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Abstract 

[Purpose] 

Active vibration control typically requires mathematical modeling of the plant, which increases 

development costs and burdens for designers. This study develops a novel model-free vibration controller 

that can be designed without using any models or parameters of a real controlled object. 

[Methods] 

This study proposes a new model-free fuzzy sliding mode vibration controller based on a virtual 

controlled object (VCO). The key idea is the combination of the VCO-based model-free controller design, 

sliding mode control (SMC), and fuzzy adaptive compensation for chattering elimination. By inserting 

the VCO, defined as a single-degree-of-freedom (SDOF) structure, between a real controlled object and 

an actuator, the model-free control system is realized. According to a simple inequality-based condition, 

the VCO parameters are specified to enable the design of an active vibration controller without requiring 

any models or parameters of the controlled object. This design scheme is directly applied to the sliding 

mode control theory, and convergence is analyzed using a Lyapunov function technique. To eliminate 

the chattering phenomenon, a fuzzy-inference-based compensation is introduced. Considering variations 

in the switching function, this fuzzy inference modifies the nonlinear switching input online to prevent 

chattering while ensuring the state trajectory rapidly converge to the sliding surface.  

[Results] 

Simulation verifications are conducted with various mechanical structures, including time-varying 

system. The present approach achieves good vibration control performance without causing the 

chattering phenomenon. Comparative study reveals the advantage of the present approach over the 

conventional model-based controller design from the viewpoint of its simple design procedure and 

robustness. 

[Conclusion] 

The proposed model-free fuzzy SMC provides sufficient damping performance and excellent robustness, 

showing its practical usability. 

 

Keywords: Model-free control, Active vibration control, Virtual controlled object, Sliding mode control, 

Proof-mass actuator, Fuzzy logic 
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1. Introduction 

Vibrations hinder improvements in the comfort and precision of mechanical systems and cause fatigue 

failures and noise problems [1]. Therefore, vibration control is regarded as a core technology required 

for improving the performance of mechanical systems [2][3][4]. The growing popularity of flexible 

structures and the recent trend toward smaller, lighter machines underscore the significance of this 

technology [5][6]. Active vibration control, in particular, has attracted a great deal of attention due to its 

potential to provide powerful vibration suppression effects for intricate systems [7][8][9]. 

Active vibration control is generally model-based, meaning the control system design requires 

mathematical modeling of real controlled structures via experimental modal analysis, finite element 

methods, etc. The need for such modeling processes increases development costs and burdens for 

designers. Additionally, a model-based controller is susceptible to characteristic changes that always 

exist in real mechanical systems. The controller’s dependence on a specific structure (accurate modeling) 

hinders the application of the same controller to various other systems. 

To avoid the mathematical modeling of controlled objects, many previous works have developed model-

free controls (MFC). One efficacious strategy is to employ artificial intelligence, such as neural networks 

(NN) [10][11][12]. A representative method involves identifying an inverse plant model using an 

artificial neural network, leading to the direct inverse controller [13]. The nonlinear autoregressive with 

exogenous input neural network has been used to identify a dynamic model [14]. The applications of 

radial basis function NNs have been increasing in advanced vibration controls [15][16]. However, 

collecting a huge amount of training data and undergoing the training process are necessary to attain 

suitable control behavior. This requirement imposes significant design costs on most NN-based 

approaches. 

Direct data-driven approaches use a systematic controller design method that relies on the input and 

output data of a plant instead of accurate mathematical modeling. This approach also enables MFC. 

Notable methods, such as virtual reference feedback tuning [17][18] and fictitious reference iterative 

tuning [19][20], have been established with a wide variety of industrial applications [21]. Inspired by 

this basic idea, numerous efforts have recently been dedicated to developing extended versions [22][23]. 

However, these approaches require high-quality data, as the success of the controller design, including 

numerical stability, largely depends on the quality of the acquired data. It should be noted that collecting 

such high-quality data is not easy. 

Consequently, there has been no attempt to develop a simple and practical model-free active damping 

controller. Recently, motivated by this background, a new model-free active vibration suppression 

strategy has been proposed based on the concept of a virtual controlled object (VCO) [24], namely VCO-

based model-free control (VCO-MFC). This approach allows for the design of a vibration controller 

based on a system composed only of the VCO and an actuator, rather than the actual controlled object, 

resulting in a model-free design. Despite the simplicity of deriving a model-free controller by simply 

introducing the VCO, the excellent robustness has been experimentally confirmed for changing 

controlled structures [25][26][27]. Several experimental studies have demonstrated that VCO-MFC can 
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successfully attenuate the vibration occurring at continuous structures without spillover [27][28]. One of 

the notable benefits of this approach is that the design procedure after incorporating the VCO is exactly 

the same as that of mature model-based control theories. This means that we can directly apply various 

model-based control designs. 

Nonlinear control theory is also applicable to the VCO-based approach. Sliding mode control (SMC) is 

a representative nonlinear robust control theory characterized by the switching of the control input 

according to changes in the plant state. The remarkable feature of SMC is its robustness against plant 

uncertainties and disturbances. Due to the extendibility of VCO-MFC, combining it with SMC can 

further enhance robustness to plant variations [29]. In many previous works, the robustness of SMC has 

been demonstrated for uncertain systems [30]. In the context of VCO-MFC, a previous study has revealed 

that the uncertainty of the model parameter of the actuator satisfies the so-called matching condition [29]. 

Then, the study [29] has examined the VCO-based SMC technique with the robustness to the actuator 

uncertainty, since SMC is insensitive to the matched uncertainties and disturbances [31]. The 

combination with NNs is also effective in dealing with unknown system dynamics and nonlinearities 

[32][33]. The role of such NNs is primarily to estimate the uncertain models. As a suitable application, 

various types of SMC have been examined for active suspension systems [34], exploring several unique 

techniques such as disturbance observer-based SMCs [35][36] and a time-delay estimation-based 

approach [37]. Other vibration control applications cover interarea oscillations for doubly fed induction 

generators [38], chatter vibration in  milling processes [39], and soft robots [40].  

Nevertheless, most existing SMCs depend on models or parameters of the controlled plants in the design 

process. Some model-free approaches exist [41][42][43]; however, remaining issues may deteriorate 

practicability, such as sophisticated design schemes with many processes and adjustable variables, 

insufficient consideration for chattering, and the need for an estimator for unknown system dynamics. 

To compensate for the disadvantages of existing SMCs, a fuzzy SMC (FSMC) has been employed as 

one of the promising choices. Originating from the capability of fuzzy logic to grant adaptability and 

robustness to controllers, the natural extension is its combination with SMC. Many types of FSMC have 

been examined for various mechanical systems [44][45], including vibration suppression for structures. 

Based on a bioinspired reference model, an adaptive FSMC considering the input effects of dead zone 

and saturation has been developed for vehicle active suspension systems [46]. Other examples of FSMCs 

for suspension systems can also be found [47]. A Takagi-Sugeno (T-S) fuzzy method is applicable to 

construct FSMCs to handle plant nonlinearities and uncertainties [48][49]. To suppress earthquake-

induced vibrations in building structures, a variable fractional-order SMC has been improved with a 

fuzzy-logic-based adaptive approximation approach [50]. A fuzzy fast terminal SMC has been utilized 

for active damping of a two-connected flexible piezoelectric plate [51]. Numerous works have suggested 

that the use of fuzzy logic enables mitigating the chattering effects [52]. 

However, most of the existing FSMCs require models or parameters of the controlled objects, as well as 

information on the uncertainty in their design process, increasing the associated costs and burdens. 

