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Chapter 1

General Introduction

P.A.M Dirac said, "The underlying physical laws necessary for
the mathematical theory of a large part of physics and the whole
of chemistry are thus completely known, and the difficulty is
only that the exact application of these laws leads to equations
much too complicated to be soluble."[15]

Quantum chemistry is the study of seeking methods to approx-
imate the exact Schrödinger equation into solvable forms. Con-
straints are accuracy and cost. In other words, the calculation
must be accurate enough to capture the essence of the phenomenon
and finished within a realistic time. Quantum chemists have been
challenging to elucidate chemical phenomena fighting against these
constraints.

Even in the most basic quantum chemical calculation method;
Hartree-Fock (HF) method, its cost scales O(N3´4), where N is
the number of basis functions. Specifically, the computation of
the two-electron integral scales O(N4), and the diagonalization of
the Fock matrix scales O(N3). Although the HF method can give
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more than 99 % of the exact energy, the remaining 1 % is critical
in the discussion of chemical reactions. Löwdin defined the differ-
ence between the HF solution and the exact one as the electron
correlation. Sinanoğlu further classified electron correlations into
two types[104]. One is dynamical correlation, the instantaneous
repulsion between electrons. The other is static correlation. It
is multi-configurational effects caused by quasi-degeneracy around
the frontier orbitals. For dynamical electron correlation, Møller and
Plesset developed a perturbation correction method. Møller-Plesset
(MP) method can incorporate dynamic electron correlation by per-
turbation with the HF state as a zeroth-order wave function[63].
Especially, the MP2 method, which incorporates perturbations up
to the second order, is often used. In MP2 calculation, the most
time-consuming step is the integral transformation, which scales
O(N5). In addition, a coupled-cluster (CC) method was developed
that approximates higher-order electronic excitations by a product
of lower-order ones using an exponential operator[12, 66]. A typ-
ical method for static correlation is the CASSCF method. In this
method, all possible electronic excitation configurations for a given
set of orbitals are considered in the calculation. This set of orbit-
als and the belonging electrons are called active orbitals and active
electrons. These combined active spaces must be set appropriately.
However, as the active space is expanded, the computational cost
increases exponentially. In addition to high costs, the difficulty of
definition for the active space is a serious problem. The fact that

2



chemical intuition is required to know which electron configurations
are important for the description of the system. In addition, the
limitation of expanding the active space originating from high costs
makes this configuration selection even more difficult. In particular,
when important electron configurations change during chemical re-
actions, the choice of configurations must be made carefully. There
is a need for black-box methods that can automatically capture the
important electron configurations.

Broken symmetry methods are candidates for incorporating static
correlation in a black-box manner. In the unrestricted Hartree-Fock
(UHF), static electronic correlations can be partially incorporated
in exchange for the loss of spin symmetry. Spin contamination
causes problems in physical properties and excited state calcula-
tions. The Hartree-Fock-Bogoliubov (HFB) method can automat-
ically incorporate multiple electron configurations by using Bogoli-
ubov quasiparticles, which are expressed as a linear combination
of electron production and annihilation operators. Although the
HFB wave function preserves the spin symmetry, it violates num-
ber symmetry, i.e. different electron number states are contam-
inated. The projection method is valid for restoring symmetry.
The spin-projected unrestricted Hartree-Fock (PUHF) can include
static correlation in a black-box way. However, it is still difficult
to incorporate static electron correlations in a black-box manner
in excited-state calculations. The high scaling computational time
required for electron correlation calculations was also an obstacle.
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However, since the 1990s, linear scaling methods have been de-
veloped to reduce computational scaling to a linear with molecule
size. These are based on the "nearsightedness" principle proposed
by Kohn[52]. For example, the fragment molecular orbital (FMO)
method was proposed by Kitaura and Fedrov[40], the divide-and-
conquer (DC) method was proposed by Yang[127]. These methods
utilize the sparsity of the density and Hamiltonian matrices to di-
vide a large molecule into smaller fragments, perform calculations,
and approximate the energy and properties of the whole molecule
from the fragment calculation results. Furthermore, since each frag-
ment is treated separately, further speed-up can be achieved by
parallel computation. With the advent of massively parallel com-
puters, such as supercomputers, these methods can handle even
larger molecules. These methods have been extended to electron
correlation calculations. Dynamic electron correlation is particu-
larly compatible with these large-scale computational methods be-
cause it is a local effect. However, static electron correlation is
a long-range effect in some cases. In addition, explicitly multi-
configurational wave functions using the active space make division
difficult. Therefore, large-scale calculations of static electron cor-
relations have been difficult so far.

Even with linear scaling methods, the computational cost can be
high. It is because of the integral calculation. In particular, the
computation of two-electron integrals is a bottleneck for linear scal-
ing methods. In recent years, enormously large-scale calculations
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that exceed tens of thousands of atoms have been possible because
of combination linear scaling methods with semi-empirical meth-
ods. In semi-empirical methods, the integral values are replaced
by parameters. Nishimura and Nakai developed the DC-DFTB
method, which applied the DFTB method to the DC method. The
DC-DFTB method can treat very large systems from tens of thou-
sands to hundreds of million atoms. However, the DFTB para-
meters are complex and the number of available element species is
limited. Thus, a very large-scale calculation method, which has the
versatility, is necessary.

This thesis consists of six chapters. In Chapter 2, I review two
directions of electronic structure calculations: accuracy and larger
scale. As for accuracy, I mainly discuss static correlation calcu-
lation methods in a black-box way. Regarding larger-scale, linear-
scaling/semi-empirical methods are described as large-scale calcula-
tion methods. In Chapter 3, I describe an excited-state calculation
method that incorporates static correlations in a black-box manner.
The TDHFB method, which applies the HFB method that can treat
static electron correlations in a black-box manner to excited-state
calculations, is described. In Chapter 4, I describe the DC-PUHF
method, which combines the PUHF method, which recovers spin
symmetry by projection, and the DC method, which is a large-scale
electronic structure calculation method. In Chapter 5, I describe
the development of the DC-xTB method, which combines the DC
method with the xTB method, a general-purpose semi-empirical
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calculation method. In Chapter 6, I summarized this study and
described future prospects.
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Chapter 2

Theoretical Background

2.1 Hartree-Fock method

The Hartree-Fock (HF) method[110] approximatesN -electron wave
function as a single Slater determinant,

ΦHF(x1, x2, . . . , xN ) =

∣∣∣∣∣∣∣∣∣∣∣

ψ1(x1) ψ2(x1) . . . ψN (x1)

ψ1(x2) ψ2(x2) . . . ψN (x2)
... ... . . . ...

ψ1(xN ) ψ2(xN ) . . . ψN (xN )

∣∣∣∣∣∣∣∣∣∣∣
(2.1)

where ψi, xi are spin-orbital and spin coordinate. The HF Slater
determinant is composed of the occupied spin-orbital set. The goal
of the HF method is the optimization of occupied spin orbitals set
by the following HF equation,

f (i)ψ(xi) = εψ(xi) (2.2)

where f (i) and ε are the effective one-electron operator called the
Fock operator and the orbital energy.

f (i) = ´
1

2
∇2

i ´

Nnuc
ÿ

A=1

ZA

riA
+ vHF(i) (2.3)
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where vHF is the average potential created by the other electrons,
called the mean-field. In addition, the spin-orbital is decomposed
into space and spin components.

ψi(x) =

$

&

%

ϕαj (r)α(ω)

ϕβj (r)β(ω)
(2.4)

In practice, only spatial orbital are considered and the basis func-
tion set is introduced. The molecular orbitals are approximated
by the linear combination of the atomic orbital (LCAO approxim-
ation).

ϕi(r) =
Nbasis
ÿ

µ

Cµiχµ(r) (2.5)

where χµ is the atomic orbital. The HF equation is expanded by
the basis function.

f (i)
Nbasis
ÿ

µ

Cµiχµ = εi

Nbasis
ÿ

µ

Cµiχµ (2.6)

Finally, the Hartree-Fock-Roothaan equation[93, 30] is followed as,

FC = SCϵ (2.7)

The Fock matrix expanded by the basis function is followed as,

Fµν = hµν +
ÿ

λσ

Dλσ xµσ||νλy (2.8)

where hµν is core Hamiltonian as follows,

hµν(i) = ´
1

2
∇2

i ´

Nnuc
ÿ

A=1

ZA

riA
(2.9)
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Dµν is the element of the density matrix is represented by the MO
coefficients as follows,

Dµν =
Nocc
ÿ

i

CµiC
˚
νi (2.10)

xµσ||νλy is the anti-symmetrized two-electron integral as follows,
ż ż

dr1dr2χ
˚
µ(r1)χ

˚
σ(r2)r

´1
12 (1 ´ P12)χν(r1)χλ(r2) (2.11)

where r12 is the distance between electron 1 and electron 2, and
P12 is operators that exchange the coordinates of electron 1 and
electron 2.

2.2 Density functional theory

The density functional theory (DFT) is based on the Hohenberg-
Kohn theorem that the energy in the ground state is determined
by only the electron density ρ. The advantage of describing the
system in terms of electron density is that the electron density de-
pends on only three spatial coordinates, so the number of variables
remains three even when the system grows. On the other hand, the
wave function theories (WFT), such as the HF method, have 4N

variables. Thus, the wave function becomes more complicated as
the number of electrons increases. In most cases, the Kohn-Sham
orbital[52] is introduced to better describe the kinetic energy in the
DFT. The remaining issue is the description of exchange and cor-
relation energies. Various exchange-correlation functionalities have
been developed. However, no exact exchange-correlation functional
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has been found in 2024.
The exchange/correlation functional described by only the elec-

tron density ρ(r) is called the local density approximation (LDA)
functional, and the functional corrected by the electron density
gradient ∇ρ(r) is called the Generalized Gradient Approximation
(GGA) functional. Furthermore, functional mixed a certain amount
of HF exchange energy based on the adiabatic connections is called
hybrid functional.

This paper describes the Perdew-Burke-Ernzerhof (PBE) func-
tional, a GGA-type functional that restricts the fundamental phys-
ical conditions to be satisfied and the fundamental physical con-
stants to be used to two[76]. In addition, the PBE0 functional was
developed by mixing the PBE exchange functional with the HF
exchange integral by 25%[1].

EPBE0
XC = EPBE

XC +
1

4
(EHF

X ´ EPBE
X ) (2.12)

The PBEh-3c method has also been proposed to correct for dis-
persion interaction and basis set superposition error, which are
problems with DFT[29].

EPBEh´3c
tot = EPBEh

tot + Edisp + EBSSE (2.13)

2.3 Electron correlation method

The electron correlation energy is defined as the difference between
the exact energy and the HF one[60]. The electron correlation can
be classified into two types[104]. The first one is the dynamic cor-
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relation originating from the electron repulsion in instantaneous
proximity. There are several methods for the dynamic correlation.
For example, the Møller-Plesset (MP) method, which is based on
the Rayleigh-Schrödinger perturbation theory, can account for the
dynamic correlation[63]. The MP method adopts the HF wave
function as the zeroth-order wave function and the sum of the Fock
operators as the 0th Hamiltonian. The simplest MP method is
the second-order perturbation version, MP2. The bottleneck of the
MP2 method is the AO-MO transformation whose cost is O(N5).
The coupled cluster (CC) method can also capture the dynamic
correlations. In the CC method, the higher excitation is approxim-
ated by the products of the lower excitation using the exponential
type operator.

On the other hand, another type of electron correlation is the
quasi-degenerate effect of the orbital energies around the Frontier
Orbital, called the static correlation. In these degenerate systems,
the contribution of excited configurations becomes large. In this
case, the single configurational wave function such as the HF/DFT
gives qualitatively wrong results. Although the multi-configurational
wave function can describe the static correlation accurately, there
are problems; the complicated selection of the active space and its
high computational cost. The black-box and low computational
methods for the static correlation are necessary.
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2.4 Excited state calculation method

The excited state is important in the specific chemical reaction; the
photochemical reaction. The information of the excited states is
obtained by solving the time-dependent Schrödinger equation.

ih̄
B

Bt
Ψ(t) = Ĥ(t)Ψ(t) (2.14)

It is impossible to obtain the exact solution of the Schrödinger
equation. Thus, various approximations have been developed. The
typical approximation method is the Time-Dependent HF/DFT
(TDHF/DFT) method. Especially, the TDHF/DFT equation in
the frequency domain, called the Casida equation, is the most pop-
ular[9]. In this study, the real-time (RT) method for the solution
of the time-dependent equation is adopted. This method has the
advantage of tracking the time variation of the electronic states. In
the RT method, the TDHF wave function is the time-dependent
Slater determinant composed of the time-dependent MOs as fol-
lows,

i
B

Bt
ψm(r, t) = F̂ (r, t) + V ext(r,t)ψm(r, t) (2.15)

where ψm(r, t), F̂ are the m-th time-dependent MO and the Fock
operator.

Hereafter, we use the density matrix form of the TD equation,
called quantum Liouville’s equation, as follows,

ih̄
B

Bt
D(t) = [F(t) + Vext(t),D(t)] (2.16)

where Vext(t), F(t) are the time-dependent external fields and Fock
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matrices and its element follows as,

Fij = xϕi|F̂ |ϕjy = hij +
ÿ

kl

xik||jlyDlk(t) (2.17)

where hij is one-electron integral and xik||jly is the two-electron
integral. Note that i, j, k, l represents the molecular orbital index.

V ext
ij = xϕi|V̂

ext|ϕjy (2.18)

The time-dependent density matrix D(t) and F(t) are represented
by the ground states’ ones D(0), F(0) without external field and
induced density δD(t)and Fock matrices δF(t) as follows,

D(t) = D(0) + δD(t) = D(0) +
ÿ

n=1

δD(n)(t) (2.19)

F(t) = F(0) + δF(t) = F(0) +
ÿ

n=1

δF(n)(t) (2.20)

where δD(n)(t), δF(n)(t) are n-th order induced density and Fock
matrices, respectively.

