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Abstract
Shared autonomous vehicles are anticipated to be adopted widely in the future and have prompted the development of
various models for planning their operations. Existing models fall into three primary categories: micro-simulations,
routing problems such as the Dial-a-Ride problem (DARP) with fixed travel times, and routing problems involving dy-
namic traffic assignment. However, none of these provide detailed input/output corresponding to each vehicle’s opera-
tion and theoretically accounting for congestion effects in the network. This paper introduces a novel approach that
combines the DARP with a static user equilibrium traffic assignment model. Consequently, the DARP in this study is
formulated as a mixed-integer nonlinear problem with equilibrium constraints. Finding an exact optimal solution to a
nonlinear and nonconvex problem, such as the DARP addressed in this study, is generally regarded as a challenging
task. This study proposes an algorithm for the DARP that finds a solution by repeatedly solving problems formulated
using linearly approximated equilibrium link flows. Finally, numerical calculations are conducted to assess the model’s
validity.

Keywords Shared autonomous vehicle, Dial-a-Ride problem, Static user equilibrium traffic assignment,
Sensitivity analysis, Branch-and-Cut, Fixed-point problem

1 Introduction

The sharing economy is spreading following the de-
velopment of information technologies. Car-sharing and
ride-sharing are prime examples in the field of transporta-
tion. They enable us to use vehicles more efficiently and
reduce the cost per capita [1]. Furthermore, fully-autono-
mous (level-5) vehicles are highly compatible with these
sharing services. For example, if vehicles are human-
driven, it is hard to allow car-sharing users to drop off a
vehicle at their destinations because vehicles are parked
on the roadside, exacerbating congestion. Level-5 vehi-
cles can solve this problem by moving unattended to a
designated depot or to locations where other users are
waiting. Consequently, services with the following char-
acteristics are expected to spread.

* A local government has multiple level-5 autonomous
vehicles.

+ Users call a vehicle as necessary.

* Ride-sharing is implemented to improve the efficiency
of operations.

In this paper, we define a vehicle used in such services
as the shared autonomous vehicle (SAV). This service has
advantages of both sharing services and level-5 vehicles.
Moreover, the operations can be made as flexible as those
of conventional taxis. However, we should consider some
problems such as an increase in in-vehicle time due to the
detour of ride-sharing vehicles and decrease in punctual-
ity due to insufficiency of congestion prediction, as
claimed by Krueger et al [2]. In addition, de Almeida Cor-
reia and van Arem [3] claimed aggravation of congestion

around SAV depots. Hence, we have to predict congestion
by considering the pattern of SAV operation and decide
the routes and schedules of SAVs.

Micro-simulation methods provide a way to address
this. Fagnant and Kockelman [4] used an agent-based
model to estimate users’ waiting times, all vehicles’ dis-
tance traveled, and cold-start savings which are affected
by both different scenarios and vehicle relocation strate-
gies. Levin et al. [5] concluded that dynamic ride-sharing
can reduce the congestion due to relocation of SAVs by
using a model that combines a cell transmission model
with an agent-based model. Other than these, many em-
pirical agent-based simulations are carried out (e.g. [6-9]).
Micro-simulation methods are suitable for analyzing a
single scenario in detail but have some disadvantages.
Firstly, they are often too complex due to many parame-
ters that we can hardly calibrate simultaneously. Secondly,
their algorithms are often ad hoc and not systematic.
Many kinds of models and algorithms have been proposed,
but their relationships are unclear. Therefore, a model
which is useful for a specific scenario cannot be applied
to others.

In contrast, mathematical models with simpler as-
sumptions and fewer parameters usually overcome these
problems. Especially, the Dial-a-Ride Problem (DARP) is
often applied to the planning of SAV operations. Con-
straints of DARP make each SAV’s route feasible as ex-
plained later. The optimal routes and schedules are the
outputs obtained by solving the DARP. The DARP under
constant travel times was first proposed in the 1970s ac-
cording to Jaw et al. [10]. Many heuristic solution



algorithms have been developed because of the NP-hard-
ness (e.g. [11-14]). On the other hand, Cordeau [15] and
Ropke et al. [16] obtained the exact solution by the
Branch-and-Cut algorithm. The strong point of DARP is
that it provides sufficient outputs, i.e., routes and sched-
ules of SAVs which can be used as input to micro-simu-
lation models as mentioned earlier. The weak point of
DARP, in contrast, is that it does not take the congestion
caused by SAVs themselves into account. Thus, the more
SAVs are operated, the more inaccurate travel times are
estimated.

