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Abstract

Inspired by the architecture of the hyper-heuristic (HH) algorithm, we
design a mutation operator archive, a crossover operator archive, and a
boundary repair operator archive to propose a novel hyper-heuristic dif-
ferential evolution (HHDE). The mutation operator and crossover opera-
tor archives contain multiple representative search operators derived from
variants of DE. A learning-free probabilistic selection function serves as
the high-level component of the HHDE and is employed to determine the
optimization sequence during optimization automatically. Additionally,
we focus on the boundary repair operator, an element often overlooked
in the design of the evolutionary algorithm (EA). Based on the previ-
ous research, our designed boundary repair operator archive introduces
two novel boundary repair techniques: optimum inheritance and itera-
tive opposite-based mapping. Comprehensive numerical experiments on
CEC2017, CEC2020, and CEC2022 benchmark functions are conducted
to evaluate the performance of our proposed HHDE. A range of other
state-of-the-art optimizers and advanced variants of DE are employed as
competitor algorithms. The experimental results and statistical analysis
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confirm the competitiveness and efficiency of HHDE. The source code
of HHDE can be found in https://github.com/RuiZhong961230/HHDE.

Keywords: hyper-heuristic (HH), differential evolution (DE), boundary
repair technique, complex optimization

1 Introduction

Since the conventional differential evolution (DE) algorithm was proposed
by Storn and Price in 1996 [1], it has emerged as one of the most popular
and efficient stochastic optimization techniques in the evolutionary compu-
tation (EC) community [2-4]. Thanks to its superior characteristics such as
scalability, applicability, robustness, and easy implementation, DE-based opti-
mization techniques have been widely applied in various domains, such as
multi-objective optimization [5, 6], large-scale global optimization [7, 8], real-
world engineering challenges [9-11], drug design [12, 13], and other applications
[14, 15]. In the meantime, many remarkable variants of DE have been pro-
posed, including self-adaptive DE (SaDE) [16], JADE [17], success-history
based parameter adaptation DE (SHADE) [18], and SHADE using linear pop-
ulation size reduction (L-SHADE) [19]. The rich history of DE will not be fully
reviewed here, as it can be referred to [20-22].

The conventional DE employs a series of operations including mutation,
crossover, and selection to search for improved solutions iteratively. These
expert-designed search operators collectively form the optimization sequence.
This raises an interesting question: Is it possible to optimize the optimiza-
tion sequence itself? The response is in the affirmative, aligning with the
concept of the hyper-heuristic (HH) framework [23]. In contrast to tailored
meta-heuristic algorithms (MAs), which are specifically designed for particular
problems, the HH algorithm represents a more generic, ”off-the-peg” technique
as opposed to "made-to-measure” [24]. As a high-level automatic methodol-
ogy, the HH algorithm consists of two crucial components: the low-level and
the high-level components. The low-level component represents the inherent
attributes of the algorithm, whereas the high-level component functions as the
intelligent decision-maker for determining the optimization sequence. While
many HH algorithms have been effectively applied to combinatorial optimiza-
tion problems [25, 26], only a few have been focused on continuous problems
[27, 28].

Furthermore, a critical yet frequently overlooked component in the design
of the evolutionary algorithm (EA) is the boundary repair technique. In con-
structing the offspring through search operators, there is a probability that
the resultant offspring individual may fall outside the feasible search domain.
The traditional method to address this issue involves manually setting the
value to the search boundary or randomly generating a value within the search
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domain. However, these simplistic methods often fail to make adequate use of
the domain knowledge.

In this paper, we address the mentioned challenges by integrating the HH
framework with DE, leading to the development of a novel hyper-heuristic dif-
ferential evolution (HHDE) algorithm. HHDE consists of a mutation operator
archive, a crossover operator archive, and a boundary repair strategy archive.
As a primary approach, the learning-free stochastic function is employed as
the high-level component of HHDE. Moreover, the comprehensive numerical
experiments conducted using CEC2017, CEC2020, and CEC2022 benchmark
functions have been compared against nine state-of-the-art competitor EAs.
These rigorous comparisons further underscore the effectiveness and superior
performance of our proposed HHDE.