Furthermore, the design process is also complicated, involving the necessity of adaptive 
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estimation/approximation mechanisms [53] or training processes [54]. 

Motivated by the gaps in the existing literatures, this study proposes a new fuzzy SMC, namely, VCO-

based model-free fuzzy SMC (VCO-MFFSMC), to simplify the model-free design for structural 

vibration controls. The key idea is the combination of the VCO-based model-free design, an SMC 

technique, and fuzzy adaptive compensation to reduce chattering. First, the VCO, defined as a single 

degree-of-freedom (SDOF) system, is introduced between a real controlled structure and an actuator. A 

simple inequality-based condition specifies the suitable parameters for the VCO. Then, a well-

established SMC design scheme is directly applied to the system composed only of the VCO and the 

actuator instead of the real controlled object, presenting the model-free SMC. The convergence of the 

SMC is guaranteed based on a Lyapunov function technique. Additionally, the fuzzy adaptive 

compensation is introduced to reduce the chattering phenomenon. This fuzzy inference adaptively 

modifies the nonlinear switching input without inducing chattering, ensuring that the state trajectory 

rapidly converges to the sliding surface. Finally, the proposed approach is verified through applications 

to various structural vibration problems. In contrast to a previous related study [55], more detailed 

analysis is performed via numerical examples involving a time-varying system and comparison with a 

model-based controller. 

The contributions and technical novelties of this study are summarized as follows. 

(1) This study proposes a novel model-free fuzzy sliding mode vibration controller that can be designed 

without using any models and parameters of a real controlled object at all. 

(2) Compared with existing FSMCs, the proposed VCO-MFFSMC has a simpler design process and is 

easy to implement. This is because the model-free design is allowed by simply setting the VCO, 

which is defined as a simple SDOF and can be specified according to a controlled frequency band-

based inequality condition. 

(3) Compared with the previous work [29], the introduction of adaptive fuzzy inference makes the 

proposed SMC free from severe chattering, which has been a barrier against successful 

implementations of SMCs. 

(4) Comparative study reveals the advantage of the present approach over the conventional model-

based controller design from the viewpoint of its simple design procedure and robustness to 

characteristic changes in an actual controlled object. 

The remainder of this paper is organized as follows. Section 2 describes the basic concept of the VCO-

based model-free active vibration control strategy. Section 3 provides the design procedure of the VCO-

based model-free sliding mode controller. The chattering compensation strategy based on the fuzzy logic 

is proposed in Section 4. Section 5 demonstrates the validity of the proposed control scheme through 

vibration control simulations. Finally, Section 6 concludes the paper. 

 

2. Model-free vibration control strategy based on VCO (VCO-MFC) 

This study employs the electromagnetic proof-mass actuator, as shown in Fig. 1. Due to its mechanical 

principle, the actuator model has been established as an SDOF system [24]. 
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Fig. 1: Proof-mass actuator. 

 

The proposed method realizes a model-free design of a vibration suppression controller by intercalating 

the SDOF VCO between the actual controlled object and the actuator [24]. First, we consider an actual 

mechanical configuration to perform vibration control, as shown in Fig. 2(a). The symbols 𝑚𝑎, 𝑘𝑎, and 

𝑐𝑎 indicate the mass, stiffness, and damping of the actuator, respectively. The actual controlled structure 

is assumed to be arbitrary. The aim of the system in Fig. 2(a) is to damp displacement oscillation 𝑥1 of 

the actual controlled object via the control input 𝑢 generated by the actuator. 

 

 

Fig. 2: VCO-based model-free controller design: (a) real control system and (b) system with VCO. 

 

Figure 2 (b) shows the system used for model-free controller design. We can see that the VCO is newly 

introduced between the real controlled object and the actuator. The fundamental concept of the VCO-

MFC design is that a vibration controller is designed using the 2DOF system consisting only of the 

actuator and the VCO instead of the model including the real controlled object. In other words, this 
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approach regards the VCO as a temporary controlled object instead of the actual controlled object, and 

the designed controller to suppress 𝑥𝑣 (vibration of the VCO) indirectly suppresses 𝑥1 (vibration of 

the actual object) as well. As discussed later, the parameters of the VCO (i.e., mass 𝑚𝑣, spring constant 

𝑘𝑣, and damper 𝑐𝑣) are design variables. After setting of the VCO, a model-free vibration controller is 

easily obtained because the subsequent design process applied for the VCO-actuator 2DOF system is the 

same as that of matured model-based control theories. The equations of motion for the VCO and the 

actuator in Fig. 2(b) can be derived as follows: 

 𝑚𝑎𝑥̈𝑎 = 𝑢 − 𝑘𝑎(𝑥𝑎 − 𝑥𝑣) − 𝑐𝑎(𝑥̇𝑎 − 𝑥̇𝑣) (1) 

 𝑚𝑣𝑥̈𝑣 = −𝑢 − 𝑘𝑎(𝑥𝑣 − 𝑥𝑎) − 𝑐𝑎(𝑥̇𝑣 − 𝑥̇𝑎) − 𝑘𝑣(𝑥𝑣 − 𝑥1) − 𝑐𝑣(𝑥̇𝑣 − 𝑥̇1) (2) 

Applying Laplace transformation to Eqs. (1) and (2) gives the transfer function 𝑇𝑥𝑣𝑥1 from 𝑥1 to 𝑥𝑣 

as follows: 

 

𝑇𝑥𝑣𝑥1 =
𝑥𝑣(𝑠)

𝑥1(𝑠)

=
(𝑐𝑣𝑠 + 𝑘𝑣)(𝑚𝑎𝑠

2 + 𝑘𝑎 + 𝑐𝑎𝑠)

−(𝑐𝑎𝑠 + 𝑘𝑎)
2 + (𝑚𝑎𝑠

2 + 𝑐𝑎𝑠 + 𝑘𝑎){𝑚𝑣𝑠
2 + (𝑘𝑎 + 𝑘𝑣) + (𝑐𝑎 + 𝑐𝑣)𝑠}

 

(3) 

In Eq. (3), 𝑠 indicates the Laplace operator. A Laplace transform for a time-domain function 𝑓(𝑡) is 

denoted as 𝑓(s). 

Regarding 𝑇𝑥𝑣𝑥1, satisfying the condition 𝑇𝑥𝑣𝑥1 ≈ 1 in the controlled frequency band means that 𝑥𝑣 ≈

𝑥1 holds in the controlled frequency band. Under 𝑇𝑥𝑣𝑥1 ≈ 1, the indirect vibration control of 𝑥1 can 

be established by suppressing 𝑥𝑣. Therefore, the VCO parameters should be set to satisfy 𝑇𝑥𝑣𝑥1 ≈ 1 in 

the controlled frequency band. The previous work [24] has derived a quantitative design condition as the 

following inequality: 

 
1

𝑚𝑣
{(𝛺𝑘

𝑐𝑜𝑛𝑡)2 + 𝑘𝑣 (−
1

𝑚𝑎
+
(𝛺𝑘

𝑐𝑜𝑛𝑡)2

𝑘𝑎
)} > (𝛺𝑘

𝑐𝑜𝑛𝑡)2 (−
1

𝑚𝑎
+
(𝛺𝑘

𝑐𝑜𝑛𝑡)2

𝑘𝑎
) , (𝑘 = 1, 2) (4) 

For realizing model-free control, the values of 𝑘𝑣 and 𝑚𝑣 should satisfy Eq. (4). Previous work [24] 

has shown that satisfying the condition (4) with the proper values of 𝑘𝑣 and 𝑚𝑣 results in 𝑇𝑥𝑣𝑥1 ≈ 1 

