path 61 also crosses only one flooded region but is considered acceptable by
Q4. users after Path 47. This is because Path 61 passes closer to the core of the flooded area, making the risk
greater compared to Path 47, which stays near the outskirts of the flooded region. Therefore, Path 61 is
accepted by Qq, users only after Path 47.

2
Path 63 R f\,r Path90 smmun (ade)e 3 (20
—ants 1 fat 20 ST TR R R R AR T RELLARL
Path 14 Path97 suans 2|5 4 4
y 8 11 15
Path 47 | Path16 mnmnn %3 2 3 -
- g 2 q3ls % de|po
Path 61 17
7[135 © 10| 1 H 21 g 2
2526 2% dl7 2° 14 s,
33 27 48 55
T) Trrr a7 Ph ol 4
Cf, i ‘11/ = 10 % 16 =5 18
. 1 49 (52
- 30
34/aj40 28| |43 7
56/ /60
37| |38
42|-
73
.
13—t

39
Fig. 9. Diagram of paths corresponding to some certain paths in the traffic network.

Q11 users, with even lower risk sensitivity than Qq, users, accept paths that are deemed unacceptable
by Qp, users. Path 97 is the threshold where paths become acceptable for Q,; users but not for Q;, users.
Path 90 is acceptable to both Q;; and Q;,. Path 97 and Path 90 share many of the same links, but Path 97
avoids Link 16 by taking a detour via Links 15, 13, and 24. Although Path 97 bypasses the flood-affected Link
16, it still passes through Link 24, which is also flooded. More importantly, the detour significantly increases
travel time, and under flood conditions, longer travel time correlates with greater risk. Therefore, despite its

20



OW oo NO Ol WDN -

WWWWWWWwWwNDNDNDNMNDNDNMNDNNMNDNNMNNNNMNMNNRPRPRPRPPRPERPERPERPERRPRRE
Ul A WNPFP OO NO O, WNPEPEOOOOLOWNO OB WDN P

w
Yy

similarity to Path 90, Path 97°s overall risk leads to its rejection by Q;, users, while it remains acceptable to
the less risk-sensitive @, users. Path 16, which passes through the core of the flooded region, poses a risk
that is unacceptable to highly risk-sensitive user types. However, Q;; users, with their low-risk sensitivity,
are willing to select Path 16 as an acceptable option. The composition of acceptable paths for users with
varying risk sensitivities and the selection process demonstrates that the proposed model effectively simulates
users’ path selections under different flood conditions. This model can aid in analyzing and predicting path
usage during actual non-extreme flood events, thus enhancing the efficiency of road network emergency
management.

6. Conclusion

This paper develops a network equilibrium model where the path selection behavior is derived considering
multiple issues under non-extreme flooding scenarios, including travel time variability, flooding risk, and path
selection inertia. Travelers are divided into multiple classes with different risk-taking attitudes, while paths
are grouped into acceptable and unacceptable sets using generalized path costs. Results demonstrate the
model’s efficacy in simulating path selection behavior among users with different risk sensitivities under non-
extreme flood conditions. By incorporating a cost function comprising two stochastic terms, the model
captures both objective costs and subjective psychological factors influencing user decisions. Particularly, the
acquisition of perceived path time is conducted on a link-based operation basis, effectively reflecting the risk
characteristics of travel time. The introduction of the concepts of ‘acceptable paths’ and “unacceptable paths’
in the BST model effectively simulates users’ instinct to mitigate risks under flood conditions, wherein users
select the safest paths with minimal flood impact and reflecting the logical judgment process during path
selection. The proposal of new network equilibrium conditions in the BST model ensures the dynamic
adaptation of the acceptable path set based on user risk sensitivity, which demonstrates the role of risk
sensitivity in user path selection. The introduction of the BST model presents a novel approach where the path
selection set dynamically adjusts with both objective environmental factors and user subjective elements,
thereby facilitating the development and application of STA models in flood contexts. Moreover, this approach
holds potential for application in research concerning other disaster scenarios. While the BST model proposed
in this paper accounts for the heterogeneity of user risk sensitivity, it is acknowledged that user heterogeneity
in real-world scenarios is more complex, suggesting room for improvement and further development in this
direction.

7. Statements and Declarations
The authors did not receive support from any organization for the submitted work. The authors have no
competing interests to declare that are relevant to the content of this article.