The remaining paper is organized as follows. Section 2 introduces the
related works, Section 3 introduces our proposed HHDE in detail, Section 4
describes experimental settings and results, we analyze the performance of
HHDE in Section 5, and finally, Section 6 concludes our work.

2 Related works
2.1 Differential evolution (DE)

In this section, we briefly introduce the structure of the basic DE algorithm.
Without the loss of generality, the minimization problem is considered in this
paper, and the objective is to find an optimum, denoted as x*, that satisfies
the following Eq. (1) [29, 30].

f(@*) = min(f()) 1)

TeN

where f(-) is the objective function, ¥ = {z1, 22, ...,z,} is an n-dimensional
trial solution, and € denotes the search domain.

As one of the population-based EAs, the first step of DE is to initialize the
population through Eq. (2).

J_'J'Z‘J :LB] +7r- (UBJ — LBJ) (2)

X :{fl, fg, ceny pr}
where UB; and LB; are the upper and lower bound of the jth dimen-
sion, respectively, 7 is a random number within the range (0, 1), NP is the
population size, and X represents the population. Considering the simplest
DE/rand/1 mutation strategy, the mutated individual v can be constructed
using Eq. (3).

U = fﬁ +F- (frz - J_’:T:s) (3)
where F is a scaling factor, Z,,, &, and &,, are mutually different individu-
als which are randomly selected from the population X. Then, the binomial
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crossover between the trial vector v; and parent individual z; is formulated in
Eq. (4).

(4)

where Cr denotes the crossover rate and jrand is a randomly selected dimen-
sion. Finally, the greedy selection strategy, which ensures the survival of better
solutions, is expressed in Eq. (5).

a Uij, if < Cror j=jrand
i, — - .
’ T; i, otherwise
NE

(5)

L, if f(u) < f(7)
Ti=19 .
ZT;, otherwise
The DE algorithm iteratively repeats processes involving the mutation
operator, the crossover operator, and the selection, until the optimum is found
or the computational budget is exhausted.

2.2 Hyper-heuristic (HH) framework

The concept of the HH algorithm can be traced to 1960 [31]. Represented as an
advanced methodology, the HH algorithm focuses on optimizing the sequence
of search operators based on existing knowledge—an approach often described
as "heuristics to choose heuristics” [32, 33]. A representative architecture of
the HH algorithm is illustrated in Fig. 1.

High Level
LLHs Selection |-Zxecute the selected LLH_~jove
Module ——— = Acceptance
y Feedback

Domain-independent information collection |

y A

Domain Barrier

Low Level
LLHs 1 » Problem representation
LLHs 2 LLHs 3 *  Objective function
» Initial solutions

Fig. 1 The representative architecture of the HH algorithm [34].

A general HH algorithm is composed of two key components: the low-level
component and the high-level component. The low-level component contains



Springer Nature 2021 BTEX template

Hyper-heuristic Differential Evolution 5

the problem representation, the objective function(s), initial solutions, and a
set of low-level heuristics (LLHs). These elements collectively consist of the
intrinsic attributions of the HH algorithm. The high-level component is respon-
sible for managing the LLHs and constructing the sequence of heuristics. It
also employs a move acceptance principle to determine whether the generated
offspring individual should be accepted or rejected. Additionally, feedback is
harnessed as a form of reward to dynamically fine-tune the selection module of
the LLHs, enhancing the overall efficiency and adaptability of the algorithm.

3 Our proposal: HHDE

This section introduces our proposed HHDE in detail. We begin by presenting
an overview of HHDE, as illustrated in Fig. 2.