(i.e., 𝑥𝑣 ≈ 𝑥1) in the controlled frequency band. The symbols 𝛺1
𝑐𝑜𝑛𝑡  and 𝛺2

𝑐𝑜𝑛𝑡  (𝛺2
𝑐𝑜𝑛𝑡 > 𝛺1

𝑐𝑜𝑛𝑡 ≥

√𝑘0/𝑚0 ) represent the lower and the upper bound frequencies of the controlled frequency band, 

respectively. Qualitatively, 𝑇𝑥𝑣𝑥1 ≈ 1 can be achieved by setting 𝑚𝑣 and 𝑘𝑣 as sufficiently small and 

sufficiently large values, respectively, to avoid that the VCO has the resonant peak in the controlled 

frequency band. The remarkable point is that Eqs. (3) and (4) contain no models or parameters of real 

controlled objects at all. Because the design condition (4) depends only on the controlled frequency band 

(𝛺1
𝑐𝑜𝑛𝑡 and 𝛺2

𝑐𝑜𝑛𝑡) and the actuator specifications, the VCO can be specified irrespective of actual plant 

characteristics. Note that the VCO is not the reduced-order model of the actual controlled object. Table 

1 lists the specifications in this study. In this study, the controlled frequency band lies in 𝑓 ∈ (𝛺1
𝑐𝑜𝑛𝑡 =

5.0 × 101 Hz, 𝛺2
𝑐𝑜𝑛𝑡 = 3.0 × 103 Hz). Figure 3 describes the Bode diagram of 𝑇𝑥𝑣𝑥1(𝑗𝜔). Within the 

controlled frequency band, the required characteristic where the gain is almost 1.0 and the phase is 

regarded as 0 degrees is achieved. 
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Table 1. Parameters for the model-free control system design. 

Properties Value Unit 

𝑚𝑎 0.2013 kg 

𝑘𝑎 3518 N/m 

𝑐𝑎 1.186 Ns/m 

𝑚𝑣 1.0 × 10−5 kg 

𝑘𝑣 7.0 × 105 N/m 

𝑐𝑣 0.0 Ns/m 

 

 

Fig. 3: Transfer characteristic from vibration of the actual controlled object to that of VCO. 

 

To design a model-free controller for the 2DOF system in Fig. 2(b), the state equation needs to be derived. 

For Eqs. (1) and (2), 𝑤 ∈ ℝ is defined as the disturbance, which originates from the vibration of the 

actual controlled object, as shown in Eq. (5). 

 𝑤 = 𝑐𝑣𝑥̇1 + 𝑘𝑣𝑥1 (5) 

Eqs. (6)–(14) show the state space representation. 

 𝒙̇𝑀𝐹 = 𝑨𝑀𝐹𝒙𝑀𝐹 +𝑩𝑀𝐹1𝑤 + 𝑩𝑀𝐹2𝑢 (6) 

 𝒚𝑀𝐹 = 𝑪𝑀𝐹𝒙𝑀𝐹 +𝐷𝑀𝐹1𝑤 + 𝐷𝑀𝐹2𝑢 (7) 

 𝒙𝑀𝐹 = [𝑥𝑣 𝑥𝑎 𝑥̇𝑣 𝑥̇𝑎]
𝑇 (8) 



9 

 

 

𝑨𝑀𝐹 =

[
 
 
 
 
 

0 0 1 0
0 0 0 1

−
𝑘𝑎 + 𝑘𝑣
𝑚𝑣

𝑘𝑎
𝑚𝑣

−
𝑐𝑎 + 𝑐𝑣
𝑚𝑣

𝑐𝑎
𝑚𝑣

𝑘𝑎
𝑚𝑎

−
𝑘𝑎
𝑚𝑎

𝑐𝑎
𝑚𝑎

−
𝑐𝑎
𝑚𝑎]
 
 
 
 
 

  

 

 

(9) 

 
𝑩𝑀𝐹1 = [0 0

1

𝑚𝑣
0]
𝑇

 
(10) 

 
𝑩𝑀𝐹2 = [0 0 −

1

𝑚𝑣

1

𝑚𝑎
]
𝑇

 
(11) 

 
𝑪𝑀𝐹 = [−

𝑘𝑎 + 𝑘𝑣
𝑚𝑣

𝑘𝑎
𝑚𝑣

−
𝑐𝑎 + 𝑐𝑣
𝑚𝑣

𝑐𝑎
𝑚𝑣
] 

(12) 

 
𝐷𝑀𝐹1 =

1

𝑚𝑣
 

(13) 

 
𝐷𝑀𝐹2 = −

1

𝑚𝑣
 

(14) 

 

Eqs. (9)–(11) characterize the dynamics of the state of the two-degree-of-freedom (2DOF) system 

composed of the actuator and the VCO described in Fig. 2(b): the matrix 𝑨𝑀𝐹  specifies the time 

evolution of the state 𝒙𝑀𝐹, whereas 𝑩𝑀𝐹1 in Eq. (10) and 𝑩𝑀𝐹2 in Eq. (11) define the effects of the 

external disturbance 𝑤 and the control input force 𝑢 to the state 𝒙𝑀𝐹, respectively. Therefore, Eqs. 

(9)–(11) regulate the time evolution of the displacements and velocities of the point mass of the actuator 

and the VCO. 

Eqs. (12)–(14) specify the observed variable of the 2DOF system. In particular, 𝑪𝑀𝐹, 𝐷𝑀𝐹1, and 𝐷𝑀𝐹2 

in Eqs. (12)–(14) indicate that the acceleration 𝑥̈𝑣 of the point mass of the VCO is observed. This is 

because the acceleration sensor is used to obtain the observed output. 

Note that each of the coefficient matrices in Eq. (6) consists only of the VCO and the actuator. That is, 

this system does not contain any parameters of the real controlled object. Therefore, the direct application 

of mature model-based control theory to Eq. (6) results in the model-free design of an active vibration 

controller. 

In the dummy-controlled system in Eq. (6), 𝑥̈𝑣 (the vibration of the VCO) is fed back to a model-free 

vibration controller. In real applications, instead of 𝑥̈𝑣, 𝑥̈1, which is almost equal to 𝑥̈𝑣, is monitored as 

a measured output since the VCO does not exist in real systems. This measurement is allowed by the 

establishment of 𝑇𝑥𝑣𝑥1 ≈ 1. For multi-degree-of-freedom or continuous structures, a sensor should 

measure 𝑥̈1 at the location where the actuator is installed. 

 

3. VCO-based model-free SMC 

 

Sliding mode control (SMC) is a type of variable structure control system that discontinuously switches 
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the control inputs depending on changes in the plant’s state. The process of designing SMC is divided 

into two phases: (i) the design of a sliding surface and (ii) the derivation of a nonlinear switching control 

law. It should be noted that the direct application of this design process to the VCO-based state equation 

(6) results in a model-free SMC.  