Appendix
A. The Notations Employed in the Paper
Notation Definition Notation Definition
A Set of links in the network I Set of O-D pairs in the network
Ji Set of paths between O-D pair i M; Set of categories of users within the O-D pair i
8aj Variable that quals 1 iflink a is part of path j and v, Stochastic flow of link a
equals 0 otherwise
C, Capacity of link a Fyj Stochastic flow of path j between O-D pair i
Fimj Stochastic flow of path j between O-D pair i Q; Stochastic total O-D flow between O-D pair i
0, Demand for different categories of uses within the T Stochastic travel time on the path j which serves
m same O-D pair i Y the O-D pair i
. . . The proportion of demand for different categories
T, Stochastic travel time on the link a Pim users Qp to Q; within the same O-D pair {
Sensitivity and aversion levels to risk for the . . .
Dim specific user type m within the same O-D pair i ) The degree of risk for a vehicle to lose stability
Uar Flood velocity on the link a Ugue The critical velocity of vehicle instability on the
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link a
The parameters related to the vehicle appearance,

W1 W2 tire type and roughness of the road surface hay Flood depth on the link a
Py The density of the flood water he Average height of the vehicle
l, The average length of the vehicle Pe The average density of the vehicle
g Gravitational acceleration R The empirical parameter related to the flood
I The proportion of inundation length caused by the R Perceived flood risk for the specific user type m
af imj

flood on link a relative to its total length on the path j which serves the O-D pair i

B. Derivation process of calculation method of ‘t;,,,’

Perceived link travel times of specific user category ‘m’ within the same O-D pair i can be expressed as
follows:

Pr(Ta < tima) = Pim
Viel,vm e M;,Va € A (B.1)

The link travel time T, follows a random distribution, with its mean denoted as E[T,] and variance
denoted as Var[T,]. In this case, applying the conventional One-side Chebyshev Inequality yields the
following expression:

var|[T,]
var|T,] + k?

The inequality (B.2), constructed based on Chebyshev Inequality, is strictly valid. It incorporates the
mathematical relationship between k, E[T,], and var|[T,]. Building on this relationship and applying the
principles of reliability-based travel time, the connection between user risk sensitivity and perceived travel

Pr(T, = E[T,] + k) < (B.2)

time can be further derived and expressed through an appropriate analytical solution. Set the formula (B.2)
as event A, then according to the definition of probability, the probability expression for the complementary
event A can be obtained as follows:

Pr(4) = 1 — Pr(4) (B.3)
Then the Chebyshev Inequality expression for the complementary event A is:
_ var|T,]
Pr(A) = PI‘(Ta < E[Ta] +k)=1-Pr(A)=>1- W (B.4)
Therefore, it can be deduced that:
var|T,]
Pr(T, < E[T,]+k)=>1 (B.5)

 var[T,] + k?
The purpose of constructing equation for t;,,, is to directly correlate perceived time with the risk
sensitivity of users, thus providing:

var[T,] (B.6)
var[T,] + k2 Pim '
Therefore, it naturally follows that:
Pr(Ta < tima) = Pim (B- 7)
where:
Pim
tima = E[T,] + T var|T,] (B.8)
— Pim

C. Proof of the Sub-additivity of Perceived Link Travel Time

For ease of comprehension and elucidation, here assume the path is denoted by ‘j’ encompassing only two
links, namely ‘a’and ‘b’, as j = a + b. Then according to the definition of perceived travel time in this study,
perceived travel time of link a, b and path j can be expressed as:

tima = E[T,] + A -+ var|T, (c.1)

lmb = Tb + 1 v var Tb (CZ)
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Then based on the definition of the sub-additivity property of a risk measure, equation (C. 1), (C.2) and
(C.3) need hold the following relationship:

timj < timj = tima + timp (C.4)
Utilizing the p,), represents the Pearson product-moment correlation coefficient, considering the

Pim

where 1 = .
1-pim

transformation trends between path travel time and link travel time, and the value of which always holds: 0 <
Pap < 1. Then the following relationship can be derived:

cov[T,, Tp] 2
0< <1=>0< < 1= wvar|T;;| — (v var|T,| + var|T <0
pa,b \/var[Ta] 'U&T[Tb] [ lj] (\/ [ a] \/ [ b])

2
y var[T- ] \
R var[TU] 1o / ij <1

(Vvar[T,] + \/var[Tb])2 - \\/”aT[Ta] + \/WU”[Tb]/

=1 < var[Tij] — \/var[Ta] — \/var[Tb]> <0

= E[tij] — (E[T, ]+ E[Tp]) + A~ ( var[Tij] — Jvar[T,] - \/var[Tb]> <0

= timj < timj = tima + timo (C.4)

D. Proof of the expression of P;;;

When considering only two paths, j and k, the proportion of selecting path j, is denoted as Pip;.
Similarly, according to the definition, within the acceptable path set, the probability that the cost of path j,
after applying selection inertia, is less than or equal to the cost of other acceptable paths without selection
inertia is denoted as Y;,;, that can be expressed as the following equation:

Yimj = Pr(timj + Rimj — €imj < timk + Rimi, YK € Jim) (D.1)

Using the same criteria for judgment, as outlined in the main text regarding the definitions of R;;,; and
Eimj, Whether R;y,; or &,; are mutually independent among the acceptable paths set. The derivation of
Yim; is based on the Random Utility Maximization theory, where the discrete term in the utility equation
follows the assumption of independent and identically distributed (IID) and satisfies the Independence of
Irrelevant Alternatives (ITA) assumption (McFadden, 1972). Hence, when the number of acceptable paths
increases beyond two, the probability of selecting path j is expressed as follows:

Yimj = l_[ Pr(timj + Rimj — €imj < timk + Rimi) (D.2)
KEJim k]

Based on the distribution characteristics of the R;n;, for ease of expression, replacing ‘—R;,,;’ with

‘aimj’, the expression concerning probability of selecting path j is as follows:
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Yimj = | | Pr(@imic < timic = timj + Qimj + €imj)
kk%]
Eimj

Is)
timk=—timitAimitE€imitTi —\aimitTimi
— e —e (Lmk imjTeimj*tE&imj Lmk) e~ ( imj Lm]) -e_(aimj+rimj)da. o de.
imj imj
ngH]
—00

kk#j
ELm] 0
ti i+Ejm i+t +r ~( @y i=timm i+Eim ittimitTimi)  Eimi
e (Lm] imjteimjttimk Lmk) _ (lm] imjteimjttim; lm]). imj (@i i1 5
f fe Zkk¢] e~ ¢ e ‘e (lm] lm})daimj'dgimj

glm]
— 00
ELm] 0
(azmj tlm1+slm1+tzmk+r1mk) _ _(aimj_timj+£imj+timj+rimj). Eimj_ A i
— f fe Yke e (e e (alm]+rlm])dal'mj.dgimj
glm]
—00
Eimj o

g f jexp —e~%imj . zetimj_gimj_timk_rimk .exp(e_aimj_gimj_rimj_e_aimj_rtmj) e_almj_rlmjdaim] delm]
imj

Next, employing the method of substitution, given e~ %mj = t, in conjunction with the results from the equation (D.3), we can further derive the expression

for Yip;:
Eimj o
Yimj = e Timj .« — f f exp _Z elimj=€imj~timk~Timk — o~ Timj 4 o~ €mj~Timj | . ¢ | dt - déim;
Eimj
0
Eimj oo
1 o J- exp((— ¥ ebimi=Eimj~timk~Timk — @~Timj 4 @~ &imj~Timj) . t) 4
=—"e ''m- — E— — Eimj
gimj _Zketlm] Eimj—timk—Timk — e Timj +e Eimj~Timj J
Eimj
1 1
=z . ~&imj . (Y timj+tTimj~timk—Timk — 1) 4 1 dgimf
Eimj e ke )
(D.4)
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Then, given e™%mi = s, in conjunction with the results from the equation (D.4), the following

expression for Y;,; can be obtained:
1

Y; 1 f ! d
. . = — . - - - — — - S
imj gimj y s2. (Zk etlm]+rlm] timk=Timk — 1) +s

e &imj

Eimj — . o= (timj*+7imj)
.ln<1+(e —De J) (D.5)

Zk e —(time+Timk)

Eimj

E. Proof of expression of ®;,,;

The expressions for the unacceptability factors corresponding to path k, compared with path j chosen
within the set of acceptable paths are as follows:

Dime = Pr(timie + Rimie — €imie = timj + Rimjs Vi € Jim)
= Pr(—Rink < timk = timj = Rimj — Eimio VJ € Jim) (E.1)

Then considering the distribution characteristics of the ‘R;;,,;’, for ease of expression, replacing ‘—R;,’

with ‘a;;,;’, the @, can be expressed as:
Pimk = Pr(@imi < Cimk — timj + Qimj — Eimk)

Eimk )
.f 1 . .f e_e—(fimk—timj+aimj—$imk+rimk) ] e_e_(aimj+rimj)

Eimk

o= aimitrimi .
e (Lm] lm])daimj dsimk

Eimk oo

=z j ] exp ~Qimj . (e—(timk—timj—simk“”imk) + e_rimj)> - e Timj . e_aimjdaimj depmr (E.2)
imk

Given e a‘ml = t, in conjunction with the results from the equation (E.2), ®;,,, can be derived as:

Eimk oo
Cblmk =—§ e ~Timj . J Jexp e (tlmk tlmj_glmk+rlmk) +e—rlm1)> dt'dﬁ'imk
(o]
1 e exp( (e_(timk_timf ~Eimk+Timk) 4 e‘rimf))
-1
= e imj « de.
Elmk b]‘ _e_(timk_timj_gimk'l'rimk) _ e_-rl.mj imk
0
Eimk
1 e Timj
" G dé; E.3
Eimk f eEimk - gtimj—timk—Timk J g~ Timj Mk (E.3)

Then, given e®™ = s, in conjunction with the results from the equation (E.3), the following expression

for @;,,, can be obtained:
efimk
D 1 ! d
imk — = : = T FR— S
imk Eimk (S . etlm]+rlm] timk—Timk + 1) 'S
1

1 efimk - (timjtTimj=timk=Timk 4 1)

= (E.4)

Eimi  €fimk - @limjtTimj~timk~Timk 4 1
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