Start

}

Population initialization
and evaluation

Yes

g > Terminated —_— End

l No
Sampling

- — .
Mutation hE— Mutation
operator archive ] Operator return l
Sampling -
H P ——
: Crossover — Crossover
l Operator return |_ operator archive
Sampling

. | —— .
Boundary repair | ey Boundary repair
operator archive | Operator return l

Offspring evaluation
and selection

Fig. 2 The flowchart of HHDE.

HHDE integrates the basic mutation-crossover-boundary repair-selection
skeleton of the conventional DE, while the specific operator for each step is
selected from the designated archive. Moreover, we adopt the asynchronous
update strategy in HHDE, which denotes that the search process for the
next single individual only commences once the mutation-crossover-boundary
repair-selection procedure for the preceding individual is completed. The ben-
efit of this strategy is that, if a better solution is found, this enhanced
information can be immediately used in the construction of the offspring for
the subsequent individual, which can accelerate the optimization convergence.
Next, we will introduce the mutation operator archive, the crossover operator
archive, and the novel boundary repair operator archive.
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Mutation operator archive: The designed mutation operator archive
contains five featured operators from different DE versions [35], which are
presented in Eq. (6).

rand/l : U; = &, + F - (&, — Zry)

best/1 : U; = Tpest + F - (Zry — Zry)

cur/l:0; =Z; + F - (Zr, — Trg) (6)
cur2best/1 : U; = &+ F - (Zpest — Ti) + F - (Try — Zry)
cur2pbest/1 : U; = & + F - (Zppest — Ti) + F - (Zry, — Tpy)

Here, s denotes the optimum found so far, and Zppes+ indicates the mean
of the top-5% solutions as suggested in [17]. To minimize the number of the
hyper-parameter, we set the scaling factor F' following a normal distribution
N(0.5,0.3) as recommended in [16].

Crossover operator archive: The crossover operator archive is composed
of five crossover operators: binomial crossover with the parent individual and
Zpest, exponential crossover with the parent individual and Zpes:, and blending
Crossover.

The binomial crossover with the parent individual can be found in Eq. (4),
and we simply replace the &; j to Zpest,; to realize the binomial crossover with
ZTpest- A visual demonstration of the exponential crossover with the parent
individual is provided in Fig. 3.

>
Vi Vi1 Viz Vi3 Via Vis Vie Vi7 Vig Vig

start l rundis cr randis cr randig cr
—

U; X1 Viz Vi3 Via Vis Xije Xi7 Xig X9

| 1T

-
Xi X1 Xi2 Xi3 Xia X5 Xije Xi7 Xig X9

Fig. 3 A 9-dimensional demonstration of the exponential crossover with the parent indi-
vidual [36].

First, a random integer generated from [1, n] determines the starting point
of the crossover. Then, if a dimension-varying random number rand() is smaller
than the crossover rate Cr, the offspring individual replicates the correspond-
ing value from the mutated individual ¥;;; otherwise, it copies the corresponding
value from the parent individual Z; and the exponential crossover terminated.
Similarly, the parent individual Z; can be replaced by the current best solution
ZTpest to realize the exponential crossover with Tpes:.
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Finally, our designed crossover archive absorbs the blending crossover
proposed in [37], which is formulated in Eq. (7).
. b-Z;;+(1—=0b)-v;;, if r<Crorj=jrand
Uij =1 - , (7)
%45, otherwise

b is a blending parameter that controls the proportion of each item derived
from the parent individuals, which is randomly selected from {0.1,0.5,0.9}.
As suggested in [16], Cr is set as a random number following N(0.5,0.3).

Boundary repair operator archive: The phenomenon where a gen-
erated offspring individual surpasses the defined search space is prevalent.
However, the description of the boundary repair operator is neglected in many
pieces of literature. To address this gap, we reviewed many source codes pro-
vided by corresponding authors and concluded the two most frequently used
principles to implement the boundary repair process in Eq. (8) and Eq. (9).