The equation of motion for the density matrix is as follows,

ih̄
B

Bt

(
D(0) +

ÿ

n=1

δD(n)(t)

)

=

[
F(0) +

ÿ

n=1

δF(n)(t) + Vext(t),D(0) +
ÿ

n=1

δD(n)(t)

] (2.21)

Considering up to the first order, the above equation reduces to the
linear-scaling excited state calculation. The equation of motion for
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first order induced density matrix δD(1) follows as,

ih̄
B

Bt

(
D(1)(t)

)
= [F(0), δD(1)(t)] + [δF(1),D(0)] + [Vext(t),D(0)]

(2.22)
This equation corresponds to Casida’s equation. Although only
linear response calculations are considered in this study, a non-
linear response approach is possible in the RT method. In this
study, the dipole approximation for the external fields is adopted,

V ext
ij (t) = ε(t)eext xϕi|r|ϕjy (2.23)

where eext and xϕi|r|ϕjy, ε(t) are the direction of the external fields,
the dipole integral and the time-dependent part of the external
fields. In this study, the external fields of the δ function type are
adopted.

ε(t) = δ(t) (2.24)

The time variation of the polarized vector is obtained from the
induced density matrices at each time. The polarized vector is
represented as follows,

P(t) = ´
ÿ

ij

Dij(t) xϕi|r|ϕjy

= ´
ÿ

ij

(
D

(0)
ij +

ÿ

n=1

δD
(n)
ij (t) xϕi|r|ϕjy

)
=P(0) +

ÿ

n=1

δP(n)(t)

(2.25)

where P(0), δP(n) static polarized vector and n-th order induced
polarized vector. The time variation of the induced polarized vector
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gives the absorption spectrum through the Fourier transformation.

P (ω) =

ż 8

´8

dtP (t)e´iωt (2.26)

The imaginary part of P(ω) corresponds to the absorption spectrum
and the real part corresponds to polarization.

2.5 Black-Box and Low cost static correlation

2.5.1 Unrestricted Hartree-Fock method

For considering the static correlation, the Unrestricted Hartree-
Fock (UHF) method[80] removes the restriction of spin-symmetry.
It allows the different spin-orbital to feel the different mean-field.

ϕαi (r) ‰ ϕβi (r) (2.27)

Furthermore, the UHF equation using the Fock operators for α, β
orbitals as follows,

fαϕαi = εαi ϕ
α
i (2.28)

fβϕβi = εβi ϕ
β
i (2.29)

In addition, the following Pople-Nesbet equation are obtained by
the basis set expansion,

FαCα = SCαεα (2.30)

FβCβ = SCβεβ (2.31)
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In terms of the energetic property, the UHF method can describe
qualitatively correct for the bond-dissociation. However, the wave
function is not correct because the spin symmetry is broken. For
example, the property associated with the spin density and the
excited state calculation based on the UHF wave function is not
qualitatively correct.

2.5.2 Hartree-Fock-Bogoliubov method

The HFB method is one of the black-box static correlation calcu-
lation methods. The HFB method has the feature that the wave
function is constructed not by electrons but by Bogoliubov quasi-
particles, which are described by a linear combination of electron
creation/annihilation operators as follows,

b̂:
i =

ÿ

j

Ujiâ
:
j + Vjiâj (2.32)

b̂i =
ÿ

j

Ujiâj + Vjiâ
:
j (2.33)

where â:, â are the electron creation/annihilation operators respect-
ively and U, V are Bogoliubov transformation matrices. The HFB
wave function is constructed as the total product of quasiparticle
annihilation operators,

|ΨHFBy =
M

ź

i

b̂i |y (2.34)

where |y, M and b̂i are the vacuum state, the number of the qua-
siparticle. Note that the Bogoliubov transformation is performed
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between all orbitals, including unoccupied orbits, not just occupied
orbitals. Thus, the HFB wave function becomes multi-configurational.

For simplicity, the Bogboliubov quasiparticle operator in the ca-
nonical form follows as,

b̂i = uiâi + viâ
:

ī
(2.35)

b̂ī = uiâī + viâ
:
i (2.36)

Then, the HFB wave function is

|ΨHFBy =
M

ź

k

(uk + vkâ
:
i â

:

ī
) |y . (2.37)

Thus, the HFB wave function is represented by the electron-pair
creation operator. It indicates that the HFB method is connected
with the two-electron wave function theories, called geminal[107].
Note that the HFB wave function contaminates the different elec-
tron number states.

|ΨHFBy =
ÿ

N

|Ny (2.38)

where |Ny is the N -electron wave function. The HFB energy is
expressed as a spin-orbital representation as follows[48]:

EHFB = xΨHFB|Ĥ|ΨHFBy (2.39)

where the second quantization form of the Hamiltonian follows as,

Ĥ =
ÿ

pq

hpqâ
:
pâq +

1

4

ÿ

pqrs

xpq||rsy â:
pâ

:
qârâs (2.40)
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Finally, the HFB energy is represented as follows,

EHFB =
ÿ

ij

hijDji +
1

2

ÿ

ijkl

xik||jlyDjiDlk ´
1

4
ζ

ÿ

ijkl

xij||klyK˚
ijKkl

(2.41)
where hij is the ijth element of the one-electron integral matrix
and xij||kly are the anti-symmetrized two-electron integrals. Dij

and Kij are the ijth elements of the electron density matrix D
and electron pairing matrix K, respectively. The elements of these
matrices are expressed with the HFB wavefunction and electron
creation and annihilation operators â:

i and âi, as

Dij = xΨHFB|â:
jâi|ΨHFBy = D˚

ji (2.42)

Kij = xΨHFB|âjâi|ΨHFBy = ´Kji (2.43)

and the third term in Eq. 2.41 represents the pair energy, which
effectively considers static correlation. However, the HFB method
overestimates the static correlation, so previous study introduced
tunable parameter ζ that describes the magnitude of the static cor-
relation[105]. In this study, we focused only on the spin-restricted
closed-shell case (i.e., RHFB[41]). In the RHFB method, density
and pairing matrices satisfy the following relationship:

D̄ ” Dαα = Dββ (2.44)

Dαβ = Dβα = 0 (2.45)
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D̄: = D̄ (2.46)

K̄ ” Kαβ = ´Kβα (2.47)

Dαβ = Dβα = 0 (2.48)

Kαα = Kββ = 0 (2.49)

K̄T = K̄ (2.50)

Then, the RHFB energy is written with spatial orthogonal orbitals:

ERHFB = 2
Nbasis
ÿ

ij

hijD̄ji +
Nbasis
ÿ

ijkl

(2 xik|jly ´ xik|ljy) D̄jiD̄lk

´ζ
Nbasis
ÿ

ijkl

xij||kly K̄˚
ijK̄kl + 2Λ

(
Nelec ´

Nbasis
ÿ

i

D̄ii

) (2.51)

where Λ is the chemical potential that conserves the average of the
electron number. In the RHFB formalism, the generalized density
matrix R can be used, which is expressed in the case of an ortho-
gonal basis set as

R̄ =

(
D̄ K̄
K̄ 1 ´ D̄

)
(2.52)

Note that the following equation can be derived from the idem-
potency of R̄:

(K̄)2 = D̄(1 ´ D̄) (2.53)
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The energy variation in Eq. 2.51 with respect to D̄ and K̄ yields
the following mean-field Hamiltonian matrix:

HHFB =

(
F̃ ∆

∆ ´F̃

)
(2.54)

where F̃ is the shifted Fock matrix that represents the electron
mean-field

F̃ij =
δEHFB
δD̄ji

= hij ´ Λδij +
Nbasis
ÿ

kl

(2 xij|jly ´ xik|ljy) D̄lk (2.55)

and ∆ is the pairing-field matrix representing the quasiparticle
mean field

∆ij =
δEHFB
δK̄ij

= ´ζ
Nbasis
ÿ

kl

K̄kl (2.56)

From Eq. 2.41, the pairing energy, which is the energy of static
electron correlation, can also be expressed using the pairing matrix
and the pairing field matrix as follows:

Epair = Tr(K̄˚∆) = Tr(K̄∆˚) (2.57)

However, when using a real orthogonal basis, it is simply a trace of
the product of the pairing matrix and the pairing field matrix. The
quasiparticle orbital energies and their coefficients were obtained
by solving the following HFB equation:

Only half of the solutions with negative eigenvalues are used for
the Bogoliubov transformation, leading to the following D̄ and K̄:

D̄ij =
M
ÿ

k

VikVjk (2.58)
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K̄ij =
M
ÿ

k

VikUjk (2.59)

Note that the HFB wave function conserves the spatial and spin
symmetries, but violates the particle-number symmetry. That is,
the HFB wave function is not the eigenfunction of the number
operator, but rather a superposition of different particle number
determinants. Therefore, the chemical potential in Eq. 2.51 was
introduced to adjust the average number of electrons in the wave
function to the correct value N .

2.6 Projection scheme for broken symmetry wave function

In the quantum chemistry community, the unrestricted methods,
which allow alpha and beta orbitals to have different spatial orbit-
als, have been widely used for describing static correlation. How-
ever, this wave function is not an eigenfunction of spin operator Ŝ2.
This problem is called "spin-contamination". Löwdin developed the
extended HF (EHF) method by the projection scheme to remove
contaminated spin states. In the EHF method, a contaminated
spin state is removed by the following spin annihilation operator.

Âl =
Ŝ2 ´ l(l + 1)

s(s + 1) ´ l(l + 1)
(2.60)

where l, s are contaminated and target spin states. If we want
to remove all contaminated spin states, it is necessary to use the
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production of all spin annihilation operators.

P̂ s =
ź

l‰s

Âl (2.61)

However, the exact projection is high cost. Sometimes, only the
most contaminated state is removed. In the bond dissociation limit,
the EHF can be described correctly. However, in the middle region,
called the HF instability region, the EHF method gives unphysical
results[50]. it is because the EHF wave function doesn’t optim-
ize variational. In this way, only once projection after the SCF
calculation is called the Projection-After-Variation (PAV) method.
The perturbation correction against EHF energy can describe full
PES for bond-dissociation[96]. Mayer has developed the variation
scheme for EHF wavefunction including projection operator[61].
Such projection schemes are called Variation-After-Projection (VAP)
method. However, Mayer’s method is complicated, and the com-
putational cost is high.

In nuclear physics, the HFB method is popular for the strong
correlation between nuclei[88]. The other particle number states
are contaminated in the HFB wave function. To remove contamin-
ated number states, the Generator Coordinate Method (GCM) was
developed in this field[103, 102]. This method adopts the following
projection operator

P̂ λ =
1

L

ż

L

dϕeiϕ(Λ̂´λ) (2.62)

where Λ̂ and λ, L are the operator associated with the specific
symmetry, the target quantum number, and the volume of integral
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space. This method has the advantage that all contaminated states
are removed at one time. In addition, the GCM scheme is simply
extended to the VAP scheme. So, the GCM-VAP method satisfies
the variational principle and considers the orbital relaxation effect.

In the quantum chemistry, Scuseria et al. developed the GCM-
projection scheme for broken symmetries wavefunction for the first
time. They developed the number projection scheme for the HFB
wave function as the number projected HFB (PHFB) method[99].
As a result, the parameter ζ in the HFB method is not neces-
sary. In addition, the PHFB wavefunction is equivalent to the
anti-symmetrized Geminal Power (AGP) wavefunction, which is
one of the geminal theories. Scuseria et al. also extended the
spin projection. They developed the Spin-Projected Unrestricted
Hartree-Fock (PUHF) method[37]. In this thesis, I focus on the
PUHF method. Scuseria et al. developed the Projected Hartree-
Fock using the GCM-type projection operator[37]. They confirmed
that the Jastrow type operator, the local projection, recovers the
size-consistency[67, 34].

2.6.1 Spin-projected unrestricted Hartree-Fock method

In the GCM, the following projection operator is performed,

P̂ λ =
1

L

ż

L

dϕeiϕ(Λ̂´λ) (2.63)

where Λ̂ is operator connected with symmetry that restore, and λ is
desire quantum number. In the spin projection case, Λ̂ = Ŝ2, and
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λ is the spin quantum number function s(s+1). In the PUHF case,
ΦUHF is an eigenfunction of Ŝz. Therefore, the projection operator
is represented as follows,

P̂ s
mm =

2s + 1

2

ż π

0

dβsinβdsmm(β)e
iβŜy (2.64)

where s,m are eigenvalues for Ŝ and Ŝz, respectively. dsmm(β) =

xj,m|exp(´iŜyβ
h̄ )|j,my is wigner’s small d function. The rotation

matrix in ortho-AO basis is represented as follows,

R(β, Ŝy) =



cos(β/2) O
. . .

O cos(β/2)

´sin(β/2) O
. . .

O ´sin(β/2)
sin(β/2) O

. . .
O sin(β/2)

cos(β/2) O
. . .

O cos(β/2)


(2.65)

In the PUHF method, projecting the deformed states obtained
by rotating the UHF wavefunction removes all the spin states that
are contaminating. The PUHF energy is represented as follows,

EPUHF =
xΦ|P̂ :ĤP̂ |Φy

xΦ|P̂ :P̂ |Φy
=

xΦ|ĤP̂ |Φy

xΦ|P̂ |Φy
(2.66)

where I made use of the property of the projection operator, the
Hermicity (P̂ : = P̂ ), and commutative with Hamiltonian ([Ĥ, P̂ ] =

0), and the idempotency (P̂ 2 = P̂ ) In practice, exponential term(eiϕΛ̂)

corresponds to rotation, and eiϕλ are weight factors.

