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ABSTRACT

The effect of bubble-bearing state on fluid flows on an inclined plane is clarified. The deceleration or acceleration compared to the single-
phase state is determined by a non-dimensional parameter P, a ratio of the gravity-induced shear stress to the restoring force originated by
the surface tension. At P < Oð1Þ, the spherical bubbles contribute to increasing the viscosity and decelerating the flow. At P > Oð1Þ, the
deformed bubbles decrease the viscosity and accelerate the flow. The result is validated in experiments under the former condition, and this
framework is applied to predict the arrival time of the bubble-bearing fluid flows. Through this work, it is shown that extending the applica-
tion of the rheology model beyond just materials science to fluid mechanics offers new avenues for elucidating the underlying physics of
bubble-bearing fluid flows across diverse disciplines.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0261398

Bubble-bearing fluid flows on an inclined plane are commonly
observed in nature, such as lava and mud flows,1 as well as in the
manufacturing processes of the paper, glass, concrete, and steel indus-
tries. Studies on these flows have a broad impact on both hazard
assessment and product quality enhancement. The bubble-bearing
state lowers the effective density of the fluid; meanwhile, it modifies
the bulk rheological properties compared to the single-phase state.2–4

The competition between these opposing effects makes it not straight-
forward whether the dispersed bubbles contribute to accelerating or
decelerating the flows.5,6

Studies on bubble suspension rheology have a century-long his-
tory originated by Einstein7 and Taylor.8 Through rigorous theoretical
work by Frankel and Acrivos9 and subsequent experimental work,10–20

the rheology under steady shear is well rationalized by

gr ¼ 1þ 1� 12Ca2=5

1þ 6Ca=5ð Þ2 /: (1)

The relative viscosity gr is the effective viscosity of the suspension nor-
malized by that of the continuous phase. The capillary number Ca is a
non-dimensional parameter defined as Ca ¼ k _c with the relaxation
time of the suspended bubble k and shear rate _c applied to the suspen-
sion. This formula is experimentally validated by Morini et al.17 at the
volume fraction of / < 20% and Ca < 10. When Ca is lower than the
critical value, Cac ¼ 0:65, the viscosity increases as / increases while
the viscosity decreases at Ca > Cac.

Llewellin et al.12 further investigated the viscoelastic properties of
dilute bubble suspensions when a small amplitude oscillatory shear is
applied. They semi-empirically derived that the deviatoric stress tensor
S and shear rate tensor _c are related as

Sþ 6
5
k
dS
dt

¼ l0ð1þ /Þ _c þ 6
5
l0k 1� 5

3
/

� �
d _c
dt

: (2)

The shear rate tensor is defined as _c ¼ 2d with the rate of deformation
tensor d ¼ ½ruþ ðruÞT �=2 and the velocity of the suspension u,
where the velocity gradient tensor is defined as ðruÞij ¼ @ui=@xj.
Mitrias et al.21 validated the above-mentioned constitutive equation by
direct numerical simulation, and Mitrou et al.20 recently investigated
the effects of bubble size polydispersity on the linear viscoelastic behav-
ior. Mader et al.22 further took a theoretical approach to establish a
more comprehensive constitutive equation covering both Eqs. (1) and
(2) based on the constitutive equation originally proposed by Frankel
and Acrivos.9 They showed that the viscoelastic property is systema-
tized by Ca and dynamic capillary number Cd, which represents the
unsteadiness of the bubble deformation. Ohie et al.19 presented rheol-
ogy mapping23 that comprehensively expresses the dependence of the
relative viscosity and the phase of viscoelasticity on both Ca and Cd,
and not only experimentally verified it but also provided a holistic pic-
ture of bubble suspension rheology. Among these rheological models,
which also include an equation accounting for unsteady flows, Eq. (1)
is primarily used in this study, as it focuses on the steady flows of bub-
ble suspensions here.
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The bubble suspension rheology is in its mature stage, and the
reliable model can now be applied to unravel the physics of complex
bubble-bearing fluid flows. Now, we consider a flow on an inclined
plane as shown in Fig. 1, which is fundamental but widely observed as
described above.24 Mono-disperse bubbles are uniformly distributed in
a Newtonian fluid, and the suspension is flowing on the plane of an
angle h. The flow is assumed to be two dimensional (uniform in the
spanwise direction) and non-slip at y ¼ 0. The thickness of the fluid
layer is h and it is a free surface at y ¼ h. In the case of a Newtonian
fluid (/ ¼ 0%), the flow rate is