Zf fi’j > UBj or fz}j < LBj (8)
then f@j = LBJ —+7r- (UB] — LB])
Zf fi,j > UB] then fi,j = UBJ (9)
if f@j < LBj then ij = LBj
When the value in a specific dimension falls outside the search space, Eq.
(8) adopts the random strategy to guarantee that the newly generated value
remains within the domain, while Eq. (9) manually modifies any value exceed-
ing the search space, aligning it with the boundary limits. These two simple
principles are involved in our designed boundary repair operator archive.
Moreover, another simple strategy described in Eq. (10) is also included,
which inherits the value in the corresponding dimension from the current best
solution Tpest-
if ©;;, >UBj or @; ; < LB;
f b & i, J (10)
then Z; ; = Tpest,j
Finally, inspired by the opposite-based learning [38], we recognize the
potential contribution of this approach to the boundary repair process. The
simplest formulation of the opposite-based number is defined in Eq. (11).

a?;J = bl + b2 — f@j (11)

where b; and by are the mapping boundary. We apply this opposite-based map-
ping operator iteratively until the generated offspring individual is within the
search space. Algorithm 1 describes this operator. In summary, the pseudocode
of our proposed HHDE is shown in Algorithm 2.

Additionally, HHDE samples the mutation operator, crossover operator,
and boundary repair operator from their respective archive, employing an unbi-
ased probability approach. The benefit of this simple idea is computationally



Springer Nature 2021 BTEX template

8 Hyper-heuristic Differential Evolution

Algorithm 1 Iterative opposite-based mapping

Require: Solution individual: Z;; Search space: LB, U B; Dimension size: n
Ensure: Corrected solution individual: Z;

1. for j =0ton do

2: while fi,j > UBJ or fi,j < LB] do

3: if fi,j > UBJ then

4: Cf"iﬁj =2- UBJ — fi,j
5: else

6: Cf"iﬁj :2LB] —Zi"i’j
7: end if

8: end while

9: end for

10: return Z;

Algorithm 2 HHDE
Require: Population size NP; Search space: LB,UB; Dimension size: n;
Maximum iteration: T'

Ensure: Optimum: Zpeq

1: Generating initial population X by Eq. (2)

2:t=0

3: while t < T do

4 for i =0to NP do

5 Sampling a mutation operator
6: Implementing mutation to &;
7
8
9

Sampling a crossover operator
Implementing crossover to Z;
Sampling a boundary repair operator

10: Implementing boundary repair to &;
11: Evaluating and updating the Tpest
12: end for

13: t=t+1
14: end while
15: return ZTpest

cheap, as it allows for a diverse range of strategies to be used in the evolu-
tionary process, potentially enhancing the adaptability and robustness of the
solution.

4 Numerical experiments

This section introduces the numerical experiments. In the following context,
section 4.1 details the experimental settings, and section 4.2 presents the exper-
imental results and statistical analyses on CEC2017, CEC2020, and CEC2022
benchmark functions.
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4.1 Experiment settings

4.1.1 Benchmark functions

In this study, CEC2017 !, CEC2020 2, and CEC2022 3 test suites provided by
[39] are employed as benchmark functions to evaluate the comprehensive per-
formance of HHDE in diverse optimization tasks with various characteristics.

4.1.2 Compared methods and parameters

We compare our proposed HHDE with PSO [40], DE [1], covariance matrix
adaptation evolution strategy (CMA-ES) [41], comprehensive learning PSO
(CLPSO) [42], JADE [17], SHADE [18], L-SHADE [19], phasor PSO (PPSO)
[43], improved multi-operator DE (IMODE) [44], and gene-targeting DE
(GTDE) [45], the detailed parameter settings are listed in Table 1. The popu-
lation size for all competitor algorithms except L-SHADE is fixed at 100, and
the maximum fitness evaluations (FEs) is 500 x D (D = Dimension size). To
ensure statistical robustness, each algorithm was executed independently 30
times on every single function.