 

3.1. Design of sliding surface 

As an ideal system dynamic during sliding mode, a sliding surface 𝜎 = 0 needs to be designed. To 

minimize the state fluctuations on the sliding surface, a switching function 𝜎 ∈ ℝ is defined as [31] 

 𝜎 = 𝑺𝒙𝑀𝐹 (15) 

where 𝑺 ∈ ℝ1×4 is a coefficient vector to be designed. Here, we consider the state equation (6) without 

external disturbances as: 

 𝒙̇𝑀𝐹 = 𝑨𝑀𝐹𝒙𝑀𝐹 + 𝑩𝑀𝐹2𝑢 (16) 

 𝒙𝑀𝐹 = [𝑥𝑣 𝑥𝑎 𝑥̇𝑣 𝑥̇𝑎]
𝑇 (17) 

 

𝑨𝑀𝐹 =

[
 
 
 
 
 

0 0 1 0
0 0 0 1

−
𝑘𝑎 + 𝑘𝑣
𝑚𝑣

𝑘𝑎
𝑚𝑣

−
𝑐𝑎 + 𝑐𝑣
𝑚𝑣

𝑐𝑎
𝑚𝑣

𝑘𝑎
𝑚𝑎

−
𝑘𝑎
𝑚𝑎

𝑐𝑎
𝑚𝑎

−
𝑐𝑎
𝑚𝑎]
 
 
 
 
 

 

𝑩𝑀𝐹2 = [
𝑩21
𝐵22

] =

[
 
 
 
 
 
0
0

−
1

𝑚𝑣

1

𝑚𝑎 ]
 
 
 
 
 

  

𝑩21 = [0 0 −
1

𝑚𝑣
]
𝑇

, 𝐵22 =
1

𝑚𝑎
 

(18) 

Applying the variable transformation via a transformation matrix 𝑻𝑡𝑟 ∈ ℝ
4×4 results in the following 

equivalent system. 

 [
𝝃1̇
𝜉2̇
] = [

𝑨11 𝑨12
𝑨21 𝐴22

] [
𝝃1
𝜉2
] + [

0
𝐵22

] 𝑢 (19) 

 
[
𝝃1
𝜉2
] = 𝑻𝑡𝑟𝒙𝑀𝐹 

𝝃1 ∈ ℝ
3×1, 𝜉2 ∈ ℝ

1×1 

(20) 

 
[
𝑨11 𝑨12
𝑨21 𝐴22

] = 𝑻𝑡𝑟𝑨𝑀𝐹𝑻𝑡𝑟
−1 

𝑨11 ∈ ℝ
3×3, 𝑨12 ∈ ℝ

3×1, 𝑨21 ∈ ℝ
1×3, 𝑨22 ∈ ℝ

1×1 

(21) 

 𝑻𝑡𝑟 = [
𝑰3×3 −𝑩21𝐵22

−1

𝟎1×3 𝐼1×1
] (22) 

To design the switching function, an optimal control problem is formulated. The quadratic cost function 
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𝐽𝑠 [31] is defined as Eq. (23), where 𝑾 is a positive-definite symmetric matrix, and 𝑡𝑠 is the time at 

the moment when the state trajectory reaches the sliding surface. Note that 𝐽𝑠 is defined for the system 

dynamics under the sliding mode. Therefore, 𝐽𝑠 does not include the term regarding the control input, 

since the dynamics under the sliding mode are characterized as the control independent free motion (see 

Section 2.2 in [31] for the details of the theoretical background). 

 𝐽𝑠 = ∫ 𝒙𝑀𝐹
𝑇𝑾𝒙𝑀𝐹

∞

𝑡𝑠

𝑑𝑡 = ∫ (𝝃1
𝑇𝒒̂11𝝃1 + 𝑣

𝑇𝑞22𝑣)𝑑𝑡
∞

𝑡𝑠

 (23) 

 𝑣 = 𝜉2 + 𝑞22
−1𝒒12

𝑇𝝃1 (24) 

 
[
𝒒11 𝒒12
𝒒21 𝑞22

] = 𝑻𝑡𝑟
𝑇𝑾𝑻𝑡𝑟 

𝒒11 ∈ ℝ
3×3, 𝒒12 ∈ ℝ

3×1, 𝒒21 ∈ ℝ
1×3, 𝒒22 ∈ ℝ

1×1 

(25) 

 𝒒21
𝑇 = 𝒒12 (26) 

 𝒒̂11 = 𝒒11 − 𝒒12𝑞22
−1𝒒12

𝑇 (27) 

By substituting Eq. (24) into Eq. (19), the sub-system is derived in the following form. 

 𝝃̇1 = 𝑨̂11𝝃1 +𝑨12𝑣 (28) 

 𝑨̂11 = 𝑨11 − 𝑨12𝑞22
−1𝒒12

𝑇 (29) 

For the system (28), the solution of the optimal control problem gives 𝑣 to minimize 𝐽𝑠 as: 

 𝑣 = −𝑞22
−1𝑨12

𝑇𝑷𝑠𝝃1 (30) 

In Eq. (30), 𝑷𝑠 , which indicates a unique positive-definite symmetric solution, can be obtained by 

solving the algebraic Riccati equation below. 

 𝑷𝑠𝑨̂11 + 𝑨̂11
𝑇
𝑷𝑠 −𝑷𝑠𝑨12𝑞22

−1𝑨12
𝑇𝑷𝑠 + 𝒒̂11 = 0 (31) 

Based on Eqs. (24) and (30), the switching function 𝜎 can be specified as: 

 𝜎 = 𝑺𝒙𝑀𝐹 = [𝑨12
𝑇𝑷𝑠 + 𝒒12

𝑇 𝑞22]𝑻𝑡𝑟𝒙𝑀𝐹 (32) 

For Eq. (32), the sliding surface is defined as 𝜎 = 0 in the state-space. 

 

3.2. Nonlinear switching control input and convergence analysis 

To guarantee the reaching condition of the state trajectory towards the sliding surface and convergence 

to the origin, one candidate for such control laws is defined as [56] 

 
𝑢 = 𝑢𝑒𝑞 + 𝑢𝑛𝑙 

= −(𝑺𝑩𝑀𝐹2)
−1𝑺𝑨𝑀𝐹𝒙𝑀𝐹 − 𝑘|𝜎|

−𝛼sgn(𝜎) 
(33) 

where 𝑘 is a switching gain and 𝛼 is a positive variable in 0 < 𝛼 < 1 [57]. 

For the control input (33), the reaching condition (i.e., the existence condition of the sliding mode) for 

𝜎 → 0 should be satisfied by the appropriate switching control input. To analyze this condition, the 

Lyapunov function technique is used [40][31]. The Lyapunov function of the switching function 𝜎 can 

be selected as: 

 𝑉 =
1

2
𝜎2 > 0 (34) 

Considering the time derivative of 𝑉, the condition for 𝜎 → 0 can be described as: 
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 𝑉̇ = 𝜎𝑇𝜎̇ < 0  for ∀𝜎 ≠ 0 (35) 

Note that 𝜎 is a scalar. The time derivative 𝑉̇ is rearranged by substituting Eq. (33) into Eq. (35) as: 

 

𝑉̇ = 𝜎𝑇𝜎̇ = 𝜎𝑇𝑺𝒙̇𝑀𝐹 

= 𝜎𝑇𝑺{𝑨𝑀𝐹𝒙𝑀𝐹 +𝑩𝑀𝐹1𝑤 + 𝑩𝑀𝐹2𝑢} 

= 𝜎𝑇{𝑺𝑨𝑀𝐹𝒙𝑀𝐹 + 𝑺𝑩𝑀𝐹1𝑤 − 𝑺𝑩𝑀𝐹2(𝑺𝑩𝑀𝐹2)
−1𝑺𝑨𝑀𝐹𝒙𝑀𝐹 − 𝑘𝑺𝑩𝑀𝐹2|𝜎|

−𝛼sgn(𝜎)} 

= 𝜎𝑇𝑺 {𝑩𝑀𝐹1𝑤 − 𝑘𝑩𝑀𝐹2|𝜎|
−𝛼

𝜎

|𝜎|
} 

(36) 

For Eq. (36), condition (37) is equivalent to satisfying (35). 