Q0 ¼ q0gh
3 sin h
3l0

; (3)

with the density q0, gravitational acceleration g, and viscosity coefficient
l0. In the derivation of the above-mentioned equation, it is also assumed
that the flow is laminar, unidirectional, and that the liquid thickness is
constant. Although there are multiple parameters involved, the effects of
the density reduction and the rheological modification on the flow may
be governed in terms of / and Ca. In this Letter, we clarify the effect of
bubble-bearing state on the flow. Based on the momentum balance
equation and the rheology model, the velocity distribution is theoreti-
cally derived first. Non-dimensionalization of the equation unveils two
non-dimensional parameters to characterize the flow. Experimental vali-
dation is given accordingly, and some application examples are demon-
strated. Concluding remarks are finally given.

Now, consider a situation in which a bubble suspension with a
continuous phase density q0 and volume fraction / flows down an
inclined plane, as shown in Fig. 1. The flow of the bubble suspension
in bulk is considered, that is, the flow is assumed as a continuous non-
Newtonian fluid flow with effective density q0ð1� /Þ and the consti-
tutive equation is given by Eq. (1). A suspension can be generally
regarded as a continuum when the characteristic length scale of the
flow is at least an order of magnitude larger than the suspended
phase.25–27 It is, therefore, assumed here that the thickness of the fluid
layer is sufficiently larger than the bubble size. We start with the
Cauchy momentum equation for the suspension, which describes the
relationship between the velocity vector u, the stress tensor r, and the
body force vector b as

q0
Du
Dt

¼ r � rþ q0b; (4)

where the operator D=Dt is Lagrangian derivative. Assuming a
Cartesian coordinate system fixed on an inclined plane, as shown in

Fig. 1, and steady unidirectional flow, the shear stress profile s ¼ rxy is
given as28

s ¼ q0ð1� /Þg sin hðh� yÞ: (5)

The stress takes the maximum value, q0ð1� /Þgh sin h, at y ¼ 0 and
linearly decreases toward the free surface at y ¼ h. The stress is also
given as s ¼ grl0 _c with _c ¼ du=dy and Eq. (1). Therefore, Eq. (5) is
modified to

l0 1þ 1� 12k2 _c2=5

1þ ð6k _c=5Þ2 /
 !

_c ¼ q0ð1� /Þg sin hðh� yÞ: (6)

When the volume fraction is / ¼ 0%, that is, a Newtonian fluid
single-phase case, the velocity distribution is given as

uðyÞ ¼ q0g sin h
2l0

yð2h� yÞ; (7)

and the flow rate per unit length in the direction of x axis, Q0, is given
as Eq. (3). In the case of a bubble suspension (/ > 0%), Eq. (6) is a
cubic equation of _c, the real solution is obtained by Cardano’s formula
at each y. The profile _cðyÞ is thus obtained and the velocity uðyÞ is also
obtained by integrating _cðyÞ with a non-slip condition at y ¼ 0.

The velocity profiles under two different h are exemplarily shown
in Fig. 2. The volume fraction is / ¼ 20%, and the other parameters
are tentatively set as q0 ¼ 1000 kg=m3, g ¼ 9:81m=s2, h ¼ 0:05m,
l0 ¼ 10Pa � s, and k ¼ 0:2 s. At h ¼ 5 deg, the addition of the bub-
bles contributes to the deceleration of the flow compared to the single-
phase state, in contrast, it contributes to the acceleration of the flow at
h ¼ 20 deg. The dashed lines in the graphs show Ca ¼ Cac. Above
this critical line (Ca < Cac), the bubbles maintain a spherical shape
and the effective viscosity increases. In contrast, for Ca > Cac, the
bubbles are deformed and contribute to a decrease in the viscosity. The
driving force increases by inclining the plane, and hence the region of
the viscosity reduction enlarges and the flow totally accelerates as h
increases.