EPUHF =

ş

dΩw(Ω) xΦ|ĤR̂(Ω)|Φy
ş

dΩw(Ω) xΦ|R̂(Ω)|Φy
(2.67)

24



The denominator of the energy is the determinant of overlap
between normal UHF wavefunction and rotated UHF wavefunction
M(Ω).

M(Ω) = xΦ|R̂(Ω)|Φy (2.68)

In practice, M(Ω) are calculated from molecular orbital coeffi-
cients C, and rotation matrix R(Ω).

M(Ω) = C:R(Ω)C (2.69)

The numerator of the energy is projected Hamiltonian matrices
constructed from the transition density matrix.

xΦ|HR(Ω)|Φy =
ÿ

ik

hik(DΩ)ki +
1

2

ÿ

ijkl

xij||kly (DΩ)ki(DΩ)lj

(2.70)

where transition density matrices are represented as follows,

(DΩ)kl =
xΦ|a:

lakR̂(Ω)|Φy

xΦ|R̂(Ω)|Φy
. (2.71)

In practice, the transition density matrices are calculated from
MO coefficients, rotation matrices, and overlap matrices M(Ω)

DΩ = RΩCM´1
Ω C: (2.72)

I implemented the PUHF method using the natural orbital basis
for simplicity. First, overlap matrices M(Ω) are divided into occu-
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pied and virtual blocks and rewritten density matrix forms.

M(Ω) =

(
Cocc

Cvir

):

R(Ω)

(
Cocc

Cvir

)

= (Cocc)
´1Cocc

(
Cocc

Cvir

):

R(Ω)

(
Cocc

Cvir

)
C:

occ(C:
occ)

´1

= (Cocc)
´1N´1

Ω (C:
occ)

´1

(2.73)
In implementation, I adopted NΩ as follows,

NΩ =

[(
Doo Dov

)
RΩ

(
Doo

Dvo

)]´1

. (2.74)

After all, the overlap between normal and rotated state is follow-
ing,

xΦ|R̂(Ω)|Φy =
1

det(NΩDoo)
. (2.75)

In addition, the VAP procedure is necessary effective Fock mat-
rix, the derivative of energy to the density matrix.

Fkl =
B

BDlk
E[D] (2.76)

New MOs are obtained by diagonalization of F .

FC = Cϵ (2.77)

And a new effective Fock matrix is constructed. Note that F
commutes with density matrix D

[F ,D] = 0. (2.78)

So we can use direct inversion in the iterative subspace (DIIS).
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The effective Fock matrix is represented as follows,

FΩ =
1

2
YΩTr[(h + FΩ)DΩ] + F̃Ω (2.79)

where YΩ is calculated as follows,

YΩ = YΩ ´

ż

dΩ1y(Ω1)YΩ1 (2.80)

Furthermore, YΩ is represented using the NO basis.

YΩ =

(
2 R´1

oo Rov

RvoR´1
oo 0

)
(2.81)

Dividing rotation matrix no NO basis into occupied and virtual
blocks.

R =

(
Roo Rov

Rvo Rvv

)
(2.82)

Next, F̃Ω is also divided into occupied and virtual blocks as fol-
lows, (

F̃Ω

)
oo
=
(
F̃Ω

)
vv

= 0 (2.83)

(
F̃Ω

)
ov

= R´1
oo Fov

[
Rvv ´ RvoR´1

oo Rov

]
(2.84)

(
F̃Ω

)
vo

= Fvo´RvoR´1
oo Foo+

[
Fvv ´ RvoR´1

oo Fov

]
RvoR´1

oo (2.85)

Here, Brillouin condition Eq. 2.78 is satisfied only with occupied-
virtual and virtual-occupied blocks. So occupied-occupied and virtual-
virtual blocks are not defined. In the previous study [37], these
blocks of normal Fock are defined as the effective Fock blocks.

Fpp = Fpp (2.86)
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Fqq = Fqq (2.87)

Finally, the effective Fock is represented as follows,

F ÝÑ F + ρFρ + (1 ´ ρ)F(1 ´ ρ). (2.88)

Figure 2.1 shows the PUHF scheme. The matrices at each rota-
tion angle can be separately calculated, so it can make use of the
parallel computation.

The PUHF is not size-consistent. For molecules A and B separate
infinity, the energy is inconsistent with the total system calculation
and the sum of the individual calculation (EA+B

PUHF ‰ EA
PUHF +

EB
PUHF). This originates from the fact that the electron correlation

obtained from the projection is different. The previous study[67, 34]
shows that the Jastraw type operator can reduce size-consistency
error.

2.6.2 Reduced density matrix for PUHF wave function

The projected UHF wave function has multi-configurational char-
acter. The reduced density matrix (RDM) is useful for analyzing
the PUHF wave function[90]. The one-particle RDM (1-RDM) is
represented as follows,

γij =
xΦ|P̂ :â:

jâiP̂ |Φy

xΦ|P̂ :P̂ |Φy
(2.89)
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Figure 2.1: The PUHF scheme
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If T k
q is rank-k tensor, it makes simple form,

P̂ s
mmT

k
q P̂

s
mm = δq,0 xsmk0|smy

ÿ

µ

(´1)µ xs,m, k,´µ|s,m ´ µyT k
µ P̂

s
m´µ,m

(2.90)

where xj1,m1, j2,m2|j,my are Clebsh-Gordan coefficients. Nat-
ural orbitals (NOs) are obtained by diagonalizing 1-RDM. PUHF’s
NOs are consistent with UHF ones. However, the occupation num-
ber is fractional[32]. In singlet case,

γα = γβ =

ż

dΩy(Ω)
1

2

(
Dαα

Ω + Dββ
Ω

)
(2.91)

If the operator Ô commutes with projection operator P̂ , the
expectation value is simply calculated as follows,

xÔy =
xΦ|P̂ ÔP̂ |Φy

xΦ|P̂ |Φy
=

xΦ|ÔP̂ |Φy

xΦ|P̂ |Φy
. (2.92)

For example, the evaluation of xŜ2y is represented as follows[99],

xŜ2y =

ż

dΩy(Ω)
ÿ

i

(
[TrMi(Ω)]

2 +
1

2
Tr[M2

i (Ω)]

)
+
3

2
Tr[P(Ω)´P2(Ω)]

(2.93)
where P(Ω), Mx(Ω), My(Ω), and Mz(Ω) are transition density
matrix as follows,

P(Ω) = 1

2

(
Dαα

Ω + Dββ
Ω

)
(2.94)

Mz(Ω) =
1

2

(
Dαα

Ω ´ Dββ
Ω

)
(2.95)

Mx(Ω) =
1

2

(
Dαβ

Ω + Dβα
Ω

)
(2.96)
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My(Ω) =
1

2

(
Dβα

Ω ´ Dαβ
Ω

)
(2.97)

2.6.3 The extension to the projection for post-HF method

The PUHF can describe the static correlation. However, for a
quantitative description, capturing dynamic correlation is vital.
Thus, the GCM-projection scheme is applied to various post-HF
methods, for example, the configuration interaction[118], the coupled
cluster[83], the perturbation theory[119], the excited states[120],
and quantum computing[115].

2.7 Linear-scaling technique for large-scale calculation

2.7.1 Nearsightedness in chemistry

In quantum chemistry, the HF method and DFT, the fundamental
methods, scale O(N3). For reducing scaling costs, linear scaling
schemes have been developed. Linear scaling schemes based on the
"Nearsightedness" principle proposed by Kohn[51, 82]. Consider the
static properties F (r1, r2, . . . , rNe

) of Ne electron system in motion
under a certain potential v(r). Suppose that all electrons exist
within a certain distance λ and that their center of gravity is as
follows,

r̄ ”
1

Ne

Ne
ÿ

n=1

rn. (2.98)

Under a constant chemical potential, no matter how large the
change in the external potential δv(r1) is, if the change occurs
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farther away than a certain distance |r1 ´ r̄| " λ, the effect on
F is negligible. This means that changes in the external potential
that occur very far away are ’invisible’. This is the ’nearsightedness’
principle. It states that changes in potential at a distance greater
than a certain distance have negligible effect. This principle is a
general that applies not only to insulators but also to metals. This
corresponds to the fact that the real-space density matrix decays
with distance and is negligible over long distances. The behavior of
the decay differs for metals and insulators. In the case of insulators,
the attenuation is exponential,

ρ(r, r1) « exp(´K|r ´ r1|) (2.99)

On the other hand, for metals, at a certain temperature T

ρ(r, r1) « kF
cos(kF |r ´ r1|)

|r ´ r1|2
exp(´ckBT

kF
|r ´ r1|) (2.100)

where kF is Fermi wavenumber, and kB is the Boltzmann constant.
At finite temperatures, it decays exponentially.

2.7.2 Fragment molecular orbital method

The Fragment Molecular Orbital (FMO) method is one of the
fragment-based large-scale calculation methods developed by Kitaura
and Fedrov[40]. In the FMO method, the whole molecule is divided
into fragments, and each fragment’s energy estimates the energy of
the whole molecule. The energy of a fragment is calculated under
the electrostatic fields produced by other fragments.
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If the sum of the fragment monomer approximates the total en-
ergy, it is called the FMO1 method. Assigning electron number and
spin multiplicity to each fragment in the FMO method is necessary.
Thus, it is impossible to treat charge transfer between fragments.
To solve this problem, the dimer of fragments is considered in the
FMO2 method.

EFMO2 =
ÿ

I

EI +
ÿ

IăJ

(EIJ ´ EI ´ EJ) (2.101)

Furthermore, if trimer and tetramer are considered, these meth-
ods are called FMO3 and FMO4, respectively. The feature of the
FMO method is the analysis of interaction energy between frag-
ments. This analysis, called Pair Interaction Energy (PIE) can
be decomposed into the following energy components; electrostatic
(ES), exchange (EX), charge-transfer(CT), and dispersion (DI).
This Pair Interaction Energy Decomposition Analysis (PIEDA)
is a very powerful tool for bio-molecule computation. The FMO
method and the PIEDA analysis can reveal the interaction between
amino acid residues or protein-ligands.

∆ẼIJ = ∆ẼES
IJ +∆ẼEX

IJ +∆ẼCT+mix
IJ +∆ẼDI

IJ (2.102)

2.7.3 Density matrix minimization method

In addition to fragment division type linear scaling methods, other
methods have been developed based on minimizing the density mat-
rix and avoiding direct diagonalization of the full Hamiltonian mat-
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rix[55, 58, 72]. In this method, the ground potential Ω is minimized

Ω = 2Tr[D(F ´ µ)] (2.103)

where µ is the chemical potential. The following D̃ using the
McWeeny transformation are adopted to satisfy the power equality
of the density matrix.

D̃ = 3DSD ´ 2DSDSD (2.104)

After all, Ω̃ is minimized.

Ω̃ = 2Tr[3DSD ´ 2DSDSD(F ´ µ)] (2.105)

2.7.4 Divide-and-conquer method

The divide-and-conquer (DC) method is the one of the fragment
type linear-scaling method. Yang et al. developed the DC method
and applied for pure DFT calculation[127]. The DC method is also
applied for wave-function theory. For example, HF[2], MP2[44],
CC[47]. In addition, the open-shell calculation[49], the gradient
calculation[131, 45, 46], the excited state calculation[113, 128], In
the DC scheme, the basis sets belonging to the subsystem, rep-
resented as S(α), are exclusive with other basis sets belonging to
other subsystems. i.e. S(α)XS(β) = 0. The buffer region, having
overlaps with other center regions, is set to improve the accuracy.
The basis set belonging to the buffer region is denoted as B(α).
Combining S(α) with B(α) constructs the localization region as
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follows,
L(α) = S(α) Y B(α). (2.106)

In the HF case, the local Fock matrices are constructed as fol-
lowing,

F α
µν = hµν +

1

2

ÿ

λσ

xµσ||νλyDDC
λσ (µ, ν P L(α)), (2.107)

where hµν and DDC
µν is one-electron integral and the approximated

total density matrix by the DC scheme. The local eigenvalue equa-
tions are solved as follows,

FαCα
i = εαi SαCα

i . (2.108)

where Ci, and εi are local molecular orbital coefficients, and orbital
energy, respectively. The local density matrix is calculated from the
local MO coefficients,

Dα
µν = 2pαµν

ÿ

i=1

fβ(εF ´ εαi )C
α
µνC

α˚
µν . (2.109)

εF , fβ are fermi level and fermi function. pαµν is a partition matrix
to avoid overlap between localization regions as follows,

pαµν =

$

’

’

’

’

&

’

’

’

’

%

1 if µ P S(α) and ν P S(α),

1/2 if (µ P S(α) and ν P B(α)) or vice versa,

0 otherwise.

(2.110)

The sum of the partition matrix is one.
ÿ

α

pαµν = 1 (2.111)
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The total density matrix is constructed from the local density
matrices and partition matrix,

DDC
µν =

ÿ

α

pαµνD
α
µν. (2.112)

The Fermi level is determined so that the number of electrons is
conserved in the entire system,

Ne =
ÿ

α

ÿ

µ

(DαSα)µµ. (2.113)

In the DC method, spin multiplicity and the number of electrons
to each subsystem are determined automatically because the fermi
level in each subsystem is unified. It indicates that the DC scheme
is suited for molecular dynamics simulation, which accompanies
the structural changes. As for its accuracy, the DC method can
control its error originating from faragmentation by setting appro-
priate buffer regions. Although appropriate buffer regions depend
on the target system, we have developed the auto-determination
for appropriate buffer regions[42, 23, 43].

2.8 Semi-empirical quantum chemical calculation

Although the ab initio method is accurate, its cost is high and
its application has been limited to small molecules. Thus, semi-
empirical molecular orbital methods have been developed and used
for large molecules. In exchange for its low accuracy, its computa-
tional speed is hundreds of times faster than ab initio one. Many
semi-empirical methods have the following features.
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1. Deal only with some electrons, not all electrons. For example,
valence electrons.