 
𝜎𝑇𝑺 {𝑩𝑀𝐹1𝑤 − 𝑘𝑩𝑀𝐹2|𝜎|

−𝛼
𝜎

|𝜎|
} < 0 

sgn(𝜎)𝑺𝑩𝑀𝐹1𝑤 < 𝑘′ 

(37) 

Here,  

 𝑘′ = 𝑘|𝜎|−𝛼𝑺𝑩𝑀𝐹2 (38) 

In VCO-MFC, the unique point is that 𝑇𝑥𝑣𝑥1 ≈ 1 (i.e., 𝑥𝑣 ≈ 𝑥1) is established by satisfying Eq. (4). 

Therefore, according to Eq. (5) with 𝑐𝑣 = 0, 𝑤 can be rewritten as: 

 𝑤 = 𝑘𝑣𝑥1 ≈ 𝑘𝑣𝑥𝑣 = 𝑘𝑣[1 0 0 0] [

𝑥𝑣
𝑥𝑎
𝑥̇𝑣
𝑥̇𝑎

] = 𝑘𝑣[1 0 0 0]𝒙𝑀𝐹 (39) 

The condition (37) is more specifically evaluated with Eq. (39) as follows. 

 

sgn(𝜎)𝑺𝑩𝑀𝐹1𝑤 ≈ sgn(𝜎)𝑺𝑩𝑀𝐹1𝑘𝑣[1 0 0 0]𝒙𝑀𝐹 

= sgn(𝜎)𝑺𝑘𝑣

[
 
 
 
 
0
0
1

𝑚𝑣

0 ]
 
 
 
 

[1 0 0 0]𝒙𝑀𝐹 = sgn(𝜎)𝑺

[
 
 
 
 
0 0 0 0
0 0 0 0
𝑘𝑣
𝑚𝑣

0 0 0

0 0 0 0]
 
 
 
 

𝒙𝑀𝐹 

≤ ‖𝑺‖
𝑘𝑣
𝑚𝑣

‖𝒙𝑀𝐹‖ ≤ ‖𝑺‖
𝑘𝑣
𝑚𝑣

‖𝒙𝑀𝐹‖𝑚𝑎𝑥 

(40) 

Here, ‖𝒙𝑀𝐹‖𝑚𝑎𝑥 is the upper bound of norm of the state vector 𝒙𝑀𝐹. Combining Eqs. (37), (38) and 

(40), the following condition can be derived to guarantee the existence of the sliding mode. 

 

‖𝑺‖
𝑘𝑣
𝑚𝑣

‖𝒙𝑀𝐹‖𝑚𝑎𝑥 < 𝑘|𝜎|
−𝛼𝑺𝑩𝑀𝐹2 = (𝑘

′′(𝑺𝑩𝑀𝐹2)
−1|𝜎|𝛼)|𝜎|−𝛼𝑺𝑩𝑀𝐹2 = 𝑘

′′ 

‖𝑺‖
𝑘𝑣
𝑚𝑣

‖𝒙𝑀𝐹‖𝑚𝑎𝑥 < 𝑘
′′ 

(41) 

 𝑘 = 𝑘′′(𝑺𝑩𝑀𝐹2)
−1|𝜎|𝛼 (42) 

The switching gain 𝑘′′ of the control input must satisfy Eq. (41) for 𝜎 → 0. Consequently, the control 

input is combination of the equivalent control input 𝑢𝑒𝑞 = −(𝑺𝑩𝑀𝐹2)
−1𝑺𝑨𝑀𝐹𝒙𝑀𝐹 and the nonlinear 

switching control input 𝑢𝑛𝑙 = −𝑘
′′(𝑺𝑩𝑀𝐹2)

−1sgn(𝜎) as: 

 𝑢 = −(𝑺𝑩𝑀𝐹2)
−1𝑺𝑨𝑀𝐹𝒙𝑀𝐹 − 𝑘

′′(𝑺𝑩𝑀𝐹2)
−1sgn(𝜎) (43) 
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 ‖𝑺‖
𝑘𝑣
𝑚𝑣

‖𝒙𝑀𝐹‖𝑚𝑎𝑥 < 𝑘
′′ (44) 

In this study, 𝑘′′ is set as 1.0 × 101 to satisfy the inequality (44). 

Note that ‖𝒙𝑀𝐹‖𝑚𝑎𝑥 does not need to be known in real implementations. This is because fluctuations 

of ‖𝒙𝑀𝐹‖ can be estimated by a Kalman filter, and the estimated value ‖𝒙̂𝑀𝐹‖ is online evaluated in 

the condition (44) instead of ‖𝒙𝑀𝐹‖𝑚𝑎𝑥. The Kalman filer is designed for the system (6) composed of 

the VCO and actuator, meaning the model-free design [29]. Therefore, the reaching condition (35) (i.e., 

𝜎 → 0) can always be satisfied by modifying 𝑢𝑛𝑙 as follows: 

 𝑢𝑛𝑙 =

{
 

 −𝑘′′(𝑺𝑩𝑀𝐹2)
−1‖𝒙̂𝑀𝐹‖sgn(𝜎),   ‖𝑺‖

𝑘𝑣
𝑚𝑣

‖𝒙̂𝑀𝐹‖ ≥ 𝑘
′′

−𝑘′′(𝑺𝑩𝑀𝐹2)
−1sgn(𝜎),   ‖𝑺‖

𝑘𝑣
𝑚𝑣

‖𝒙̂𝑀𝐹‖ < 𝑘
′′

 (45) 

 ‖𝑺‖
𝑘𝑣
𝑚𝑣

< 𝑘′′ (46) 

 

4. VCO-based model-free fuzzy sliding mode control (VCO-MFFSMC) 

 

4.1. Introduction of fuzzy rules 

Employing the control law (43) causes severe chattering [31], [58], which may damage the hardware of 

the control system. This phenomenon originates from the sign function in 𝑢𝑛𝑙. 
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Fig. 4: Outline of the proposed control system.  

 

In this section, an adaptive compensation law based on fuzzy inference is introduced to reduce the 

chattering phenomenon. This introduction results in the proposed VCO-MFFSMC, which is outlined in 

Fig. 4. The fuzzy inference aims to guide and constrain the state trajectory to the sliding surface (𝜎 = 0) 

while avoiding drastic switching of the control input, which leads to chattering. Therefore, unlike 

standard SMCs, the rate of change of the switching function ∆𝜎  also needs to be considered for 

computing the control input.  

To always ensure 𝜎 → 0, the basic spirit of the fuzzy rules is as follows [59]. If 𝜎 is rapidly drifting 

away from 𝜎 = 0 and Δ𝜎 is also accelerating this departure, a large control input is needed to return 

the state trajectory to the sliding surface. On the other hand, if the positive and negative signs of 𝜎 and 

Δ𝜎 differ (i.e., 𝜎 is naturally approaching 𝜎 = 0), the control effort should be decreased. Finally, a 

small control input should be applied to the system when the state trajectory is near 𝜎 = 0. 

Let the switching function 𝜎 and the rate of change Δ𝜎 be the input linguistic variables of the fuzzy 

inference, and the control input effort 𝑢𝑓  be the output linguistic variable. The nine fuzzy rules, 

-based model-free design
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constructed according to the previous literature [59], are as follows: 

 

(Rule 1). 