The results in Fig. 2 are under the specific parameters set tenta-
tively. Non-dimensionalization of Eq. (6) is conducted here to identify
the governing parameters. With representative time scale k and length
scale h, the shear rate and height are reduced as _c� ¼ k _c and
y� ¼ y=h, where the asterisk indicates a non-dimensional variable.
Substituting these into Eq. (6), we obtain

1þ 1� 12 _c�2=5
1� 6 _c�=5ð Þ2 /

 !
_c� ¼ Pð1� /Þð1� y�Þ: (8)

The parameterP is defined as

P ¼ q0gh sin h
l0=k

¼ q0gh sin h
r=a

: (9)

The flow is, therefore, systematized withP and /. The relaxation time
is given by k ¼ l0a=r with the bubble radius a and the surface tension
r.11,12 The numerator on the far right in Eq. (9) represents the gravity-
induced shear stress in the single-phase state, and the denominator
restores the pressure originated by the surface tension. A similar
parameter was proposed by Namiki et al.6 by roughly estimating the
shear rate in the suspension layer.FIG. 1. Schematic of the bubble-bearing fluid flow on an inclined plane.
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Solving Eq. (8) at each y� by Cardano’s formula, _c�ðy�Þ is
obtained. The integral operation on it with a non-slip condition at
y� ¼ 0 gives the velocity distribution, u�ðy�Þ. Further integrating u� in
0 � y� � 1, the flow rate Q�ðP;/Þ is obtained. The flow rate in the
single-phase state is denoted as Q�

0 ¼ Q�ðP;/ ¼ 0%Þ. The ratio
Q�=Q�

0 is calculated under different conditions of P and / [Fig. 3(a)].
It is clear from the comprehensive map that the bubble-bearing state
slows down or accelerates the flow depending on whether P exceeds
the critical value, Oð1Þ.

When P is smaller than Oð1Þ, the contour lines of Q�=Q�
0 dis-

tribute horizontally, that is, the flow rate ratio only depends on / as
shown with blue symbols in Fig. 3(b). In this condition, the bubbles
maintain a spherical shape throughout the suspension layer. At
Ca � 1, the relative viscosity is given as gr ¼ 1þ / from Eq. (1),
which is known as Taylor’s formula.8 The flow rate under this condi-
tion is Q ¼ q0ð1� /Þg sin hh3=3l0ð1þ /Þ. The flow rate ratio is,
therefore,

Q�

Q�
0
P < Oð1Þ;/ð Þ ¼ 1� /

1þ /
; (10)

as shown in the lower solid line in Fig. 3(b), which well fits the symbols
at P ¼ 10�1. In contrast, when P is larger than Oð1Þ, the bubbles are
deformed throughout the suspension layer. At Ca � 1, the relative
viscosity is given as gr ¼ 1� 5/=3 from Eq. (1).29 The flow rate in
this condition is Q ¼ q0ð1� /Þg sin hh3=3l0ð1� 5/=3Þ. The flow
rate ratio is, therefore,

Q�

Q�
0
P > Oð1Þ;/ð Þ ¼ 1� /

1� 5/=3
; (11)

as shown with the upper solid line in Fig. 3(b), which also well fits the
red symbols. In summary, the deceleration or acceleration is deter-
mined byP. The flow rate ratio follows Eq. (10) atP < Oð1Þ and Eq.
(11) at P > Oð1Þ. It should be noted that the map representation
shown in Fig. 3(a) quantifies the degree of acceleration or deceleration
not only in the extreme cases ofP but also near unity, giving a holistic
picture of bubble-bearing fluid flows on an inclined plane.

As validation of the theoretical work, laboratory scale experi-
ments were conducted. An acrylic plate was fixed with an inclined
angle of h ¼ 30 deg. A portion of liquid was poured from the top, and
the creeping flow was captured by a camera (Fig. 4). The continuous

FIG. 2. Velocity profiles of the bubble-
bearing fluid at different angles of (a)
h ¼ 5 deg and (b) h ¼ 20	. The dotted
curves are at / ¼ 0% for comparison.
The dashed lines are at where the capil-
lary number Ca takes the critical value
Cac ¼ 0:65.