2. Avoid calculating the electron-repulsion integrals explicitly.

3. Restricting the number of integrals in the Fock matrix. For
example, neglect the overlap between different basis functions
at the point r1 (zero differential overlap: ZDO).

χ˚
µ(r1)χν(r1) = 0 (µ ‰ ν) (2.114)

2.8.1 Hückel method

The Hückel method is the first semi-empirical method in quantum
chemistry[36]. In Hückel method, only π electrons are treated, and
the off-diagonal elements of the Hamiltonian matrix are neglected
for those not directly bonded. In addition, the overlap matrix is
ignored and the orthogonality of the basis is assumed. Despite this
bold approximation, the Hüchel method succeeded in qualitatively
describing the π-conjugated system.

In 1963, Hoffmann developed the extended Hückel theory (EHT)[35].
In the EHT, the overlap matrix is calculated explicitly. In addi-
tion, Fock matrix is approximated by the ionization potential and
overlap matrix.

Fµµ = ´Iµ (2.115)

Fµν = ´
1

2
K(Iµ + Iν)Sµν (2.116)
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where Iµ is ionization potential of atomic orbital µ, Sµν is the
element of overlap matrix. K is a parameter. Adopting ionization
potential is based on Koopmans’ theorem. The parameter K is
determined to reproduce the experimental value. For considering
neighboring environments, Mulliken charges are determined in self-
consistently manner,

∆QA = ZA ´ ρA (2.117)

Fµµ = ´Iµ + ωQA (2.118)

where QA is effective charge on atom A and ZA is original atomic
nuclear charge, and ρA is Mulliken charge on atom A, ω is a para-
meter.

2.8.2 PPP method

Pariser-Parr-Pople (PPP) method was proposed in 1953[74, 79].
The PPP method is the first semi-empirical method to consider
electron repulsion explicitly. In the PPP method, only π electrons
are considered and the ZDO approximation is assumed. The elec-
tron repulsion is approximated as follows,

(µν|λσ) = δµνδλσ(µµ|λλ) = δµνδλσγµλ (2.119)

γµλ = (µµ|λλ) (2.120)
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The diagonal term of γ is represented using ionization potential
and electron affinity as follows,

γµµ = (µµ|µµ) = Iµ ´ Aµ (2.121)

where Iµ and Aµ are the ionization potential and electron affinity
of atomic orbital µ. These values are adopted from experimental
values. Several approximation schemes exist in the off-diagonal
term of γ. I will show the following two schemes,

γµν =
1

Rµν + a
(Nishimoto ´ Magata) (2.122)

γµν =
1

b

R2
µν + a2

(Ohno ´ Klopmans) (2.123)

where
a =

2

γµµ + γνν
(2.124)

1-electron Hamiltonian is approximated as follows,

Hµµ = ´Iµ ´
ÿ

ν‰µ

nνγµν (2.125)

Hµν = b exp(´cRµν) (2.126)

where nν is a occupation number, and b, c is parameter fitted for
experimental value.

2.8.3 Density-functional tight-binding method

The density-functional tight-binding (DFTB) method[81, 101] is a
semi-empirical method based on DFT. In the DFTB, a minimal
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basis function is adopted, neglecting the three- and four-center in-
tegrals. The zeroth-order energy is the repulsion between shells and
is equivalent to the repulsion between bare nuclei.

EDFTB0 =
1

2

ÿ

A‰B

EAB
core (2.127)

The repulsion between shells is parameterized as the spline func-
tion and fitted to reproduce the reference DFT results. The 1-
electron and 2-electron term is parametrized as follows,

Fµν =

$

’

’

’

’

&

’

’

’

’

%

εµ µ = ν

xµA| ´ 1
2∇

2 + V̂A + V̂B|νBy A ‰ B

0 otherwise

(2.128)

where εµ corresponds to the orbital energy of the free atom. The
DFTB1 energy is represented as follows,

EDFTB1 =
N
ÿ

i=1

niεi + EDFTB0 (2.129)

where ni is the occupation number. However, the DFTB1 energy
cannot take into account the fluctuation of the electron distribu-
tion. Thus, the DFTB2/3 methods consider the fluctuation of the
electron distribution for reference charge.

Fµν = F 0
µν +

1

2
Sµν

ÿ

C

QC(γAC + γBC) µ P A, ν P B

(2.130)
where QC is the Mulliken charge and γfunction is represented as
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follows,

γAB =

(
R2

AB +
1

4
(U´1

A + U´1
B )

)´1
2

(2.131)

γ function decays as 1/r in the long-range limit. In the short range,
it approaches chemical hardness U = 2η = IP ´ EA asymptotic-
ally.

The DFTB2 energy is represented as follows,

EDFTB2 = EDFTB1 +
1

2

ÿ

A‰B

∆QA∆QBγAB (2.132)

where ∆Q is the charge fluctuation from the reference charge. Tne
DFTB3 energy is represented as follows,

EDFTB3 = EDFTB2 +
1

3

ÿ

A,B

Q2
AQB

BγAB
BQA

ˇ

ˇ

ˇ

ˇ

QA=0

(2.133)

In these methods, the energy is determined by a self-consistent
charge.

The DFTB method is several hundred times faster than DFT.
However, DFTB parameters are prepared for each element pair.
Therefore, the number of elemental species that can be handled is
small, and there is a problem with versatility.

2.8.4 The extended Tight-Binding method

The DFTB adopt the elecment-pair parameter. Thus, the determ-
ination of these parameter is difficult and its application have been
limited only 10-30 elements. Grimme et al. have developed the
extended Tight-Binding (xTB) method as general-purpose semi-
empirical method[28, 7, 6]. The xTB method adopt element-specific
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parameter at the expense of the target limitation. The xTB para-
meter are determined for geometry, frequencies, and non-covalent
interaction. The xTB specializes these GFN property , not energy.
So far, 86 elements are available in the GFN-xTB method. There
are several version of the GFN-xTB. The GFN1/2-xTB are expli-
citly considered charge fluctuation though self-consistently-charge
(SCC). In the GFN0-xTB, the diagonalization of Hamiltonian mat-
rix is performed only once. In addition, the GFN-FF has been
developed for Force-Field calculation. The GFN1-xTB method ad-
opts monopole approximated charge and minimal basis except for
hydrogen, which is Double-Zeta basis for description of hydrogen
bond. In addition, the halogen bond correction term is incorpor-
ated and the Grimme’s D3 dispersion correction method is adopted
in the GFN1-xTB method. In the GFN2-xTB method, the multi-
pole approximated charge is adopted, which enables to use minimal
basis for all elements. In addition, Grimme’s D4 dispersion correc-
tion method is adopted, which depends on the charge.
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Chapter 3

Cb-TDHFB method: the excited
state calculation including static
correlation in black-box manner

3.1 Preface

The multi-configurational method such as the CASSCF is popu-
lar in the accurate excited state including the static correlation.
However, there are some drawbacks that requirement for setting
the active space properly and its high computational cost. Thus,
black-box and low-cost methods for the excited calculation includ-
ing the static correlation are desired. I applied the HFB method,
the ground state calculation method with a black-box treatment of
the static correlation and low cost, to the excited state calculation.
I adopted the time-dependent (TD) method, obtaining the inform-
ation of the excited states from the response against the external
fields, as the excited states calculation method. In this study, the
TD equation is solved by the real-time (RT) method, tracking the
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change of the electronic states over time. However, the original
HFB method has the defect of the electron number failure, which
is worse than the ground state. Thus, I introduced the "canonical-
basis" approximation form of the TDHFB method for preserving
the average electron number. However, the TDHFB wave function
remains not an eigenfunction of the number operator.

An accurate evaluation of excitation energies for molecules is
challenging because it requires the description of both ground and
excited states having different correlation energies with similar ac-
curacy. If the ground state of the target system has a large static
correlation energy (e.g., bond-dissociated molecules and transition-
metal compounds), a multi-configurational wave function is re-
quired for the qualitative description. The most popular method for
such a system is the active space-based self-consistent field (SCF)
method, which is typified by state-averaged complete active space
SCF (SA-CASSCF)[92, 91]. However, the scope of its application
is limited because its computational cost increases with the size
of the active space. In addition, users must set an appropriate
active space to maintain accurate results at affordable computa-
tional costs. The density matrix renormalization group has been
developed[73, 126, 5] and has enabled the treatment of a large act-
ive space; however, black-box treatment remains difficult[106]. An-
other approach is geminal-based wave function theories[108, 109].
In this method, the N -electron wave function is represented as the
antisymmetric product of two-electron wave functions called gem-
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inals, rather than the one-electron wave functions called orbitals.
This method can cover a large static correlation energy because
each geminal can fully describe the intra-geminal electron correla-
tion. In addition, the computational scaling of practical geminal-
based methods is O(N3´5)[111, 99]. Thus, this method can ef-
ficiently construct the N -electron wave function by incorporating
static electron correlation with a lower computational cost than the
active-space scheme. Several variants of the geminal-based meth-
ods have been proposed both for ground[84, 87, 85, 86, 38] and ex-
cited[75, 8, 77, 31] state calculations. Here, I focus on the Hartree–
Fock–Bogoliubov (HFB) method[89, 88]. The HFB method origin-
ates from the fusion of the Hartree–Fock (HF) theory and Bardeen–
Cooper–Schrieffer theory[98] in superconductivity. It describes the
static correlation by considering quasiparticles, which are formally
related to geminals. Number-projection associates the HFB theory
with the geminal-based wave function, which is called antisymmet-
rized geminal power[13, 56, 62]. In the HFB scheme, both the
electron and quasiparticle describe the electronic distribution and
Hamiltonian. The dimension of the Hamiltonian that must be diag-
onalized is only twice that of HF. Thus, the HFB method enables
the treatment of the static correlation with mean-field computa-
tional cost. The HFB method has been highly successful in nuclear
physics and superconductivity. In 2002, Staroverov and Scuseria
applied this to molecular systems[105]. They found that the HFB
energy functional was identical to the corrected HF density mat-
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rix functional proposed by Csányi and Arias[14], except for the
sign of the correlation term. It indicates that the HFB method is
also related to the density matrix functional theory (DMFT)[78].
They demonstrated that the HFB wave function can qualitatively
describe strongly correlated systems. However, the HFB wave func-
tion breaks the electron number conservation, which can be avoided
by introducing a chemical potential in the sense that the expecta-
tion value of the electron number can be conserved. Although sev-
eral electron correlation theories based on the HFB concept have
been developed and applied to molecular systems[99, 116, 100, 117,
114, 19], their extension to the excited state remains a frontier[75,
8], whereas the time-dependent version of related DMFT has been
proposed[24, 25]. The excited-state calculation based on the HFB
method, which is the time-dependent HFB (TDHFB) method[89],
was also formulated in superconductivity and nuclear dynamics. In
this study, I formulate the TDHFB method for molecular systems
as a simple method for calculating excited states that can consider
static electron correlations. The two methods for solving the TD
equation are time- and frequency-domains. The frequency-domain
method, based on the Casida equation[10], has been popular in
quantum chemistry because the excitation energy and associated
transition moment are the most significant properties. Meanwhile,
the time-domain method, called the real-time (RT) method[124,
123, 4, 3, 26], is popular in nuclear physics because it enables ob-
servation of the time evolution of a state. In addition, its compu-
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tational cost is formally lower than that of the frequency-domain
method[125]. Almost all previous studies in nuclear physics have
solved the TDHFB equation using the RT method. Therefore, I ap-
plied the RT method and developed RT-TDHFB to obtain excited-
state information. The RT-TDHFB method has the disadvantage
that the HFB wave function is not necessarily an eigenfunction
of the number operator; therefore, the electron number can change
during time evolution. To avoid this change, I focus on applying the
canonical basis (Cb)-TDHFB method developed in nuclear physics
to nuclear dynamics calculations[18, 17, 16]. This method intro-
duces a TD canonical basis that diagonalizes the density matrix
at any time and approximates the pairing field matrix in diagonal
form. Accordingly, the expectation value of the electron number
was conserved.

3.2 Real-Time Time-Dependent method

3.2.1 RT-TDHFB method

The TD HF/KS equation for a given TD potential for an external
field, V ext(r, t), is expressed as the following:

i
B

Bt
ψm(r, t) =

(
F̂ (t) + V̂ ext(r, t)

)
ψm(r, t) (3.1)

where F̂ (t) is the TD Fock operator and V̂ ext represents the inter-
action between the electron and the external field. This equation
can be reformulated using the TD density matrix D(t):

i
B

Bt
D(t) =

[
F (t) + V ext(t),D(t)

]
. (3.2)
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In the RT method, this equation was solved by directly integ-
rating the time variable. Here, I applied the RT method to solve
the TDHFB equation[21], which can be expressed using the density
matrix form as

i
B

Bt
R̄(t) =

[
H 1(t), R̄(t)

]
. (3.3)

H 1(t) = H(t) + V ext(t) (3.4)

where R̄(t) and H(t) are the generalized density matrix and
quasiparticle Hamiltonian, respectively, at time t. The TD gener-
alized density matrix R̄(t) comprises static and induced parts in
terms of the external field.