In consequence, some models that combine a dynamic
traffic assignment theory with the DARP are proposed. de
Almeida Correia and van Arem [3] formulated the DARP
by using privately owned vehicles as a dynamic user op-
timum problem. Levin [17] formulated the DARP as a lin-
ear programming by applying a link transmission model.
They performed continuous approximation by assuming
there is no carpooling. Tani et al. [ 18] constructed a model
which also considers carpooling. On the other hand, Liang
et al. [19] formulated the DARP as an integer nonlinear
programming by applying a dynamic traffic assignment
and solved it approximately by the Lagrangian relaxation
method. Also, Fan et al. [20] formulated a similar problem
to that of Liang et al. [19] and approximately solved it by
performing linearization of variables. These models can
express the dynamic nature of traffic flows and provide
time-varying travel times. Hence, they are the most help-
ful to predict the congestion caused by the operations of
many SAVs. Meanwhile, they have some problems to
point out compared to the original DARP. Primarily, their
inputs and outputs lack some important information. For
instance, each user’s arrival time constraint cannot be ad-
dressed. Also, since routes of SAVs are aggregated, the
route and schedule of each SAV are not obtained. Conse-
quently, there is a need to develop another method that
combines a road network model with the conventional
DARP.

Correia et al. [3] note that “The problem we want to
define cannot be considered static over time. It is dynamic
by nature”. As they claim, users’ choice of departure or
arrival time should be designated freely, and travel times
change moment by moment in real situations. At least, it
is unequivocal that we have to take the information about
requested departure or arrival times into consideration
when we decide the routes and schedules of SAVs. In con-
trast, the static traffic assignment can obtain travel times
with a certain degree of accuracy. As an illustration,
Zhang et al. [21] calculated the travel times of SAVs by a
static traffic assignment model. In their research, an OD-
SAV is defined as an SAV shared by users whose origin
and destination locations are the same. They formulated a
problem for describing the route choice of OD-SAVs

which is different from the one addressing ordinary SAVs.

Accordingly, we propose a DARP with user equilib-
rium (UE) constraints as an extension of the conventional
DARP with constant travel times. The rest of the paper is
organized as follows. The formulation of DARP with the

static traffic assignment is presented in Section 2. Section
3 presents the solution algorithm for the original problem
in Section 2. In Section 4, we report the result of a numer-
ical example. Section 5 concludes the paper.

2 Model description

2.1 Notations

Networks
G' Inter-personal network
G'  Road network

Sets

Ut ={1,2,..,n,}, set of boarding nodes for users
in the inter-personal network

Dt  ={n, +1,n,+2,...,n}, set of departing depot
nodes in the inter-personal network

U~ = {i+n|Vi € U*}, set of alighting nodes for us-
ers in the inter-personal network

D~ = {i+n|Vi € D*}, set of returning depot nodes
in the inter-personal network

U = U* U U™, set of all users’ nodes in the inter-
personal network

D = D" u D7, set of all depot nodes in the inter-
personal network

N’ = U U D, set of all nodes in the inter-personal
network

A ={(@@,)|Vi,j € N'}, set of links in the inter-per-
sonal network

S Set of nodes on an infeasible route in the inter-

personal network
S Family of sets §

N ={1,2, ..., N}, set of nodes in the road network
with N nodes

Al ={1,2,...,A}, set of links in the road network
with A links

0 = {rs|Vr,s € Nl} , set of origin-destination

(OD) pairs in the road network
K,; Set of paths serving between nodes of OD pair
rs €N
Variables
Z Value of the objective function
Xij Equals 1 if an SAV moves on link (i,j)(e AT),
and 0 otherwise
R; Number of users in an SAV just after departing
from node i(e NT)
B; SAV’s visiting time to node i(€ N")
L; In-vehicle time of user i(E NT)
ty Travel time of link a(E Al) in the road network
t,s  Travel time between nodes of OD pair rs € £ in
the road network
° Flow on the kth path between nodes of OD pair
rs €N
&a Flow on link a(E Al)
w,s Travel demand of SAVs between nodes of OD
pairrs € 2




Parameters

ny, Number of users

ng  Number of depots

n =n, + ng, by which the boarding node i of a
user can be connected with the corresponding
alighting node i + n

7; Number of users boarding at node i(e N T)

R Capacity of an SAV

d; Service duration at node i(e N T)

e; Earliest arrival time at node i(E NT)

l; Latest arrival time at node i(€ N')

L Maximum in-vehicle time of a user

N Number of nodes in the road network

A Number of links in the road network

w,s Travel demand of nonusers between nodes of

OD pairrs € 22

Constant which equals 1 if a move on link

(i, j)(e AT) in the inter-personal network corre-

sponds to a trip between nodes of OD pair rs €
12 on the road network, and 0 otherwise

ak  Constant which equals 1 iflink a(€ A*) is on the
kth path of OD pair rs € £, and 0 otherwise

t3"  Free flow travel time of link a(€ A*)

a,  Parameters of the BPR function

Ca  Capacity of link a(€ A4*)

Mapping

[0) Address Book Mapping

2.2 Assumptions

The assumptions in this study are as follows:

All SAVs are homogeneous.