 
IF (𝜎 is Negative Large (NL)) and (Δ𝜎 is Negative Large (NL)) THEN (𝑢𝑓 is Negative 

Large (NL)) 
(47) 

(Rule 2). 

 IF (𝜎 is Negative Large (NL)) and (Δ𝜎 is Zero (Z)) THEN (𝑢𝑓 is Negative Large (NL)) (48) 

(Rule 3). 

 
IF (𝜎 is Negative Large (NL)) and (Δ𝜎 is Positive Large (PL)) THEN (𝑢𝑓 is Negative 

Medium (NM)) 
(49) 

(Rule 4). 

 IF (𝜎 is Zero (Z)) and (Δ𝜎 is Negative Large (NL)) THEN (𝑢𝑓 is Negative Small (NS)) (50) 

(Rule 5). 

 IF (𝜎 is Zero (Z)) and (Δ𝜎 is Zero (Z)) THEN (𝑢𝑓 is Zero (Z)) (51) 

(Rule 6). 

 IF (𝜎 is Zero (Z)) and (Δ𝜎 is Positive Large (PL)) THEN (𝑢𝑓 is Positive Small (PS)) (52) 

(Rule 7). 

 
IF (𝜎 is Positive Large (PL)) and (Δ𝜎 is Negative Large (NL)) THEN (𝑢𝑓 is Positive 

Medium (PM)) 
(53) 

(Rule 8). 

 IF (𝜎 is Positive Large (PL)) and (Δ𝜎 is Zero (Z)) THEN (𝑢𝑓 is Positive Large (PL)) (54) 

(Rule 9). 

 
IF (𝜎 is Positive Large (PL)) and (Δ𝜎 is Positive Large (PL)) THEN (𝑢𝑓 is Positive 

Large (PL)) 
(55) 

 

The above fuzzy rules are summarized in a rule table, as shown in Table 2 [59].  

 

Table 2. Fuzzy rule table of Rules 1-9 in (47)-(55) 

 Variation of switching function: Δ𝜎 

NL Z PL 

Switching function: 𝜎 NL NL NL NM 

Z NS Z PS 

PL PM PL PL 

 

4.2. Fuzzy inference by Mamdani method 

In this study, we applied the Mamdani inference method [60]. The triangular membership functions of 
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the fuzzy sets with respect to 𝜎, Δ𝜎 and 𝑢𝑓 are indicated in Fig. 5(a), (b), and (c), respectively. The 

output of each rule is computed by reflecting the degree of match of each fuzzy rule 0 ≤ 𝑤𝑖 ≤ 1 (𝑖 =

1 − 9) on the consequent proposition as: 

 ℎ𝑖
∗(𝑢𝑓) = 𝑤𝑖 ∙ ℎ𝑖

𝑢(𝑢𝑓) (56) 

where ℎ𝑖
𝑢(𝑢𝑓) (𝑖 = 1 − 9) is the membership function of the fuzzy sets of 𝑢𝑓 in the consequent part, 

corresponding to one of {NL, NM, NS, Z, PS, PM, PL}. The resultant output considering all of Rules 

1-9 is then obtained by integrating each result ℎ𝑖
∗(𝑢𝑓) as: 

 ℎ𝐹𝑆𝑀𝐶(𝑢𝑓) = max
𝑖=1−9

ℎ𝑖
∗(𝑢𝑓). (57) 

In the defuzzification process to convert the inference result in Eq. (57) into a crisp value, a center-of-

gravity computing method for ℎ𝐹𝑆𝑀𝐶(𝑢𝑓) gives the fuzzy control input 𝑢𝐹𝑆𝑀𝐶 as: 

 𝑢𝐹𝑆𝑀𝐶 =
∫𝑢𝑓 ⋅ ℎ𝐹𝑆𝑀𝐶(𝑢𝑓)𝑑𝑢𝑓

∫ℎ𝐹𝑆𝑀𝐶(𝑢𝑓) 𝑑𝑢𝑓
. (58) 

To construct VCO-MFFSMC, sgn(𝜎) in Eq. (43) is replaced with 𝑢𝐹𝑆𝑀𝐶 as: 

 𝑢 = −(𝑺𝑩𝑀𝐹2)
−1𝑺𝑨𝑀𝐹𝒙𝑀𝐹 − 𝑘

′′(𝑺𝑩𝑀𝐹2)
−1𝑢𝐹𝑆𝑀𝐶 (59) 

By replacing sgn(𝜎), which leads to intensive discontinuous changes of the control input, with 𝑢𝐹𝑆𝑀𝐶, 

severe chattering can be prevented. Unlike standard SMC, the consideration of Δ𝜎 for managing the 

control input amount also contributes to the mitigation of chattering. The parameters used for VCO-

MFFSMC are indicated in Table 3. These values are determined based on manual tuning. The appropriate 

value of these parameters will vary depending on the specific applications. The employed membership 

functions are indicated in Fig. 5. In this study, “Control System Toolbox” in MATLAB was employed 

for controller design. 

 

Table 3. Parameters for the control system design 

Properties Value 

𝑾 𝑑𝑖𝑎𝑔{10−20 10−20 10−20 10−30} 

𝑘′′ 1.0 × 101 

 

Figure 5 shows the membership functions used in the proposed fuzzy inference compensation for 

chattering reduction. The triangular membership functions of the fuzzy sets with respect to 𝜎, Δ𝜎 and 

𝑢𝑓 are indicated in Fig. 5(a), (b), and (c), respectively. These functions are regarded as designer-defined 

tuning variables. For 𝜎 and Δ𝜎 in the input part of the above fuzzy rules, the linguistic fuzzy sets: 

Positive Large (PL), Zero and Negative Large (NL) are expressed by the red, black, and blue lines, 

respectively. For 𝑢𝑓 in the output part of the fuzzy rules, the fuzzy sets: Positive Large (PL), Positive 

Medium (PM), Positive Small (PS), Zero, Negative Small (NS), Negative Medium (NM) and 

Negative Large (NL) are described by the seven triangular membership functions, as shown in Fig. 5(c). 

When designing the fuzzy sliding mode controller, selections of the appropriate membership functions 

are crucial for improving control performance, which may require some trial-and-error adjustments 
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according to design policies based on both qualitative and quantitative viewpoints. 

 

 

Fig. 5: Triangular membership functions of the fuzzy sets: (a) 

switching function, (b) variation of the switching function, and (c) 

control effort. 

 

5. Vibration control simulations 

We demonstrate the superiority of the proposed control scheme via vibration control simulations. 

Specifically, in Section 5.1, we examine the validity of the fuzzy logic-based chattering attenuation 

strategy using the finite element structures as the controlled object. In Section 5.2, we compare the VCO-

MFFSMC with a conventional model-based vibration controller through vibration control simulations 

with the structures with time-varying properties, demonstrating the virtue of the VCO-based model-free 

control framework. For each control method, one same controller is consistently applied to all the 

(a)

(b)

(c)

uf
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controlled structures appearing in this paper. 

 

5.1. Verification of the chattering reduction ability of the proposed approach  

In this section, the VCO-MFFSMC is compared with the previous approach, which is the VCO-based 

model free SMC proposed in the earlier study [29]. The conventional controller lacks fuzzy inference 

and employs only a smoothing function for chattering reduction. The aim of this comparison is to 

demonstrate the chattering elimination effect of the proposed fuzzy logic-based strategy for VCO-based 

model-free SMC under the practical implementation situation. 