FIG. 3. (a) Flow rate ratio under different P and volume fraction /, and (b) dependence of the flow rate ratio at P ¼ 10�1 and P ¼ 101. The diamond symbols represent the
experimental results at P ¼ Oð10�1Þ. The green symbol at / ¼ 69% is the flow rate ratio evaluated from the data in the previous model experiment conducted by Namiki
et al..6
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phase is starch syrup (q0 ¼ 1400 kg=m3, r ¼ 0:07N=m), which is
Newtonian. The bubbles were generated by the chemical reaction of
citric acid and baking soda. Bubble suspensions with various volume
fractions can be prepared by changing the reaction time. The suspen-
sions were prepared with volume fractions ranging from approxi-
mately 5% to 30%. Specifically, a beaker was filled with starch syrup, to
which citric acid and baking soda, finely ground using a mortar, were
added. These were manually mixed using a spatula. The total volumes
immediately after mixing and that after a certain period, following the
completion of the foaming process, were measured using the gradu-
ated markings on the beaker. The bubble volume fraction was then
estimated based on these volumes. The generated bubble size was con-
firmed to be Oð0:1Þmm and the thickness of the suspension layer is
Oð1Þmm. The bubble radius distribution at a volume fraction of
approximately 20% is shown in the histogram in Fig. 5. The viscosity
of the continuous phase is Oð10Þ Pa � s, the bubble rise velocity in the
continuous phase is, therefore, estimated to be Oð10�7Þm=s. Given
that the vertical displacement during the following experiments is only
Oð10�2Þmm, the stability of the bubble-bearing state is fully assured.
The generated bubble size is likely to be polydisperse, as shown in

Fig. 5, but it has been demonstrated by Mitrou et al.18 that Eq. (1)
remains valid in such cases. In these conditions, P ¼ Oð10�1Þ, the
bubbles are expected to decelerate the flow according to the condition
discussed above.

Time variations of the tip positions are summarized in Fig. 4(c)
for representative volume fractions. As expected, the flow slows down
as / increases. The creeping velocity is determined by linear fitting in
the range of l > 200mm, where the pouring has finished and the gra-
dient is almost constant. The portion of starch syrup and all the sus-
pensions that flowed on the inclined plane with almost the same
periphery shape; the velocity ratio of the starch syrup and the suspen-
sions can be interpreted as the flow rate ratios, Q�=Q�

0. The results are
shown with the diamond symbols in Fig. 3(b). The experimental
results are arranged on the line of Q�=Q�

0 ¼ ð1� /Þ=ð1þ /Þ. The
experiments were conducted in the condition ofP ¼ Oð10�1Þ, this is,
therefore, reasonable and reinforces the above-mentioned theoretical
work. Despite being a very simple experiment, it reflects the shear vis-
cosity of bubble-bearing fluids validly.

A similar model experiment was previously conducted by
Namiki et al.6 on a larger scale. The experiment was also in the condi-
tion of P < Oð1Þ, but with a more higher volume fraction at
/ ¼ 69%. Based on their data regarding the time evolution of the
creeping flow length, the flow rate ratio was evaluated,30 shown with a
green diamond symbol in Fig. 3(b). Although the bubble-bearing fluid
at the volume fraction is like a foam31,32 rather than a suspension state,
which is out of the applicable range of Eq. (1), the decelerated flow rate
ratio is roughly predicted by the theory. Strictly, it was evaluated lower
than the theory. In Eq. (1), the interaction between the bubbles is not
considered, but as the volume fraction increases, the interactions
between the suspended bubbles are not negligible, and the effective vis-
cosity is evaluated higher than Eq. (1). This is the major reason for the
deviation of the experimental data with the theory at / ¼ 69%. Several
formulas have been proposed to account for higher volume fractions.
For example, Llewellin and Manga5 provided a relationship where
the relative viscosity is expressed as gr ¼ ð1� /Þ�1 at Ca < Cac. The
flow rate under this condition is Q ¼ q0ð1� /Þ2g sin hh3=3l0.
The flow rate ratio is thus given asQ�=Q�

0 ¼ ð1� /Þ2, which is shown
as a dashed line in Fig. 3(a). This predictive equation aligns more
closely with the experimental values, reaffirming the importance of

FIG. 4. (a) Schematic of the experimental setup, (b) a series of photos taken from the top every minute, and (c) time variations of the tip positions of the bubble-bearing fluids
moving down the slope under different volume fractions. The orange solid lines are linear regression results in the range of l 
 200mm.