Each person in the problem is either an SAV user or a
private car user, hereinafter referred to simply as a
user or a nonuser, respectively.

All users can specify their boarding and/or alighting
time windows. Their in-vehicle times are equal to or
shorter than a given maximum in-vehicle time L.

All SAVs depart from a depot and return to a depot
which may be different. However, the number of ve-
hicles departing and returning at each depot must be
the same, ensuring that no relocations of SAVs are
needed for the next operation.

Each nonuser owns a private car and travels between
his/her OD pair by the car.

All vehicles can be parked at any node in the road net-
work. Parking of vehicles at a node does not affect
congestion in the road network.

Travel demand for each person is given in advance.
We do not consider travel times varying moment by
moment. Consequently, traffic flows and travel times
in the road network are determined by solving the
hourly UE traffic assignment problem under fixed de-
mands. Therefore, the operation time range should be
at most an hour to obtain meaningful results.

The BPR function [22] is used as a link cost function.
The SAV operator optimizes its operation to minimize
the total travel time in the road network.

2.3 Inter-personal network and road network

To solve the conventional DARP, a network with
nodes representing both users’ boarding and alighting lo-
cations, and SAVs’ departure and return depots is typi-
cally used. This network is called the inter-personal net-
work. By using such a network, we can determine respec-
tive routes and schedules of SAVs. In contrast, for traffic
assignment calculations, we also use a road network with
nodes representing intersections and links representing
road sections. Thus, we introduce “Address Book Map-
ping” to connect these two networks, enabling them to be
handled simultaneously in a single problem. This map-
ping converts a solution to DARP into an OD demand ta-
ble for a traffic assignment model. Then, travel times be-
tween user locations are also obtained from the results of
traffic assignment. In other words, we can calculate the
value of the objective function of DARP while consider-
ing congestion in the road network theoretically.

Our model has an almost identical problem structure
as the conventional DARP, which is solved solely on the
inter-personal network GT(NT,AT). G" has 2 -n nodes
where n = n, + ny. n, and n, are the number of users
and that of depots, respectively. Nodes in N' are classi-
fied broadly into nodes in U and those in D. Nodes in U
are further classified into nodes in U™ and those in U~. In
a similar way, nodes in D are classified into nodes in D*
and those in D~ as shown in Figure 1. Ut = {1, 2, ...,n,}
andU” ={n+1,n+ 2,..,n+n,} represent the set of
users’ boarding nodes and that of alighting nodes, respec-
tively. U = U U U~ is the set of all users’ nodes. Each
user i is associated with both the boarding node i and the
alighting node n+i. DY ={n, +1,n, +2,..,n} and
D ={n+n,+1,n+n, +2,..,2n } denote the set of
departing nodes and that of returning depot nodes, respec-
tively. D = D* U D~ is the set of all depot nodes. Each
depot i is associated with both the departing node n,, + i
and the returning node n + n, + i. Moreover, each pair
of nodes in N' is connected by a link in A'. The binary
decision variable x;; is defined for all (i,j) € ATt
equals 1 if an SAV visits node j on the inter-personal net-
work immediately after departing from node i, and 0 oth-
erwise.

Figure 1. Inter-personal network, n,, = 2,n4 = 1.



The conventional DARP treats the travel time of a link
in A" as a constant. In contrast, we treat it as a variable to
take congestion into account. To obtain link travel times,
we solve the static UE assignment problem on a road net-
work Gl(Nl,Al). Therefore, we must use two different
networks, G" and G*, to solve our model.

Next, we define the mapping ¢: N' — N* to clarify
the relationship between nodes of these two networks.
Given a node in the inter-personal network as an input,
this mapping returns the corresponding node number in
the road network. We call this mapping “Address Book
Mapping” because its function is similar to that of an ad-
dress book, which provides the postal address when a per-
son’s name is given.