R̄(t) = R̄(0) + δR̄(t) = R̄(0) +
8
ÿ

n=1

δR̄(n)(t) (3.5)

Similarly, the quasiparticle Hamiltonian is expressed as the sum
of the static part corresponding to R̄(0) and the parts induced by
δR̄(t) as

H(t) = H (0) + δH(t) = H (0) +
8
ÿ

n=1

δH (n)(t) (3.6)

In this study, I focus on the linear-response case:

i
B

Bt
δR̄(1)(t) =

[
H (0), δR̄(1)(t)

]
+
[
δH (1)(t), R̄(0)

]
+
[
V ext(t), R̄(0)

]
(3.7)

Note that the nonlinear equation is also soluble using the RT-
TDHFB method.
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3.3 Canonical-basis TDHFB method

Because the ground-state HFB wave function is not the eigenfunc-
tion of the number operator, the RT-TDHFB method suffers from
the fluctuation of the electron number during time evolution. Ebata
el al. [44] introduced a TD canonical basis into the RT-TDHFB
theory in nuclear physics. In the resulting Cb-TDHFB method, TD
canonical orbitals are obtained each time by diagonalizing the TD
density matrix D(t). This method can avoid the fluctuation of the
electron number during time evolution. Note that this definition
of the "canonical orbital" does not mean the orbitals that diagonal-
ize the effective Hamiltonian such as canonical HF orbitals, but is
similar to the "natural orbitals" in quantum chemical terminology.
The TD canonical orbital is defined by

i
B

Bt
ψ1
m(r, t) =

(
F̂ (t) + V̂ ext(r, t)

)
ψ1
m(r, t). (3.8)

where ψ1
m(r, t) is the TD canonical molecular orbital and is repres-

ented by the MO expansion coefficient C(t)

ψ1
m(r, t) =

ÿ

j

Cmj(t)χj(r) (3.9)

This coefficients matrix diagonalizes the density matrix:

C:(t)D(t)C(t) =


n1(t) ˙ 0

... . . . ...
0 ˙ nk(t)

 (3.10)

The time evolution of the TD canonical orbitals is given by

i
B

Bt
C(t) = F (t)C(t) ´ C(t)η(t) (3.11)
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where η(t) is the gauge that makes the density matrix invariant
to the orbital transformation and η(t) is the diagonal matrix with
diagonal elements of the Fock matrix:

ηk(t) = xϕk|F̂ (t)|ϕky (3.12)

I rewrite the TDHFB equation in the form of a time evolution
equation for the density and pair matrices:

i
B

Bt
D̄(t) = [F (t), D̄(t)] + K̄(t)∆˚(t) ´ ∆(t)K̄˚(t), (3.13)

i
B

Bt
K̄(t) = F (t)K̄(t)+K̄(t)F (t)˚+∆˚(t)[1´D̄˚(t)]´D̄(t)∆(t).

(3.14)
Note that the pairing matrix at t = 0 is also diagonal according

to Eq. (12). In addition, by approximating the pair potential to be
diagonal:

∆k(t)δkl = ∆kl(t) (3.15)

The equations for the diagonal elements of the density and pair
matrices were derived from Eqs. (33) and (34).

i
B

Bt
D̄k(t) = K̄k(t)∆

˚
k(t) ´ K̄˚

k(t)∆k(t), (3.16)

i
B

Bt
K̄k(t) = 2ηk(t)K̄k(t) + ∆k(t)[2D̄k(t) ´ 1] (3.17)

Eq. (36) is the time evolution equation for the occupation num-
ber of time-dependent natural orbitals. In the usual Cb-TDHF
equation, the number of occupancies does not change with time
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evolution and is either two or zero (occupied or unoccupied). In
the TD-DMFT, it is known that this time variation of the occu-
pation number is necessary to describe correctly states in which
two-electron excitations are predominant[25]. Since the right-hand
side of Eq. (36) is the product of the diagonal components, the
sum over k of the first and second terms is equal to the trace of the
product of the pairing matrix and the pairing field matrix, respect-
ively.

ÿ

k

K̄k(t)∆
˚
k(t) = Tr (K∆˚) (3.18)

ÿ

k

K̄˚
k(t)∆k(t) = Tr (K˚∆) (3.19)

Assuming that the pairing energy remains constant during time
evolution, the sum over k on the right-hand side of Eq. (36) is
zero.

Tr (K(t)∆˚(t)) = Tr (K˚(t)∆(t)) (3.20)

Hence, the trace of the density matrix, i.e., the number of electrons,
is also constant during time evolution. In addition to Eqs. (36) and
(37), the time evolution equation of the canonical orbital in Eq. (31)
is solved by numerical integration.

3.4 Implementation

I implemented RT-TDHFB and Cb-TDHFB codes in the GAMESS
program[97]. The following is the procedure of the Cb-TDHFB
method[68]:
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1. The HFB wave function in the ground state is calculated to
obtain the static generalized density and Hamiltonian.

2. The canonical basis set is constructed by diagonalizing the dens-
ity matrix. The pairing matrix was transformed using a canon-
ical basis. Off-diagonal elements of the pairing-field matrix is
discarded.

3. The new canonical basis function, diagonal density, and pair-
ing matrices under an external field are updated using Eqs.
(31), (36), and (37). I adopted the fourth-order Runge–Kutta
method for numerical integration. The potential of the applied
external field is given by

V ext
ij (t) = ε(t)eext ¨ xϕi|r|ϕjy , (3.21)

where eext is a unit vector of the external field, xϕi|r|ϕjy is the
dipole integral, and ε(t) represents the TD part of the external
field. In this study, I adopted a delta-function-type external
field:

ε(t) = δ(t) (3.22)

4. The induced polarization of the electrons at each time step is
calculated:

δP (t) = ´
ÿ

ij

δD̄ij(t) xϕi|r|ϕjy (3.23)

5. The absorption spectrum is obtained from the time variation of
the induced polarization through Fourier transform (FT) ana-
lysis.

52



Note that only states with non-zero dipole transition moments
are obtained as excited states since this study employed a dipole-
type operator.

3.5 Numerical Application

In this section, I present the numerical results obtained using the
TDHFB method. I applied the RT/Cb-TDHFB method to H2

molecules. In the TDHFB calculation, I set ζ , which is a parameter
of the HFB method, to 1.0, in all cases. In the time evolution, I
adopted the direction of the external fields, eext = (1, 1, 1) in all
calculations. All time evolutions were run over T = 8.0 fs with
a time interval of ∆t = 0.48 as (0.02 a.u. of time). Therefore,
the resolution of the absorption spectrum ∆E is 0.52 eV from the
uncertainty principle ∆E „ h/T , where h is the Planck constant
and T is the simulation time. Throughout this study, I adopted the
correlation-consistent polarized valence double-ζ (cc-pVTZ) basis
set unless otherwise stated.

3.5.1 Ground State

Figure 3.1 shows the potential energy curves for the H2 molecule.
Around the equilibrium bond length where the static correlation is
sufficiently small, the HFB energy coincides with the RHF energy.
In contrast, the HFB results qualitatively describe the bond dissoci-
ation curve. However, because the HFB method overestimates the
static correlation, the HFB energy becomes lower than the full CI
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Figure 3.1: The potential energy curves for the H2 molecule.

energy. If the parameter ζ was adopted as 0.8, the HFB potential
curve was almost parallel to the full CI potential curve.

3.5.2 RT-TDHFB calculation

First, I performed the RT-TDHFB calculation of the H2 molecule at
the equilibrium bond length (r = 0.75 Å), where the static correla-
tion is sufficiently small. Figure 3.2 (upper) shows the time evolu-
tion of the induced polarization δP (1)(t) and the absorption spec-
trum obtained from the FT analysis of δP (1)(t). For comparison,
the results of the RT-TDHF calculations are shown in Figure 3.2
(lower). In this simple weak-correlation case, the RT-TDHFB res-
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ults coincided with the RT-TDHF results. As a stretched bond
(r = 2.6 Å), the results changed, as shown in Figure 3.3. Note that
the RT-TDHF results are qualitatively inadequate because it is a
spin-restricted formalism. The oscillation of the induced polariza-
tion by the RT-TDHFB calculation is approximately one order of
magnitude larger than that by the RT-TDHF calculation. Accord-
ingly, many unphysical peaks appear in the absorption spectrum,
especially in the high-energy regions. Figure 3.4 (a) shows the fluc-
tuation of the expectation value of the electron number during the
time evolution in the RT-TDHFB calculation compared with the
RT-TDHF calculation. Figure 3.4 (b) shows the FT analysis of
the electron number fluctuation. Strong peaks are observed in the
high-energy regions, which correspond to the absorption spectrum.
Therefore, the change in the electron number affects the induced
polarization in the RT-TDHFB calculation. Furthermore, depend-
ence of the fluctuation on the time step used in the time evolution
(∆t) is investigated in Figure 3.5.

3.5.3 Canonical-basis TDHFB calculation

I performed the Cb-TDHFB calculations for the H2 molecule. In
the equilibrium bond length (r = 0.75 Å), the Cb-TDHFB results
depicted in Figure 3.6coincide with the RT-TDHF results as well
as the RT-TDHFB ones. As the H-H bond is stretched (r = 2.6
Å), the results changed, as shown in Figure 3.8. As for the electron
number, the Cb-TDHFB method could suppress the change in the
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Figure 3.2: (a) Time variation of the induced polarization in H2 (r = 0.75 Å) and (b) absorption
spectrum with (Upper) RT-TDHFB and (Lower) RT-TDHF methods.

Figure 3.3: (a) Time variation of the induced polarization in H2 (r = 2.6 Å) and (b) absorption
spectrum with (Upper) RT-TDHFB and (Lower) RT-TDHF methods.
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Figure 3.4: (a) Fluctuation of the electron number during the time evolution in the RT-TDHFB
or RT-TDHF calculation of H2 (r = 2.6 Å) and (b) FT analysis of (Upper) the electron number
fluctuation and (Lower) absorption spectrum in the RT-TDHFB calculation of H2 (r = 2.6 Å).

Figure 3.5: The time step dependency of the fluctuation of electron number in the RT-TDHFB
calculation of H2 (r=2.6 Å).
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electron number during the time evolution (Figure 3.7). This indic-
ates that the polarization and absorption spectra in the Cb-TDHFB
calculation can eliminate the effect of the electron number change.
Table 3.1 compares the excitation energies of the Cb-TDHFB, RT-
TDHF, and full CI calculations for the H2 molecule (r = 2.6 Å).
The Σ+

u states appear as excitations in the z direction in the Cb-
TDHFB calculation. In the low energy region (ď10 eV), the Cb-
TDHFB results are not consistent with those of full CI. However, at
high energy region (ą15 eV), the Cb-TDHFB energies accurately
reproduce the full-CI ones. The Πu state appears as an excitation
in the x and y directions, and the excitation energy and oscillator
strength by the Cb-TDHFB method also correspond to those of full
CI. The other states, which are not dipole-allowed, do not appear in
excited state calculations using real-time methods. I also performed
Cb-TDHFB calculations for an LiH molecule. I found as well as for
the H2 molecule, i.e., the high-energy region is described correctly,
whereas the low-energy region is described poorly (Figure 3.9). The
TDHFB method equips with a time evolution equations not only
for the natural orbitals but also for the occupation numbers, sug-
gesting a connection with TD-DMFT. Previous studies have shown
that TD-DMFT can correctly describe two-electron excited states
missing in the TD-DFT[35,36]. In a hydrogen molecule, this state
is a totally symmetric representation. However, this state does not
appear in the Cb-TDHFB calculation because it does not have a
transition moment. I consider that these states can be treated if
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Figure 3.6: (left) Time variation of δP(1)(t) and (right) absorption spectrum of H2 (r=0.75 Å).
(Upper) Cb-TDHFB calculation. (Lower) RT-TDHF calculation.

I formulate the Cb-TDHFB method in the Casida-like equation as
well as the TD-DMFT, but the present Cb-TDHFB calculation in-
cludes doubly excited configurations in the ground state, and it can
obtain one-electron excited states from such configurations.

3.5.4 Hartree–Fock orbital analysis

In this study, I analyzed the absorption spectrum using canonical
HF orbitals. First, the TDHFB density matrix is projected onto
a static canonical HF orbital basis. Note that the canonical HF
orbitals were constructed separately from the HFB calculations for
analysis. Although the occupation numbers of the canonical HF
orbitals are zero or two for the RHF density matrix, these canon-
ical orbitals are fractionally occupied for the HFB density matrix.
Therefore, excitation from the orbital, which is virtual in the RHF,
but partially occupied in the HFB, can occur. The time variation
of the density matrix in the canonical HF orbital basis provides a
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Figure 3.7: Fluctuation of the electron number during the time evolution of H2 (r=2.6 Å). (Blue)
RT-TDHFB calculation. (Orange) Cb-TDHFB calculation.