FIG. 5. Histogram of the bubble radius distribution at a volume fraction of approxi-
mately 20%.
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selecting an appropriate rheology model based on the volume fraction
and deformation state of the bubbles. Regarding the limitations of this
physical model, when strong shear leads to bubble fragmentation, the
resulting decrease in bubble radius reducesP, which acts to decelerate
the flow. Conversely, as the volume fraction further increases and bub-
bles coalesce due to shear, their radius enlarges, leading to an increase
inP, which contributes to the flow acceleration. Note that these modi-
fications in bubble size over time are not considered in the present
physical model.

The primary objective of this study is to apply the rheology model
of bubble suspensions to flow predictions. As a fundamental step, the
prediction of shear flow on an inclined plane was demonstrated. This
theoretical framework is finally applied to the arrival prediction of
bubble-bearing fluid flows as an illustrative example. As shown in Figs.
6(a) and 6(b), two geometries are considered, where the first one has a
single slope with an angle of h1 ¼ 30 deg, and the other consists of two
combined slopes with angles of h2 ¼ 40:9 deg and h3 ¼ 16:1 deg. The
height is 100m and the width is 173m in both geometries. The lengths
of each slope are different, l1 ¼ 200m and l2 þ l3 ¼ 205m, where the
combined slopes geometry has a longer length by 2:5%. When a
bubble-bearing fluid with the same properties that was set in Figs. 2(b)
and 2(c) is poured from the top with Q ¼ 0:01m2=s, the questions
here are in which geometry the flow approaches the lower end faster
and how different they are.

The dependence of the flow rate Q on h is calculated [Fig. 6(c)].
Searching the cross point of each curve with Q ¼ 0:01m2=s, each
thickness is determined as h1 ¼ 0:038m, h2 ¼ 0:034m, and
h3 ¼ 0:047m. The representative velocity at each slope is obtained as
the flow rate divided by each thickness, u1 ¼ 0:26m=s,
u2 ¼ 0:29m=s, and u3 ¼ 0:21m=s. The time flowing on each slope is
T1 ¼ 758 s and T2 þ T3 ¼ 819 s. The arrival time is, therefore, one
minute, that is, 8:0%, slower in the combined slopes geometry
although it has longer length only by 2:5%. This result shows that the
framework based on the rheology model, rather than just geometric
length, is crucial for the accurate prediction of bubble-bearing fluid
flows on an inclined plane.

In this Letter, the effect of a bubble-bearing state on a fluid flow-
ing on an inclined plane was investigated. The bubble-bearing state
reduces the effective density of the suspension, thereby acting to

decelerate the flow. In contrast, bubble suspensions may exhibit either
an increase or a decrease in the effective viscosity depending on the
deformation state of the bubbles, specifically whether the capillary
number exceeds its critical value. To elucidate the effects of changes in
density and rheology on the flow, the velocity distribution is theoreti-
cally derived from the momentum balance and the bubble suspension
rheology model. Based on these equations, it was found that the decel-
eration or acceleration is determined by a non-dimensional parameter
P [see Eq. (9)], which is the ratio of the gravity-induced shear stress in
the single-phase state and the restoring pressure originated by the sur-
face tension. At P < Oð1Þ, the deceleration occurs, and the flow rate
ratio of the bubble-bearing state against the single-phase state con-
verges to Eq. (10). In the opposite condition, the acceleration occurs,
and the flow rate ratio follows Eq. (11). The laboratory scale experi-
ments in the former condition validated the theoretical work. The map
representation shown in Fig. 3(a) comprehensively quantifies the
degree of acceleration or deceleration not only in these extreme cases
ofP but also near unity, providing a holistic picture of bubble-bearing
fluid flows on an inclined plane. This fundamental yet essential flow
that can be realized even in a kitchen was successfully predicted, indi-
cating that the application of the rheology model beyond just materials
science to fluid mechanics will pave the way to unveil the physics of
complex bubble-bearing fluid flows in various fields. As many flows in
both natural and industrial contexts involve continuous phases with
non-Newtonian behaviors, establishing more comprehensive rheologi-
cal models accounting for this effect and incorporating them into flow
predictions will be an important area for future research.
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