4.2 Experimental results and statistical analyses

This section provides the experimental results and statistical analyses. To
assess the significance of our proposed HHDE in comparison to other compet-
ing algorithms, we utilize the Mann—Whitney U test for each pair of algorithms.
Subsequently, the Holm multiple comparison test is applied to modify the p-
values obtained from the Mann—Whitney U test. The symbols +, ~, and —
are employed to denote whether HHDE significantly outperforms, shows no
significant difference, or significantly underperforms compared to the respec-
tive algorithm. Additionally, the average rank metric is computed, with the
best-performing fitness value highlighted in bold.

4.2.1 Optimization performance on CEC2017

Tables 2 and 3 list the results on CEC2017 benchmark functions. Due to the
limitation of space, only the mean, statistical analysis, and average ranks are
summarized.

4.2.2 Optimization performance on CEC2020

Tables 4 and 5 summarize the experimental results on CEC2020 bench-
mark functions, while Fig. 4 presents the convergence curves of optimizers on
CEC2020 representative functions (i.e., f1: Unimodal function; f;: Multimodal
function; fs and f7: Hybrid functions; fg and f1o: Composite functions.).

Lhttps://github.com/P-N-Suganthan/CEC2017-BoundContrained
2https://github.com/P-N-Suganthan/2020- Bound- Constrained- Opt- Benchmark
3https://github.com/P-N-Suganthan/2022-SO-BO
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Table 1 Parameters of competitor algorithms.

EAs Parameters Value
Inertia factor w 1
PSO Acceleration coefficients ¢; and co 2.05
Max. and min. speed 2,-2
Mutation scheme DE/cur-to-rand/1
DE Scaling factor F' 0.8
Crossover rate Cr 0.9
CMA-ES o 1.3
local coefficient ¢jpeq; 1.2
P oca
CLPSO max. and min. weight 0.9 and 0.4
pr and poy 0.5 and 0.5
JADE op and o, 0.5 and 0.5
pp and pog 0.5 and 0.5
SHADE or and ooy 0.5 and 0.5
Population size 18 x D
L-SHADE pr and poy 0.5 and 0.5
op and o¢cy 0.5 and 0.5
PPSO Parameter-free
IMODE Mutation scheme Hybridization
pp and op 0.7 and 0.5
GTDE nor and oo 0.5 and 0.5
HHDE pp and op 0.5 and 0.3
por and ooy 0.5 and 0.3

4.2.3 Optimization performance on CEC2022

Tables 6 and 7 summarize the experimental results on CEC2022 bench-
mark functions, while Fig. 5 presents the convergence curves of optimizers
on CEC2022 representative functions (i.e., fi: Unimodal function; f3 and f4:
Basic functions; fs: Hybrid function; fy9 and f12: Composite functions.).

5 Discussion

5.1 Computational complexity analysis

Supposing the population size is N, the dimension size is D, and the maxi-
mum iteration is 7', the computational complexity of HHDE is methodically
analyzed according to its procedural flowchart.

The first process is population initialization, and the computational com-
plexity is O(N - D). Then, HHDE enters the iteration. For a single individual,
the computational complexity of the mutation operator sampling can be
ignored, since the number of mutation operators is a constant. The compu-
tational complexity of rand/1, best/1, cur/1, cur2best/1, and cur2pbest/1 is
O(D). Although cur2pbest/1 computes the mean of the p-best individuals, this
operator increases the practical complexity but does not affect the theoretical
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Fig. 4 Convergence curves of optimizers on CEC2020 representative functions.

analysis. Subsequently, both the crossover operator and the boundary repair
operator exhibit computational complexities that are analogous to those of the
mutation module. In summary, the total computational complexity of HHDE
is expressed in Eq. (12).

ON-D+T-(N-D+N-D+N-D))
—O(N-D+T- (3N - D)) (12)
:=O(T - N - D)

5.2 Performance analysis on CEC2017, CEC2020, and
CEC2022

This section delves into analyzing our proposed HHDE performance on
the standardized CEC2017, CEC2020, and CEC2022 benchmark functions.
These benchmark suites encompass a diverse range of test functions with
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Fig. 5 Convergence curves of optimizers on CEC2022 representative functions.

distinct characteristics, including unimodal, multimodal, hybrid, and com-
posite structures. Therefore, optimizing across these test functions enables a
comprehensive evaluation of the efficacy of optimizers, facilitating thorough
investigations into the features of the involved algorithms.