Figure 3.8: (a) Time evolution of the induced polarization of H2 (r = 2.6 Å) with (Upper) Cb-
TDHFB and (Lower) RT-TDHF methods. (b) Absorption spectrum with (Upper) Cb-TDHFB,
(middle) RT-TDHF, and (Lower) full CI methods.
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Figure 3.9: Absorption spectra of LiH molecule (r=2.5 Å) using STO-3G. (Upper) Cb-TDHFB,
(middle) RT-TDHF, and (Lower) full CI calculation.
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transition based on the HF canonical orbital. For example, matrix
elements Dij(t) correspond to the TD interaction between canon-
ical HF orbitals i and j. FT analysis of the time variation Dij(t)

gives us a spectrum

Dij(ω) =

ż 8

8

Dij(t)e
´iωtdt. (3.24)

Then, the spectrum was compared with the absorption spectrum
to assign the nature of the transition based on the HF canonical
orbitals. I applied this analysis to the results of the Cb-TDHFB
calculation of the stretched H2 molecule with r = 2.6 Å. Figure 3.10
(b) shows the spectrum of the canonical HF orbital analysis of Eq.
(44). For simplicity, I used the 6-31G basis set. Figure 3.10 (a)
shows the canonical HF orbitals and their occupation numbers in
the ground-state HFB wave function. The spectrum of the RT-
TDHF results is shown in Figure 3.10 (c). For parity symmetry,
D13 and D24 were zero. The Cb-TDHFB result has non-zero com-
ponents that are not relevant to MO1, which do not appear in the
RT-TDHF result where only MO1 is occupied. In the first and
second excited states (i.e., 1.6 and 2.6 eV), the transition of MO1
and MO2 (D12) is dominant, but that between MO1 and MO4
(D14) also exists. A similar contribution was observed for the first
excited state (4.1 eV) of the RT-TDHF sample. Note that, in the
case of the Cb-TDHFB result, theD12 contribution may include the
electron transition from MO2 to MO1, as well as that from MO1 to
MO2. In addition, transitions between MO2 and MO3 (D23) and
between MO3 and MO4 (D34) exist in the Cb-TDHFB results. It
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is because that the ground state wave function of the HFB method
has a multi-configurational character. For comparison, the full CI
wave functions and excitation energies are summarized in Table 3.2.
The first excitation energy by the full CI method is 10.05 eV, indic-
ating that the energy by the Cb-TDHFB method is estimated to be
lower. S1Ð S0 excitation in the full CI method can be approxim-
ated as transitions from MO1 to MO2 (Φ11 ÝÑ Φ22/Φ21), MO2 to
MO1 (Φ22 ÝÑ Φ12/Φ21), MO1 to MO4 (Φ11 ÝÑ Φ14/Φ41), and MO2
to MO3 (Φ22 ÝÑ Φ23/Φ32). Therefore, the transition analysis for
the Cb-TDHFB results was consistent with the full-CI result. In
the third excited state (27.4 eV), the transition of D23 mainly con-
tributed to the spectrum, although theD14 andD34 transitions also
contributed to this state. However, only the D14 transition contrib-
uted to the second state (30.5 eV) in the RT-TDHF result. In the
full CI result, this state corresponds to S4Ð S0 excitation (26.38
eV) and can be approximated as transitions from MO2 to MO3
(Φ22 ÝÑ Φ23/Φ32) and from MO1 to MO4 (Φ11 ÝÑ Φ14/Φ41). This
result is consistent with the Cb-TDHFB results, indicating that
the Cb-TDHFB method can qualitatively describe the static cor-
relation in the excited state. However, the accuracy of low-energy
excited states is poor. This is probably because these peaks origin-
ate from the breakdown of number symmetry, called the Nambu–
Goldstone mode in nuclear physics[49,50].
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Figure 3.10: HF orbital analysis of the spectrum in H2 (r = 2.6 Å). (a) Canonical HF orbital and
occupation number in the parentheses. (b) Cb-TDHFB. (c) RT-TDHF.
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3.5.5 Conclusion

In this study, the TDHFB method was applied to molecular systems
to treat excited states with large static correlations at a reasonable
computational cost. I first developed the RT-TDHFB method by
combining the real-time propagation method with the HFB wave
function, which can describe static correlation. Around the equi-
librium structure of the H2 molecule, where the static correlation
is weak, the RT-TDHFB result is identical to the RT-TDHF res-
ult because the HFB ground state coincides with the HF ground
state. In the structure with stretched bond, the RT-TDHFB result
indicate many unphysical peaks in its absorption spectrum that ori-
ginate from violation of the total electron number. To avoid this, I
adopted the Cb-TDHFB, which introduces the TD canonical basis
and the diagonal approximation of the pairing field matrix to pre-
serve the electron number. The Cb-TDHFB method successfully
suppressed the fluctuation of the electron number and provided an
absorption spectrum that was free from electron number changes.
Projection onto the canonical HF orbitals provides the origin of the
absorption peaks. I confirmed that the Cb-TDHFB method can
qualitatively treat the ground and excited states with static elec-
tron correlation. However, the Cb-TDHFB results underestimated
the excitation energies and generated spurious peaks around the
low-energy region. Although the Cb-TDHFB method conserves
the average electron number, it is not an eigenfunction of the num-
ber operator. To recover the number symmetry, I will attempt the
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projection scheme[99] in the future.
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Table 3.1: Excitation energies h̄ω of H2 molecule (r = 2.6 Å) obtained by the RT-TDHF, Cb-
TDHFB, and full CI calculation using the cc-pVTZ basis.

Direction RT-TDHF (eV) Cb-TDHFB (eV) Full CI (eV)

z 1.00
z 3.60 3.10 8.42/Σ+

u

z 14.50 11.90 14.91/Σ+
u

z 19.10 21.57/Σ+
u

x, y 22.70 21.70 21.93/Πu

z 27.90 27.90 24.38/Σ+
u

Table 3.2: The full CI calculation in H2 molecule with r = 2.6 Åusing the 6-31G basis.

State Excitation energy (eV) Wave function

S0 0.0 0.787Φ11 ´ 0.606Φ22

S1 10.05 0.702Φ12 + 0.702Φ21

S2 10.27 0.780Φ22 + 0.612Φ11

S3 25.91 0.557Φ31 + 0.557Φ13 + 0.416Φ42 + 0.416Φ24

S4 26.38 0.515Φ32 + 0.515Φ23 + 0.482Φ41 + 0.482Φ14





Chapter 4

DC-PUHF: large-scale calculation
method including static
correlation in black-box manner

4.1 Preface

Accurate calculations, including electron correlation, require a high
computational cost. Attempts have been made to develop a large-
scale electron correlation calculation method based on linear scal-
ing methods [129]. The dynamic correlation is the repulsion ef-
fect between electrons in the proximity region, so it is the local
effect. Thus, many large-scale calculation methods based on the
"nearsightedness" principle [51, 82] have correctly described this
type of correlation [22, 39, 20, 44, 47]. On the other hand, large-
scale calculations including static correlation are challenging be-
cause it is long-range effects in some cases. In 2005, Fedrov and
Kitaura developed the FMO-MCSCF combining the FMO method
with the MCSCF method [21]. However, this method has the draw-
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back that only one fragment can be treated with MCSCF and others
are treated with RHF. Thus, it is necessary to understand which
fragment has the largest static correlation in advance. In addi-
tion, the method cannot properly handle systems with large static
electron correlations in multiple fragments. Kobayashi et al. de-
veloped the DC-HFB method [48] combining the DC method [64]
with the HFB method [105] for treating all fragments as multi-
configurational. In the DC-HFB method, the HFB equations are
solved within the localization region the same as in the normal
DC method. They utilized the fact that the fermi level in the
DC method and the chemical potential in the HFB method are
physically identical. This method enables the large-scale static cor-
relation calculation in a black-box manner. However, the contam-
ination problem for the number of electrons in the original HFB
method remains. I focused on the projection scheme to recover
the symmetry and applied the projection scheme to the large-scale
calculation using the broken symmetry wave function [99, 37]. In
practice, I developed the DC-PUHF method applying the projec-
tion scheme to the DC-UHF method. In the PUHF calculation,
there are three bottlenecks. The first is the diagonalization of the
effective Fock matrix. The second is the calculation of the inverse
matrix in the construction of the transition density matrix. The
last is the determinant calculation of the overlap matrices. All
three bottlenecks have O(N3) costs. This study has the signific-
ance of revealing the relationship between the projection and the
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wave function approximated by the local wave functions.

4.2 Accelaration scheme for diagonalization of effective Fock
matrix based on the DC method

4.2.1 Theory

In the DC method, the total Fock matrix is constructed from the
approximate total density matrix.

Fµν = Hcore
µν +

Nbasis
ÿ

λσ

DDC
λσ xµσ||νλy (4.1)

The approximated total density matrix is constructed from local
density matrices as follows,

DDC
µν =

Nsubsystem
ÿ

α

pαµνD
α
µν. (4.2)

where pαµν is the element of the partition matrix. In this study,
this density matrix is applied to the projection scheme. The nat-
ural orbital (NO) basis is adopted in the projection scheme. Thus,
diagonalizing the α, β spin density matrices,

Dσ
NO = Cσ:DDC(σ)Cσ (σ = α/β) (4.3)

where Cσ is the spin-natural orbital coefficient matrix. Using the
DC-UHF wave function, the occupation number is fractional, unlike
the normal UHF method. In this study, orbitals whose occupation
number is greater than 0.1 are regarded as occupied, and smaller
ones are considered unoccupied. In addition, the density matrix is
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constructed for each spin and occupied-unoccupied block.

DNO =


Dα

oo 0 Dα
ov 0

0 Dβ
oo 0 Dβ

ov

Dα
vo 0 Dα

vv 0
0 Dβ

vo Dα
vv 0

 =


Dα

oo 0 0 0
0 Dβ

oo 0 0
0 0 0 0
0 0 0 0

 (4.4)

Here, I used that occ-vir and vir-occ, and vir-vir block are also
zero matrices,

Dσ
ov = Dσ

vo = Dσ
vv = 0. (4.5)

Only occ-occ block has non-zero components,

Doo =

(
Dα

oo 0
0 Dβ

oo

)
(4.6)

Note that occ-occ block matrices are diagonal,

Dσ
oo =


nσ1 0

. . .
0 nσk

 (4.7)

Next, the transformation matrix is constructed as follows,

UNO =

(
Cα

occ 0 Cα
vir 0

0 Cβ
occ 0 Cβ

vir

)
(4.8)

The dimension of the matrix is 2Nbasis. Transforming the rotation
matrices into the natural orbital basis,

RNO(Ω) = U:

NOR(Ω)UNO (4.9)

The overlap between the rotated states and normal ones in the NO
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basis follows as,

N(Ω) =

[(
Doo Dov

)
RNO(Ω)

(
Doo

Dvo

)]´1

(4.10)

Since Doo is diagonal matrix and Dov, Dvo are zero matrices, N(Ω)

follows as,
N(Ω) = R´1

NO(Ω) (4.11)

Finally,
xΦ|R̂(Ω)|Φy =

1

det(NNO(Ω)Doo)
. (4.12)

In the present DC-PUHF method, the total overlap/transition
density matrices are constructed from the total density matrix. The
rotated Fock matrices are constructed at each angle. The integral
of rotated Fock is calculated by grid integral as the normal PUHF
method.

The advantage of this study is that it diagonalizes local effective
Fock matrices instead of diagonalizing the total one. In other words,
as in the usual DC method, the total effective Fock matrix is divided
into local matrices.

Fµν =
ÿ

α

Fα
µν (4.13)

The eigenvalue equations for each local system are then solved to
obtain the local orbital coefficients and eigenvalues.

FαCα = SαCαϵα (4.14)

This SCF cycle iterates until energy convergence [Figure 4.1].

73



Figure 4.1: DC-PUHF scheme

74



Figure 4.2: poly(phenoquinodimethane) (p-PQDM)

4.2.2 Result

I test the DC-PUHF method. Poly(phenoquinodimethane) (p-
PQDM) [Figure 4.2] has a diradical character, so it is a static cor-
relation system. I investigated the potential energy curve (PEC)
for singlet p-PQDM against the rotation of C=C bond[48]. First, I
tested the performance of the PUHF method for p-PQDM(n = 2).
Figure 4.5 shows PECs against the rotation of C=C bond. RHF,
UHF, and CASSCF calculations are also performed for comparison.
The active space of the CASSCF calculation is set to 14 electrons
and 14 orbitals [Figure 4.3,4.4]. Figure 4.5 shows the absolute en-
ergy for PECs. CASSCF energy is the lowest energy, followed by
PUHF, UHF, and RHF. Figure 4.6 shows the relative energy for
PECs. RHF PEC differs significantly from the other three meth-
ods. The UHF and PUHF results are qualitatively consistent with
the CASSCF one. However, xŜ2

UHFy = 2.931 at ϕ = 0 degree, while
xŜ2

PUHFy = 1.235 ˆ 10´5, indicating that the PUHF wave function
is in the correct spin state. The PUHF wave function is superior
to the UHF wave function.
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Figure 4.3: Active orbitals of the CASSCF calculation. (left) A symmetry, (right) B1 symmetry.

Figure 4.4: Active orbitals of the CASSCF calculation. (left) B2 symmetry, (right) B3 symmetry.
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Figure 4.5: The absolute potential energy curve for p-PQDM(n = 2).

Figure 4.6: The relative potential energy curve for p-PQDM(n = 2).
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Figure 4.7: Natural orbitals and its occupation number of CASSCF wave function for p-
PQDM(n = 2) molecule at ϕ = 40 degree.

Figure 4.8: Natural orbitals and its occupation number of PUHF wave function for p-PQDM(n =

2) molecule at ϕ = 40 degree.

Next, I examined the PUHF wave function in terms of NOs and
occupation numbers. Figure 4.7 shows the NOs and the occupa-
tion number of the CASSCF results. Radical orbitals at both ends
are the most fractional and contribute to static electron correlation.
NOs of the PUHF wave function are consistent with CASSCF ones,
and the occupation number is qualitatively agreement with CAS-
SCF ones [Figure 4.8].
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Figure 4.9: PEC for p-PQDM(n = 10).

Figure 4.10: Relative energy curve for p-PQDM(n = 10).

Next, p-PQDM(n = 10) molecules are calculated. Figure 4.9
shows the absolute energy diagram and shows that the PUHF en-
ergy is the lowest. It can be seen that the PUHF method is able
to incorporate more electron correlations than the UHF method on
the basis of the variational principle. Figure 4.10 shows the relative
energy. RHF gives a different energy minimum for the other two
methods, and the RHF energy barrier is also inconsistent with the
UHF and PUHF ones.
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Figure 4.11: The grid dependency of xŜ2PUHFy for p-PQDM(n = 10) molecule at ϕ = 40 degree.

Figure 4.12: The grid dependency of PUHF energy for p-PQDM(n = 10) molecule at ϕ = 40

degree.

In addition to the energy, I investigated the PUHF wave function.
First, I investigated the expectation value of Ŝ2. In PUHF, xŜ2y is
not strictly zero (xŜ2

PUHFy = ´0.04796 at ϕ = 40 degree). This is
due to the lack of grid points. In the current calculation, I adopted
8 grid points. In fact, the grid dependence of xŜ2y is examined in
Figure 4.11. It can be seen that xŜ2y rapidly approaches zero as
the grid increases. The PUHF energy was also found to converge
when the number of grids was also increased [Figure 4.12].
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Figure 4.13: The DC-PUHF PECs for p-PQDM(n = 10).