Figure 6 shows an overview of the controlled structures in this section. Controlled object 1 shown in Fig 

6(a) is composed of the cantilever plate (dimension: 248×190×10 mm) and two blocks (dimension: 

100×26×30mm) attached on as weights on the backside of it. Controlled object 2 described in Fig. 6(b) 

is the both-ends supported plate (dimension: 342×100×10 mm) where one block weight (dimension: 

26×100×30mm) is attached to the backside of it. The locations where the blocks are attached as weights 

are indicated by broken lines. The values of the Young modulus, Poisson ratio, and density for the 

cantilever plate and the both-ends-supported plate are about 75 GPa, 0.31, and 2700 kg/m3, respectively. 

These for the weights are 206 GPa, 0.29, and 7800 kg/m3, respectively. Note that both Controlled objects 

1 and 2 have many resonant modes. The mode shapes are not trivial due to the block weights. Therefore, 

Controlled objects 1 and 2 reflect the representative intractability that are often observed in real 

applications. 

The disturbance to shake the structures and the control input to actively suppress the vibrations are 

applied at locations A and B, respectively, at location C, the measured acceleration response is obtained. 

When the disturbance applied at location A excites the structure, the aim is to suppress the vibration at 

location C by the control input applied from location B. Considering the existence of amplifiers and 

signal communication used in real applications, a delay element of approximately 3.5 × 10−4  s is 

introduced in applying the control input. Such ignored dynamics in actuators, sensors, and signal 

processors are a typical cause of chattering in practice [61]. Because the collocation of actuator mounting 

and output measurement has to be approximately satisfied for model-free control [24], location C 

corresponds to location B on the back side of the plate. The disturbance is a linear sweep sinusoidal 

signal of 1–3000 Hz. 

For performing simulations, dynamical models of the structures combined with the actuator are derived 

based on finite element analysis using ANSYS [62], [63]. A 20-node hexahedron is employed for finite 

element modeling of Controlled objects 1 and 2. The total numbers of nodes of the finite element model 

are 4748 and 21950 for Controlled objects 1 and 2, respectively. This study performed theoretical modal 

analysis by considering an undamped vibration system for an equation of motion of the controlled 

structure. By solving the eigenvalue problem for this model, the physical model was transformed into 

the modal model via modal coordinate transformation [62]. In the modal coordinate system, a same 

modal damping ratio of 0.5% was uniformly given to all the employed modes. 

Figures 7 and 8 show the simulation results for Controlled objects 1 and 2, respectively. The lower graph 
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depicts the time response of the control signal, while the upper graph depicts the acceleration response. 

The blue line represents the open-loop response without any controls. The red and black lines indicate 

the control results with VCO-MFFSMC and the previous approach, respectively. For the major 

resonance peaks appearing between 0 s and 10 s, both the VCO-MFFSMC and the previous approach 

sufficiently suppress the vibration amplitude and exhibit good damping capability compared to the open-

loop response. Nevertheless, as shown by the black line, the intensive chattering phenomenon is 

consistently observed in the previous approach. The remaining chattering implies that a simple 

countermeasure merely using smoothing functions (e.g., hyperbolic tangent [29]) is insufficient 

depending on the controlled objects. In contrast, the proposed approach (VCO-MFFSMC), shown by the 

red line, considerably reduces the chattering. This benefit is due to the introduction of fuzzy-inference-

based compensation. 

Tables 4 and 5 show the approximate reductions for the major peaks when the frequency responses are 

evaluated for Controlled objects 1 and 2, respectively. Compared to VCO-MFFSMC, the reduction 

amounts of the previous approach are degraded at the 306 Hz peak of Controlled object 1 and the 234 

Hz peak of Controlled object 2. The cause of these degradations is considered to be the effects of the 

induced chattering. 

In Tables 6 and 7, VCO-MFFSMC achieves the minimum value of the 2-norm of the acceleration 

response, which quantitatively indicates improved vibration control. In contrast, for Controlled object 1, 

the larger 2-norm of the previous approach compared to the open-loop response indicates performance 

aggravation due to the persistent chattering effect. This is also evident from the significant difference in 

the 2-norm of the control input between VCO-MFFSMC and the previous approach. 

Consequently, the comparative result shown in Figs 7 and 8 and Tables 4–7 clearly demonstrates the 

advantage of fuzzy inference for chattering reduction. 

 

Table 4. Vibration reduction amount for major resonance peaks for Controlled object 1. 

Controller Reduction amount 

148 Hz peak 306 Hz peak 

VCO-MFFSMC 21.9200 dB 8.2900 dB 

Previous approach 22.3200 dB 3.6100 dB 

 

Table 5. Vibration reduction amount for major resonance peaks for Controlled object 2. 

Controller Reduction amount 

234 Hz peak 

VCO-MFFSMC 18.5300 dB 

Previous approach 12.7900 dB 
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Table 6. 2-norm of the vibration response and control input for Controlled object 1. 

Controller 2-norm 

Acceleration response Control input 

VCO-MFFSMC 1.5328 × 103 140.0167 

Previous approach 3.6867 × 103 572.6513 

Open-loop 2.1270 × 103 − 

 

Table 7. 2-norm of the vibration response and control input for Controlled object 2. 

Controller 2-norm 

Acceleration response Control input 

VCO-MFFSMC 2.9089 × 103 70.0133 

Previous approach 3.1714 × 103 311.0785 

Open-loop 3.2474 × 103 − 

 

 

Fig. 6: Configurations of controlled objects: (a) cantilever plate (Controlled object 

1) and (b) both-ends-supported plate (Controlled object 2). The locations where 

the blocks are attached as weights are indicated by broken lines.  
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 Fig. 7: Time responses of the acceleration and control input in simulation for 

the cantilever plate (Controlled object 1). 
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 Fig. 8: Time responses of the acceleration and control input in simulation for 

the both-ends-supported plate (Controlled object 2). 

 

5.2. Comparative study with model-based controller 

In this section, the VCO-MFFSMC and the conventional VCO-based SMC are compared with the 

traditional model-based controller in order to demonstrate the advantage of the VCO-based model-free 

framework. The controlled object is the two-degree-of-freedom (2DOF) vibration systems with time-

varying specifications [26]: Controlled object 3 involves online perturbed mass variations, and 

Controlled object 4 involves online perturbed spring constants. The model structure and specifications 

are shown in Fig. 9 and Table 8, respectively. The model-based controller is designed by applying the 

linear 𝐻2 control theory [64], [65] to the system composed of the actuator and the 2DOF structure 

shown in Fig. 9, where the time-varying property is ignored. The parameter values of the model for 

designing the 𝐻2 controller are the medium values shown in Table 8. The details of the comparison 

procedure are as follows: 

Step 1) The control performances of the VCO-MFFSMC and the model-based 𝐻2  controller are 

unified through the vibration control simulation using the 2DOF structure used for designing the 

𝐻2 controller. Specifically, the VCO-MFFSMC and the model-based 𝐻2 controller are applied 

to a time-invariant 2DOF system with fixed specifications, which are the medium values shown 

in Table 8. In this simulation, the model-based 𝐻2  controller is tuned so that its vibration 

performance matches that of the VCO-MFFSMC, which has been applied to Controlled objects 
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1 and 2 in the previous section. 

Step 2) The VCO-MFFSMC, the previous model-free SMC, and the model-based 𝐻2 controller are 

applied to the vibration control simulation for the time-varying 2DOF systems, i.e., Controlled 

object 3 and Controlled object 4. Each controller is the same as that used in Step 1. 