At the outset, the unimodal functions f; within the CEC2017, CEC2020,
and CEC2022 serve as initial benchmarks, allowing for an evaluation of the
optimization process in terms of exploitative capabilities. Notably, the HHDE
demonstrates marked superiority in 10-D, 20-D, and 30-D scenarios compared
to state-of-the-art optimizers. However, its performance undergoes significant
degradation in 50-D dimensions when compared with competitor algorithms
such as JADE, SHADE, L-SHADE, IMODE, and GTDE. Through this phe-
nomenon, we infer that a meticulously designed parameter adaptation scheme
may contribute more influence on optimization accuracy in high-dimensional
search spaces, rather than the diversity of search operators.
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Following this, f3 to fy within CEC2017, f; to f; within CEC2020, and fo
to f5 within CEC2022 are unimodal functions. These functions exhibit multi-
ple local optima, offering an opportunity to assess optimizers’ abilities in both
escaping local optima and achieving global convergence. The competitiveness
of our proposed HHDE is evident through experimental results and statistical
analyses detailed in Sections 4.2.1, 4.2.2, and 4.2.3. While benchmarked against
state-of-the-art optimizers and advanced variants such as JADE, SHADE, L-
SHADE, IMODE, and GTDE, HHDE may display inferior performance in
certain instances, such as the 30-D f; function in CEC2017. Nonetheless, the
exceptional performance of HHDE should not be overlooked, as its capac-
ity to escape from local optima and achieve global convergence is empirically
validated through the results.

Subsequently, the remaining functions encompass hybrid and compos-
ite structures, characterized by intricate fitness landscapes and numerous
optima. These properties present significant challenges to optimizers, requir-
ing a delicate balance between exploitation and exploration, avoidance of
premature convergence, and attainment of global optimization. Upon review-
ing the average rank summary, it is clear that HHDE consistently exhibits
superior performance across numerous test functions within this category.
This underscores its efficiency and effectiveness in complex optimization
environments.

Although our proposed HHDE demonstrates satisfactory performance
across diverse optimization tasks, it’s essential to address a significant issue:
HHDE consistently performs worse than JADE across all instances of the
50-D CEC2020 benchmark functions. We can turn to the No Free Lunch
Theorem [46, 47] to explain this phenomenon. This theorem suggests that if
an algorithm excels in a specific class of problems, it inherently trades off by
performing less effectively in other problem classes. Essentially, it implies that
any pair of algorithms will exhibit identical average performance across all
conceivable problem domains. Consequently, our future research efforts will
be directed toward the further advancement of HHDE, focusing on developing
problem-specific variants to address this challenge.

6 Conclusion

This paper proposes a novel hyper-heuristic differential evolution (HHDE) for
numerical optimization. Inspired by the architecture of the HH algorithm,
our approach involves the creation of distinct archives for mutation opera-
tors, crossover operators, and boundary repair operators. As a primary study,
the learning-free selection function with unbiased probability is employed
to sample the search operator. Moreover, we focus on the boundary repair
module, which is usually ignored in the EA description. Based on the pre-
vious research on boundary repair, we embed two strategies in our designed
boundary repair archive: optimum inheritance and iterative opposite-based
mapping. Comprehensive numerical experiments on CEC2017, CEC2020, and
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CEC2022 benchmark functions adequately confirm our proposed HHDE’s
competitiveness with state-of-the-art optimizers.

In future research, we are committed to the ongoing development and
refinement of the proposed HHDE. A promising topic is to intelligently deter-
mine the optimization sequence, where machine learning and reinforcement
learning techniques may further significantly enhance the performance of the
HHDE.
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