Next, I show the DC-PUHF results. Each C6 ring is assigned
to each subsystem, so there are 10 subsystems. The buffer regions
are defined as the number of adjoint C6 rings: nb. Figure 4.13
shows DC-PUHF PECs for p-PQDM(n = 10) compared to stand-
ard PUHF for comparison. The energy error exists in nb = 1

case. On the other hand, the DC-PUHF results are consistent with
standard PUHF results in nb = 2 case. Therefore, the DC-PUHF
method can reproduce standard PUHF results by adopting appro-
priate buffer regions. This result indicates that the PUHF effective
Fock matrix has sparsity. Thus, linear-scaling PUHF calculations
based on locality may be possible.
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Figure 4.14: Natural orbitals and its occupation number of PUHF wave function for p-PQDM(n =

10) at ϕ = 40 degree.

The effect of dividing in the DC-PUHF method was investigated
in terms of wave functions. Figure 4.14 shows the NOs and oc-
cupation number obtained by the PUHF method. First, there are
localized π and π˚ orbitals in the twisted C6 ring. Next, there
are many delocalized π and π˚ orbitals in the molecular plane.
Finally, there are two radical orbitals at both ends that have the
largest contribution to static electron correlations. Note that there
are about 50 orbitals whose occupation numbers differ by more
than 0.2 from 0 and 2. The fractional occupation is due to multi-
configurational effect. In the CASSCF method, only active orbitals
have fractional occupation numbers, while the occupation numbers
of other orbitals are 0 or 2. This means that the PUHF method is
able to include more than 50 electron correlations; it is currently
impossible to calculate such a large active space with the CASSCF
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Figure 4.15: Natural orbitals and its occupation number of DC-PUHF(nb = 1) for p-PQDM(n =

10) at ϕ = 40 degree. The difference between DC-PUHF occupation number and PUHF ones are
given in parentheses.

method.
I investigated DC-PUHF wave function in terms of NOs. Fig-

ure 4.15 shows DC-PUHF(nb = 1) NOs and values in parentheses
indicate the difference of the occupation number from the PUHF
ones. Its NOs are consistent with the PUHF ones. The occupation
numbers have small errors in the localized π, π˚, and radical orbit-
als. On the other hand, for the delocalized π and π˚ orbitals, the
errors are relatively large. Figure 4.16 shows DC-PUHF(nb = 2)

NOs. The error of occupation numbers in delocalized π and π˚

orbitals has decreased by one order of magnitude. From this, it can
be seen that the DC-PUHF method can also accurately describe
wave function by expanding the buffer region.
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Figure 4.16: Natural orbitals and its occupation number of DC-PUHF(nb = 2) for p-PQDM(n =

10) at ϕ = 40 degree. The difference between DC-PUHF occupation number and PUHF ones are
given in parentheses.
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Figure 4.17: PUHF PECs for singlet/triplet p-PQDM(n = 10).

I also investigated other spin states and performed the triplet
state. Figure 4.17 shows the PUHF PECs for singlet and triplet
p-PQDM(n = 10). From this, it can be seen that the shapes of
the singlet and triplet PECs are almost the same, but the singlet
state is more stable. Figure 4.18 shows the DC-PUHF PECs. It
indicates that PUHF results could be reproduced by expanding the
buffer region as in the singlet state [Figure 4.18].
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Figure 4.18: DC-PUHF PECs for triplet p-PQDM(n = 10).
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Figure 4.19: Computational time for diagonalization of effective Fock matrix

Finally, I investigated computational time. In this case, the time
required to diagonalize the effective Fock matrix was compared
between the PUHF and DC-PUHF methods. The computational
time here was measured using a single node computer equipped
with two Intel(R) Xeon(R) Gold 6326 processors. Figure 4.19 shows
the relationship between the computational time and the number
of C6 rings: nC6. The PUHF method scales O(n2.5C6), while the DC-
PUHF method scales O(n1.2C6), indicating that almost linear scaling
was achieved.
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4.3 Acceleration scheme for construction of projection mat-
rix based on the DC method

4.3.1 Theory

Next, I developed the projection scheme that approximates the
overlap and transition density matrices M(Ω), D(Ω) from the local
ones Mα(Ω), Dα(Ω) as follows,

MDC
µν (Ω) =

Nsubsystem
ÿ

α

pαµνM
α
µν(Ω) (4.15)

DDC
µν (Ω)) =

Nsubsystem
ÿ

α

pαµνD
α
µν(Ω) (4.16)

where pαµν is the element of partition matrix in DC method. F(Ω)
are calculated using the transition density matrix approximated by
Eq 4.16

Fµν(Ω) = hµν +
1

2

Nbasis
ÿ

λσ

xµλ||νσyDDC
λσ (Ω) (4.17)

However, the determinant calculation for the overlap matrices
M(Ω) remains O(N3) cost. Currently, this scheme is available for
only PAV scheme.
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Figure 4.20: DC-PAV PECs for p-PQDM(n = 10).

4.3.2 Result

I test this projection scheme for p-PQDM(n = 10) molecules. Fig-
ure 4.20 shows the DC-PAV PECs compared to the standard PAV
ones. This means that the transition density M(Ω) and the overlap
matrices D(Ω) are also sparse, suggesting that they can be divisible.

The DC-PAV wave function was examined. Figure 4.21 shows
the NOs and occupation number obtained from the PAV wave func-
tion. Although these orbitals are not optimized, the PAV NOs and
occupation numbers are consistent with the VAP ones. In DC-
PAV(nb = 1), the NOs of the radicals are localized on one side of the
molecule, unlike those of PAV [Figure 4.22]. In addition, the occu-
pation number is also not "corresponding". In other words, the sum
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Figure 4.21: Natural orbitals and its occupation number of PAV wave function for p-PQDM(n =

10) at ϕ = 40 degree.

of occupation number of the paired orbitals is not 2. This suggests
that the buffer region is small and does not fully incorporate the
static electron correlation. Figure 4.23 shows the DC-PAV(nb = 2)

results. NOs are consistent with VAP ones, and occupation num-
ber remains not "corresponding" but the errors are smaller. Thus, it
was found that the wave function can be reproduced by setting up
an appropriate buffer region even if the transition density matrix
and the overlap matrix are divided.
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Figure 4.22: Natural orbitals of DC-PAV(nb = 1) wave function for p-PQDM(n = 10) at ϕ = 40

degree. The difference between DC-PAV occupation number and PAV ones are given in paren-
theses.

Figure 4.23: Natural orbitals of DC-PAV(nb = 2) wave function for p-PQDM(n = 10) at ϕ = 40

degree. The difference between DC-PAV occupation number and PAV ones are given in paren-
theses.

91



Figure 4.24: The computational time for constructing overlap and transition density matrices.

Finally, I examine the computational time. Figure 4.24 shows
the computational time for constructing the overlap and transition
density matrices, which include the calculation of the inverse mat-
rix. The computational time here was measured using a single
node computer equipped with two Intel(R) Xeon(R) Gold 6326 pro-
cessors. The PUHF method scales O(n2.8C6), while the DC-PUHF
method scales O(n1.3C6), indicating that almost linear scaling was
achieved. The time required for the remaining bottleneck, the de-
terminant calculation, is also shown in Figure 4.25. The PUHF
method scales O(n3.8C6) and the DC-PUHF method scales O(n3.9C6).
This step is the most time-consuming throughout the entire calcu-
lation.
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Figure 4.25: The computational time for determinants.

4.4 Conclusion

I developed the DC-PUHF method for the large-scale static correl-
ation calculation. The test calculation shows that the DC-PUHF
energy is consistent with the standard PUHF results if appropriate
buffer regions are adopted. In addition, xŜ2y and NOs are also
consistent using appropriate buffer regions. This indicates that the
effective Fock, overlap, and transition density matrices , which in-
cludes the projection effect, are sparse. This fact suggests that it
can be computed by division. The diagonalization of the effect-
ive Fock matrix and the construction of the overlap and transition
density matrices, which were accelerated in this study, were con-
firmed to achieve linear scaling. In the future, the last bottleneck,
the determinant calculations, will be approximated from the sub-
system calculations. I look forward to the future development of
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large-scale static electron correlation methods.
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Chapter 5

DC-xTB: A general-purpose, very
large-scale calculation method

5.1 Preface

Due to significant improvements in computational efficiency and the
development of advanced electronic structure theories, the scope
of computational quantum chemistry has been extended to a wide
variety of systems. In particular, the large-scale electronic structure
theories[130] have made it possible to apply the method to the sys-
tem with thousands of atoms. Even for typical large-scale targets
such as proteins, the consideration of surrounding water molecules
is essential, which leads to the model with tens of thousands of
atoms[33]. In these systems, the dynamic geometrical change may
also affect not only reactions directly but also through the bunch of
conformations by the entropic terms. Although classical molecular
dynamics (MD) can handle such systems, it cannot treat chem-
ical bond rearrangement, which is essential both in the amorphous
formation and protein reactions. For enabling large-scale quantum
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MD simulations, much effort has been devoted so far[130]. Note
that an alternative way of treating chemical rearrangement in cheap
computational cost is the machine learning potential (MLP)[121].
Even when the accuracy of MLP is sufficiently improved, the dy-
namic quantum characters such as the electron distribution and
density of states are still important, which has to be obtained
through the quantum chemical calculations.

The semi-empirical method can be a balanced option for large
systems while preserving the quantum nature. Since the inven-
tion of Pariser–Parr–Pople (PPP) method[74, 79], many traditional
semi-empirical Hamiltonians have been proposed in quantum chem-
istry[112]. The accuracy of the semi-empirical methods was drastic-
ally improved with the advent of the density-functional tight-binding
(DFTB) method[81, 101], which is based on the density functional
theory (DFT). However, only adopting semi-empirical Hamiltonian
cannot make very large-scale calculations possible due to the diag-
onalization of the Hamiltonian matrix taking the computational
time of O(N3), where N refers to the system size. Previous study
has combined the DFTB Hamiltonian with the divide-and-conquer
(DC) method[71, 69]. The DC method, originally proposed by Yang
and coworkers[127], is a linear-scaling quantum chemical method
that avoids explicit diagonalization of the full Hamiltonian matrix
based on its sparsity. The DC-based self-consistent field methods,
including DFTB, can produce the energy gradient[131, 45], enabling
molecular dynamics simulation of large systems[65, 94, 11, 54, 122,
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53, 70]. However, the DFTB method requires element-pair para-
meters, and its available elements are limited. Thus, it cannot treat
enormously large systems containing various atom species, such as
doped amorphous and protein with trace metals.

The GFN-xTB method, called xTB hereafter, has recently been
developed and attracted attention as a general-purpose semi-empirical
quantum chemical calculation[28, 7, 6]. This method adopted the
DFTB-type Hamiltonian while using element-specific parameters,
basically non-element-pair parameters, although the target molecu-
lar properties were limited to geometry, vibrational frequencies, and
non-covalent interaction. The default parameters are provided up
to Z = 86, which makes the method applicable to any systems
consisting of up to period 6 elements. Recently, the xTB has been
implemented in the CP2K package[95], where the linear-scaling
density matrix minimization optimizer can be adopted in addition
to the conventional self-consistent scheme[59, 57].

This study combined the DC scheme with the xTB method to
develop a general-purpose, huge-scale quantum chemical MD sim-
ulation program.

5.2 The DC-xTB method

Several versions of GFN-xTB have been developed so far[6]. In
current DC implementation, I only focused on the GFN1-xTB
Hamiltonian. Thus the formulae in this manuscript is based on the
GFN1-xTB method, while its extensions to other xTB Hamilto-
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nians are straightforward. The GFN-xTB energy is composed of
the electronic energy Eel, the repulsion energy Erep, the dispersion
energy Edisp, and the halogen bond energy EXB:

E = Eel + Erep + Edisp + EXB (5.1)

In the DC-xTB method, the electronic energy Eel is given by

Eel =
NAO
ÿ

µν

DDC
µν hνµ +

1

2

Natom
ÿ

AB

Nshell(A)
ÿ

l

Nshell(B)
ÿ

l1

γAB,ll1∆p
A
l ∆p

B
l1

+
1

3

Natom
ÿ

A

∆Q3
AΓA

(5.2)

where hνµ represents the one-electron Hamiltonian matrix element
and DDC

µν is the density matrix element approximated by the DC
scheme. NAO, Natom, and Nshell(A) refer to the number of AOs,
the number of atoms, and the number of atomic shells in atom A,
respectively. ∆QA and ∆pAl are atomic charge on atom A and shell
charge on shell l of atom A, respectively,

∆QA =
NAO
ÿ

ν

ÿ

µPA

DDC
µν Sνµ ´ ZA (5.3)

∆pAl =
NAO
ÿ

ν

ÿ

µPl(A)

DDC
µν Sνµ ´ pA0

l (5.4)

where Sνµ, ZA, and pA0

l are the overlap matrix element, the neutral
nuclear charge of atom A, and the reference shell charge of shell l
in atom A, respectively. The second and third terms of Eq. (5.2)
represent the second-order electronic Coulomb repulsion and di-
agonal of the third-order Coulomb interaction terms, respectively.
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The second-order Coulomb repulsive function, γAB,ll1, is the func-
tion of atomic distance RAB, while parametrized by the chemical
hardness, ηAB,ll1, and other parameters, kg and κlA, as

γAB,ll1 =

(
1

R
kg
AB + η

´kg
AB,ll1

)1/kg

(5.5)

ηAB,ll1 = 2

(
1

(1 + κlA)ηA
+

1

(1 + κl
1

B)ηB

)´1

(5.6)

The third-order Coulomb term, ΓA, is element-specific atomwise
parameter. The one-electron Hamiltonian is given as the following:

hµν =
1

2
K ll1

AB(h
l
A + hl

1

B)Sµν(1 + kEN∆EN
2
AB)Π(RAB,ll1)

(µ P l(A), /ν P l1(B))
(5.7)

Here,K ll1

AB is the shell-specific parameter, and it is only the element-
pair parameter referred to as the scaling constant. ∆ENAB =

ENA ´ ENB is defined with the Pauling’s electronegativity of
element A, ENA, and kEN is a global parameter. kl is the Hückel
constant of the shell l, Π(RAB,ll1) is a distance and l-dependent
function, and hlA is a shell- and element-specific parameter. The
hlA depends on the D3 coordination number of atom A, CNA;

hlA = H l
A(1 + kCN,lCNA) (l P A) (5.8)

where H l
A and kCN,l are the atom energy level of atom A and l-

dependent global scaling parameter. The repulsion energy is as
follows,

Erep =
ÿ

AB

V rep
AB =

ÿ

AB

Zeff
A Z

eff
B

RAB
exp
[
´(αAαB)

1/2
]
(RAB)

kf , (5.9)
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where Zeff
A is the effective nuclear charge on atom A, kf is a global

parameter, and αA is the element-specific parameter. The disper-
sion energy, Edisp, is computed by Grimme’s D3 method[27]. In
GFN1-xTB, the Lennard–Jones type halogen bonding interaction
function, EXB, is added for every halogen bond[28]. The minimal
basis set is adopted except for hydrogen, where a double-zeta set is
adopted for the description of hydrogen bonding.