As a performance index for the time-varying system, we evaluate a loss function with respect to the 

controlled output in Step 2. As shown in Eq. (60), the loss function 𝐿(𝑘) is defined as the mean-square 

of the measured output in the 𝑘-th evaluation interval, presenting a quantitative performance index 

suitable for time-varying systems [26][66]: 

 𝐿(𝑘) =
1

𝑓𝑠
∑ 𝑦(𝑗)2
𝑘𝑚

𝑗=(𝑘−1)𝑚+1

 (60) 

where 𝑚 indicates the number of evaluation points in each evaluation interval, 𝑓𝑠 denotes the sampling 

frequency, and 𝑦 is the measured acceleration response of the real controlled object. Here, 𝑗 indicates 

the number of sampling points. Random noise was used as the excitation disturbance in Step 2. 

Regarding Step 1, Fig. 10 shows the frequency response of the fixed 2DOF system (i.e., time-invariant 

system) from the disturbance, which is a 1-1000 Hz linear sweep sinusoidal signal, to the measured 

acceleration. We can see that the performance of VCO-MFFSMC and that of the model-based controller 

are almost the same. That is, the tuning of the model-based controller is properly achieved.  

Figures 11–14 show the simulation results obtained at Step 2. Figures 11 and 12 show the time history 

of the loss function in Eq. (60) and the control result (upper graph: acceleration response and lower 

graph: control input), respectively, for Controlled object 3. Figures 13 and 14 show those for Controlled 

object 4. Here, random noise was used as the disturbance. In Figs. 11–14, the blue, black, green, and red 

lines indicate the response without control, the closed-loop response with the model-based 𝐻2 

controller, the closed-loop response with the VCO-based SMC, and the closed-loop response with the 

VCO-MFFSMC, respectively. Figures 11(b) and 13(b) describe the time history of the parameter values 

of Controlled objects 3 and 4, respectively. 

According to Figs. 11–14, the VCO-based controllers successfully reduce the vibration occurring at 

Controlled objects 3 and 4, whereas the severe performance degradations are observed for the model-

based 𝐻2  controller. This result implies that the model-based approach requires the explicit 

consideration of the time-varying property of the actual controlled structure. Nevertheless, explicit 

consideration of the time-varying property significantly increases the design complexity and hence 

degrades the practical usability; this approach cannot handle the unknown time-varying characteristics. 

On the other hand, the VCO-based model-free controller (the VCO-MFFSMC) successfully reduces the 

vibration occurring at the time-varying 2DOF structures. Here, after the introduction of the VCO, the 

controller design procedure of VCO-MFC is exactly the same as the conventional model-based approach 

for the linear time-invariant system. Hence, the proposed VCO-based control framework significantly 

reduces the controller design procedure for challenging vibration control problems, which is the 

representative advantage over the conventional model-based controller design. Note that addressing 
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known/unknown time-varying characteristics is a representative challenge for vibration controller design 

in practical mechanical systems. 

Remark: The success of the VCO-based approach in this example is regarded as its model-free nature. 

That is, the VCO-based model-free controller is designed without using detailed mathematical models 

of an actual controlled structure, giving the insensitiveness of the resulting controller to the characteristic 

changes in actual controlled structure. The VCO-based controller works well as long as 𝑥𝑣 ≈ 𝑥1 holds 

by Eq. (4). In fact, the same controller, including the values of its tuning parameters, consistently exhibits 

good vibration attenuation performance to Controlled objects 1–4 in this study. These results show the 

robustness of the VCO-based model-free controller to the characteristic changes in actual controlled 

object, which is an important virtue of the VCO-MFFSMC proposed in this study. In other words, the 

strong robustness of the VCO-MFFSMC comes from the VCO-based model-free design. Therefore, the 

proposed approach is superior to the traditional model-based controller in practical applications, since 

the real-world systems always have various uncertainties and characteristic changes.  

 

Table 8. Model parameters of Controlled objects 3 and 4. 

 Controlled object 3 Controlled object 4 

𝑚1 [kg] 2.5 ± 2.0 

(sinusoidally varying with 

a period of 25.6 s) 

2.5 

𝑚2 [kg] 2.5 ± 2.0 

(sinusoidally varying with 

a period of 12.8 s) 

2.5 

𝑘1 [N/m] 1.0 × 106 106 ± 7.0 × 105 

(sinusoidally varying with a 

period of 25.6 s) 

𝑘2 [N/m] 1.0 × 106 106 ± 7.0 × 105 

(sinusoidally varying with a 

period of 12.8 s) 

𝑐1 [Ns/m] 15.8114 15.8114 

𝑐2 [Ns/m] 15.8114 15.8114 
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 Fig. 9: Configurations of controlled objects: (a) Controlled object 3 and (b) Controlled object 4. 

 

 

 Fig. 10: Frequency response of the fixed 2DOF system (i.e., time-invariant system). 
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 Fig. 11: Time histories of the performance index values for Controlled object 3. 

 

 

 Fig. 12: Time responses of the acceleration and control input for Controlled object 3. 
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Fig. 13: Time histories of the performance index values for Controlled object 4. 

 

 

Fig. 14: Time responses of the acceleration and control input for Controlled object 4. 

 

6. Conclusion 

Based on the concept of VCO, this study proposed a novel fuzzy sliding mode vibration controller that 

is free from any mathematical modeling of real controller objects. The key idea is the combination of the 
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VCO-based MFC, sliding mode control, and fuzzy adaptive compensation for chattering elimination. 

The development of the model-free sliding mode vibration controller was easily achieved by simply 

setting the SDOF VCO, and the convergence was analyzed using a Lyapunov function technique. To 

compensate for the chattering phenomenon, fuzzy inference was further integrated into the model-free 

SMC. The fuzzy rules were constructed to hindering the occurrence of severe chattering while ensuring 

that the system state is rapidly guided toward the sliding surface. Finally, the proposed approach was 

verified through the several control simulations with various mechanical structures, including a time-

varying system. The high damping performance of the proposed model-free fuzzy SMC, as well as its 

robustness to changes in the controlled objects, was confirmed via comparisons to existing approaches. 

The future direction of this work will focus on the introduction of optimization techniques for designing 

the membership functions and compensations for actuator uncertainty and observation noise. 
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Figure captions: 

Fig. 1: Proof-mass actuator. 

Fig. 2: VCO-based model-free controller design: (a) real control system and (b) system with VCO. 

Fig. 3: Transfer characteristic from vibration of the actual controlled object to that of VCO. 

Fig. 4: Outline of the proposed control system.  

Fig. 5: Triangular membership functions of the fuzzy sets: (a) switching function, (b) variation of the 

switching function, and (c) control effort. 

Fig. 6: Configurations of controlled objects: (a) cantilever plate (Controlled object 1) and (b) both-ends-

supported plate (Controlled object 2). The location where the blocks are attached as weights are indicated 

by broken lines. 

Fig. 7: Time responses of the acceleration and control input in simulation for the cantilever plate 

(Controlled object 1). 

Fig. 8: Time responses of the acceleration and control input in simulation for the both-ends-supported 

plate (Controlled object 2). 

Fig. 9: Configurations of controlled objects: (a) Controlled object 3 and (b) Controlled object 4. 

Fig. 10: Frequency response of the fixed 2DOF system (i.e., time-invariant system). 

Fig. 11: Time histories of the performance index values with Controlled object 3. 

Fig. 12: Time responses of the acceleration and control input with Controlled object 3. 

Fig. 13: Time histories of the performance index values with Controlled object 4. 

Fig. 14: Time responses of the acceleration and control input with Controlled object 4. 

 