In the DC scheme, the system of interest is divided into disjoint
subsystems. Each disjoint subsystem is called the central region
and the set of basis functions belonging to the central region of
subsystem α is represented by S(α). Note that S(α) X S(β) =

H@α ‰ β by definition. To improve the accuracy, the buffer re-
gion, defined as the neighbor of the central region, is included in the
subsystem calculation. The basis functions belonging to the buffer
region of subsystem α is denoted by B(α). The combined region
of the central and buffer regions is referred to as the localization
region and the basis functions of the localization region of subsys-
tem α is denoted by L(α), namely, L(α) = S(α) \ B(α). In the
DC method, the error originating from the fragmentation can be
systematically reduced by enlarging the buffer region. Fujimori et
al. developed a scheme to automatically determine the appropriate
buffer region from single energy criterion value[42, 23, 43]. In each
localization region, the local Hamiltonian matrix is constructed as
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following,

Hα
µν =hµν +

1

2
Sµν

Natom
ÿ

C

Nshell(C)
ÿ

l”
(γAC,ll” + γBC,l1l”)∆p

C
l”

+
1

2
Sµν(∆Q

2
AΓA +∆Q2

BΓB)

(µ P l(A), ν P l1(B), µ, ν P L(α))

(5.10)

Then, the following local eigenvalue equation is solved for every
localization region:

HαCα
p = εαpSαCα

p , (5.11)

where Sα = [Sµν ]µνPL(α) is the local overlap matrix, and Cα
p and εαp

are local MO coefficient vector and energy of p-th orbital, respect-
ively. The local density matrix is calculated from the local MOs as,

Dα
µν = 2pαµν

ÿ

p

fβ(εF ´ εαp )C
α
µpC

α˚
νp . (5.12)

εF and fβ(x) are the Fermi level and the Fermi function, respect-
ively. pαµν is a partition matrix to avoid overlap between localization
regions as follows,

pαµν =

$

’

’

’

’

&

’

’

’

’

%

1 if µ P S(α) and ν P S(α),

1/2 if (µ P S(α) and ν P B(α)) or vice versa,

0 otherwise.

(5.13)

The total density matrix is constructed from the local density
matrices and partition matrix,

DDC
µν =

ÿ

α

pαµνD
α
µν. (5.14)
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The Fermi level is determined so that the number of electrons is
conserved in the entire system,

Ne =
ÿ

µ

(DDCS)µµ. (5.15)

The charges defined by Eqs. (5.3) and (5.4) are calculated from
the density matrix that is defined by Eqs. (5.12) and (5.14) with
Fermi level, the solution of Eq. (5.15), and the subsystem MOs,
the solutions of Eq. (5.11). The subsystem Hamiltonian matrix in
Eq. (5.11) is defined by Eq. (5.10) with atomic and shell charges.
Therefore, in the standard self-consistent charge (SCC) procedure,
these charges are determined self-consistently from the iterative
calculation.

5.3 Implementation of the DC-xTB program

I have developed the present DC-xTB energy and gradient calcula-
tion codes by incorporating the Hamiltonian construction routines
in xtb package, an open-source xTB calculation program, into the
DCDFTBK program[71]. DCDFTBK is the DC-DFTB calculation
program that was originally tuned for Japan’s previous-generation
supercomputer K, which is oriented toward the massively paral-
lel calculation. Since the original DCDFTBK program can only
handle the single-zeta quality basis set, I have modified the pro-
gram to handle the double-zeta basis for hydrogen atoms.

Figure 5.1 shows the computational procedure of the DC-xTB
calculation. The steps highlighted in yellow are constructed from
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the xTB parameters and those in red are processed in the sub-
system loop in the DC method. Initially, the effective nuclear re-
pulsion and halogen bond energies, Erep and EXB, are constant
for fixed geometry and are pre-calculated. The electron repulsion
parameter, γAB,ll1, also becomes a constant for each combination
of AB pair and ll1 shells, while the third-order parameter, ΓA, is
constant by definition. Although these pre-calculation steps require
O(N2) computational time, they are calculated only once and their
computational time is relatively small compared to the SCC part.
The overlap and one-electron Hamiltonian matrix elements, Sα

µν

and hαµν , are also precomputed for each subsystem, not for the en-
tire system to avoid huge memory requirements and to reduce the
computational scaling to O(N). The local hamiltonian matrix ele-
ment, Hα

µν , is then constructed in the subsystem loop according to
Eq. (5.10) and is diagonalized to obtain the subsystem MOs. The
routines to determine the Fermi level and to compute the charges
are from the DCDFTBK program. The efficient implementation of
these routines is reported in detail in Ref. [71]. I have compiled the
present DCxTBMD program on the Japanese supercomputer "Fu-
gaku" to handle more than tens of thousands of atoms containing
various atom species.
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Figure 5.1: The DC-xTB calculation scheme.
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5.4 The DC-xTB calculation result

I here assessed the computational cost, accuracy, and parallelization
efficiency of the present DC-xTB method. Throughout this study,
I have defined the central region as a cube of dcent per side and the
buffer region as atoms within rbuf radius of the atoms in the central
region, unless otherwise stated.

First, the computational times for the standard xTB and DC-
xTB calculations of nwater (= 500 –4500) water molecules were
measured using a single node of the Fugaku computer. In the DC
calculations, I set dcent = 7.0 Å and rbuf = 5.0 Å. Figure 5.2
summarizes the system-size dependence of the computational time
per SCC iteration for the standard and DC-xTB calculations. The
time for the DC-xTB calculation becomes shorter than that for the
standard xTB for nwater ě 1500. According to the order estim-
ation based on the double logarithmic plot, the time for the DC
and standard xTB calculations scale as O(n1.23water) and O(n2.71water),
respectively.
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Figure 5.2: Computational time per one SCC iteration as a function of the number of water
molecules (nwater) for the standard and DC-xTB calculations.
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Next, the parallel efficiency of the DCxTBMD program was in-
vestigated in calculation of 3000 water molecule system using the
supercomputer "Fugaku". Here, I set dcent = 5.0 Å and rbuf = 6.0

Å. Table 5.1 shows the dependence of the computational time (t) on
the number of nodes (nnodes) used in the calculation. The parallel
efficiency (PE), which was defined as PE = (tref ¨n

ref
nodes)/(t ¨nnodes)

with nref
nodes = 12, was also tabulated. The number of subsystems in

the DC-xTB calculation of this system was 775. Up to nnodes = 192,
where each node is responsible for an average of „ 4 subsystems,
PE is over 90%, showing high efficiency. Although the PE deteri-
orates to „ 65% for nnodes = 384, the main reason is the load
imbalance. Therefore, the efficiency would improve as the system
size increases.
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Table 5.1: Computational time (s) and parallel efficiency (%) for the DC-xTB calculations of 3000
water molecule system. The number of nodes, nnodes, was varied between 12 and 384.

Number of nodes (nnodes) Time (t) [s] Parallel efficiency (PE) [%]

12 25.59 -
24 12.82 99.8
48 6.43 99.5
96 3.27 98.0

192 1.76 91.0
384 1.23 64.8

Table 5.2: The DC-xTB-MD calculation results using massively parallel computer "Fugaku".

System # nodes # processes # threads Average time (s/step)

Myoglobin 48 192 12 46.8
Myoglobin+3000H2O 384 768 24 226.2
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Figure 5.3 shows the buffer-size dependence of the energy error
from the standard xTB calculation and the computational time for
the DC-xTB calculation of the 3000 water molecule system. dcent

was fixed at 7.0 Å. The computational time here was measured
using a single node computer equipped with two Intel® Xeon® Gold
6326 processors. For rbuf = 3.5 Å, the energy error is more than 15
kcal mol´1. Increasing the buffer size increases the computational
time slightly, but the energy error decreases rapidly. Actually, the
energy error becomes less than 1 kcal mol´1 for rbuf = 5.0 Å, while
the time increase from rbuf = 3.5 Å is 47.8%.

Note that the time for the standard xTB calculation was 163.0
s, which is more than three times longer than the DC-xTB time for
rbuf = 5.0 Å.

Finally, I performed the DC-xTB-MD simulation of myoglobin
protein, containing 2226 atoms, on Fugaku. Here, I set dcent = 5.0

Å and rbuf = 7.0 Å. The initial structure was taken from the
protein data bank (PDBID: 5MBA). The solution-phase simula-
tion was additionally performed by placing 3000 water molecules
around the myoglobin protein and running under the cubic confined
potential. The arrangement of the water molecules was carried out
using the Winmostar program connected to the GROMACS pack-
age. Table 5.2 summarizes the computational time per one MD
step together with the calculation conditions.
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Figure 5.3: (Upper) The DC-xTB energy error with buffer radius for water 3000 molecules. The
reference value is the xTB calculation. (Lower) The relationship between the buffer radius and its
computational time per one SCC iteration for water 3000 molecules.
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5.5 Conclusion

Tremendous-scale systems such as amorphous and viruses are un-
tractable in quantum chemical calculation. Semi-empirical meth-
ods such as the DFTB are insufficient for exceeding tens of thou-
sands of atom systems. Thus, for further speed up, the previous
study combined the DFTB with the DC scheme, one of the lin-
ear scaling methods, and developed the DC-DFTB method. The
DC-DFTB method enables very large-scale calculations. However,
its parameter format is complicated, so available elements are lim-
ited. I focused on the GFN-xTB method, which has developed
as a general-purpose semi-empirical method. I combined the xTB
method with the DC scheme and developed the DC-xTB method
as a general-purpose, enormously large-scale quantum calculation
method.

I implemented the DC-xTB energy and its gradient for quantum
MD calculation. I confirmed the DC-xTB can make computational
cost linearly, and its accuracy is tunable by the size of the buffer
region.

The massively parallel computation can draw out the maximum
power of the DC method because the DC scheme can handle each
subsystem independently. Thus, I investigated the DC-xTB cal-
culation with massively parallel computation in a supercomputer.
I confirmed its parallel efficiency in strong scaling achieved a high
score. Finally, the DC-xTB-MD calculation for myoglobin molecule
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surrounding water, which has more than tens of thousands of atoms,
indicated that very large-scale quantum MD simulation with a few
minutes per MD step is possible. In the future, I will extend to
periodic boundary conditions for amorphous.
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Chapter 6

General Conclusion

In this thesis, I worked on the black-box accurate calculation and
the general-purpose very large-scale quantum chemical calculation
method.

In Chapter 3, I applied the HFB method to the excited state
calculation, which includes static correlation in a black-box man-
ner. In this thesis, the RT method is adopted as the solution of the
TDHFB equation. However, the number of electrons is varied in
time propagation. Thus, the "canonical orbital" diagonalizing the
electron density matrix avoids the change of the electron number.
Although the Cb-TDHFB calculation gave the excited state, in-
cluding the static correlation, the unphysical states also appeared.
That is why the TDHFB wavefunction is not an eigenfunction of
the electron number operator. The projection scheme recovers the
symmetry for such broken symmetry wavefunctions. In the future,
I will apply the projected HFB wave function to the excited state
calculation.

In Chapter 4, the PUHF method, which removes spin-contaminated
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states from the UHF wave function, is applied to the DC scheme.
First, I developed methods to divide the effective Fock matrix into
local ones and to construct the total transition density matrix from
local ones. The test calculations for biradical molecules showed
that the DC-PUHF method reproduces the PUHF calculation res-
ults if the appropriate buffer regions are adopted. I also measured
the computation time for diagonalization and inverse matrix com-
putation and found that the cost is about O(N3) for the PUHF
method, but almost linear for the DC-PUHF method.

In Chapter 5, I applied the GFN-xTB method, a general-purpose
semi-empirical method, to the DC scheme. The DC-xTB energy
calculation achieved linear scaling. In addition, the larger the buf-
fer region, the more accurate energies are obtained. Since the DC
method can treat each subsystem independently, the parallel com-
putation can accelerate the DC calculation. The massively par-
allel DC-xTB calculations using the supercomputer "Fugaku" are
performed. Using more than 100 nodes, high parallel efficiency is
achieved. Finally, I performed the large-scale quantum MD calcu-
lations using the DC-xTB energy gradient. For protein molecules,
DC-xTB-MD calculations using a massively parallel computer can
achieve the fast quantum MD, whose cost per step is within several
minutes.

In this thesis, I have described large-scale and highly accurate
electronic structure calculations. I hope that this research will con-
tribute to the future development of theoretical chemistry.
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