Figure 2 illustrates an example of Address Book Map-
ping. For instance, ¢(4) = 5 indicates node 4 in the inter-
personal network corresponds to node 5 in the road net-
work. Additionally, a movement along link (2,4) in the
inter-personal network is projected as traffic from node 3
to 5 in the road network. Then, y; f equals one in such a
case. All yirjs are constants because we assume users’
travel demands are known in advance. By projecting all
movements from the inter-personal network onto the road
network, we can obtain an OD table containing infor-
mation about SAV operation. Here, we assume that each
SAV selfishly chooses the shortest path between its OD
pair; in other words, Wardrop’s first principle [23] holds.
Using the traffic assignment model, we obtain link travel
times in the road network, and the shortest path travel time
between nodes of OD pairs. In the next section, we spe-
cifically explain how to obtain an OD table from x;; and

s
Yij -

Figure 2. Example of Address Book Mapping
2.4 Formulation

Our model, the DARP with the UE constraints, can be
formulated as the following mixed-integer nonlinear
problem, referred to as [OP: original problem]:

[OP]

minZ = Z trs * (Wrs + @rs) €Y)
TSEN
subject to
ieN?

Z xi]- = Z x]-_i+n vi e Dt (4’)
jent jent
ieN?
jeNT'
injs|5|—(nd+1) VS €S (7)
ijes

R; = (R +7) - x; v(i,j) € A" (8)

max{0,7;} < R; < min{R, R + r;} Vi € N'(9)
B; = (Bi+di + tyypp) Xy V(ij) €A’ (10)
e;<B; <1 vi e N' (11)
to@pmen S Li S L VieU* (12)
Wrs = Xij * Vij vrs € 2 (13)
(i.p)ea’
s (Z 8% ta—trs | = 0 Vk € K, Vrs € 2 (14)
aeal
Z 8%ty —ts =0  Vk€K,,Vrs € 2(15)
aeal

Z fi® = Wps + Wrg vrs € 2 (16)

k€K ys
s‘a=z Z ak * fii® va € A (17)

rSEN kEK g
f5>0,¢,=0 Vke Krs,vﬁrs € N,Va € A' (18)
t,(E) = t0- {1 ta- (i—) } va € A* (19)

a

Equation (1) represents the objective function of this
study, which aims to minimize the total travel time in the
road network.

The conditions given in (2)-(12) represent the con-
straints of the conventional DARP. Among them, (2)-(7)
describe the constraints on the visiting order of SAVs. (2)
and (3) indicate that each node in the inter-personal net-
work representing a user is visited exactly once by an
SAV. Equation (4) states that the number of vehicles de-
parting from and returning to each depot must be the same,
as mentioned in Section 2.2. Equation (4) can be replaced
by other constraints depending on the assumptions set by
the operator. (5) and (6) ensure that there are no vehicles
flowing into departing depots or flowing out of returning
depots. (7) is referred to as the “precedence constraint” in
Ruland and Rodin [24], Ropke et al. [16], and other stud-
ies. This ensures that each user’s boarding and alighting
nodes are situated on a route of the same vehicle, and that
boarding node is visited before alighting one. Here, a set
of nodes on an infeasible route, S, is defined as § ¢ N’
suchthat Dt ¢ §,D~ c N' \ S. There is at least one node
i € U which holds i &€ S and i + n € S. In other words,
S is a set of nodes comprising a route which includes only
the alighting node of a user, or which includes both board-
ing and alighting nodes of a user but the latter is visited



earlier than the former. Additionally, |S| represents the
number of nodes in S.
Secondly, constraints on SAV capacities are shown by
(8) and (9). (8) indicates that, if an SAV moves on link
(i,)), the number of users in the SAV just after departing
node j is the summation of that just after departing node i
and the change in the number of users at node j. (9) shows
that the number of users in an SAV is non-negative and
equal to or smaller than the vehicle capacity. Here, r; rep-
resents the change in the number of users at node i, as de-
fined below:
1 ifieU?*
r=9—1 ifieU”
0 otherwise
Following Ropke et al. [16], constraint (8) is replaced
by the linearized function shown below.
R]' ZRL+T}—VVU(1—XU)
where

vi € N' (20)

v(i,j) e A" (8")

W;; = min{R,R + r;}

Finally, constraints on time are shown by inequalities
(10)-(12). (10) and (11) are about the visiting time of each
user’s node. (10) indicates that, if an SAV moves on link
(i,)), visiting time to node j is the summation of that to
node i, service duration at node i, and travel time between
nodes i and j. To linearize this constraint, Ropke et al.
[16] proposed the following inequality:

B; 2 B; + d; + tymyeq) — Mij - (1 - x55)
v(i,j) € A" (10"

where

M,:]' = maX{O, l,: + di + t¢(1)¢(]) - e]}
(11) guarantees every visiting time of a user is within
his/her designated time window. (12) is about in-vehicle
time, and it ensures that the in-vehicle time of each user is
not shorter than the travel time needed to move directly
from one’s boarding node to the corresponding alighting
node by a vehicle and is not longer than the maximum in-
vehicle time. The in-vehicle time of each user is defined
as:

Li = Bi+n - (Bl + dl) Vi € U+ (21)

UE constraints (13)-(19) are incorporated to the
DARP. Here, y;7’ is defined by introducing the Address

Book Mapping as:
otherwise

1

Vi = {0
v(i,j) € A", vrs € 2 (22)
Equation (13) represents the relationship between OD de-
mands in the road network and SAV operations, as de-
scribed in Section 2.3. When x;; - y;7 = 1, there exists an
SAV that moves on link (i, j) in the inter-personal net-
work. The move corresponds to SAV traffic between
nodes r and s in the road network. Therefore, we can ob-
tain a traffic demand between OD pair rs by summing up
x;j - yi; forall (i,)) € A", (14)-(19) are the complemen-
tarity conditions and constraints which represent the

Wardrop’s first principle.

ifp(D) =7, ¢() =s

Finally, note that the number of possible combinations
of the decision variable x;; is 24"2, which is the same as
in the conventional DARP. Due to the nonlinearity and
nonconvexity of [OP], it is a more difficult problem to
solve than the DARP which is formulated in a linear form.

3 Solution algorithm

As previously noted, [OP] is more difficult to solve
than the conventional DARP. Originally, the conventional
DARP is known as an NP hard problem. Its exact solution
can be obtained by an algorithm for a mixed integer linear
programming only when at most tens of users are consid-
ered.

In this section, we propose an algorithm to solve [OP]
by defining an approximation problem for [OP]. The pro-
posed algorithm for [OP] is inferred from those for the
DARP which has a similar problem structure to [OP].

Firstly, we approximate [OP] as an easier problem, i.e.,
a mixed-integer quadratic approximation problem, which
can be solved exactly by a solver. As the approximation
technique, we use the sensitivity analysis for UE and con-
vex approximation. Inputting an initial feasible solution,
the sensitivity analysis for UE enables us to approximate
travel times in the form of linear equations. Then, the ob-
jective function becomes a quadratic function. However,
it is not always convex because the coefficient matrix of
the quadratic term might be indefinite. To address this is-
sue, we approximate this matrix using the closest positive
semidefinite matrix. Here, we call this convex approxima-
tion. Hence, our model can be reformulated as a mixed-
integer quadratic problem.

By solving this problem, we obtain a better solution
than the initial solution. However, we might find an even
better solution by using the obtained solution as the new
initial solution. By repeating this procedure, we eventu-
ally obtain an unimprovable solution. This procedure can
be formulated as a fixed-point problem. Therefore, a so-
lution algorithm for this fixed-point problem yields an un-
improvable solution to [OP].

In this section, we firstly list newly introduced nota-
tions. Then, we show the way to obtain travel times by the
sensitivity analysis for UE. After that, we present the
method of convex approximation and formulate the quad-
ratic problem. Finally, we formulate a fixed-point prob-
lem to find an unimprovable solution, and we present the
algorithm to solve it.

3.1 Notations

Matrices
Q Positive semidefinite matrix of order N2
n OD/path incidence matrix where the entry

in the N - (r — 1) + sth row and kth col-
umn is 1 if the kth path belongs to the OD




pair rs, 0 otherwise. Only the used paths
are enumerated.

Y| Link/path incidence matrix where the entry
in the ath row and the kth column is 1 if the
link a is in the kth path. Only used paths
are enumerated.

Vectors

X 4n?-dimensional column vector where the
2n - (i — 1) + jth element is x;;

x° An initial solution to x

tg NZ2-dimensional column vector where the
N - (r — 1) + sth element is t,

t)) Exact OD travel times obtained from @°

ty A -dimensional column vector where the

ath element is t,
w(x) NZ2-dimensional column vector where the
N - (r — 1) + sth element is w,
Initial OD demand values w(x°)
NZ2-dimensional column vector where the
N - (r — 1) + sth element is @,
& N?Z-dimensional column vector where the
N - (r — 1) + sth element is a perturbation
of wyg

SIS

3.2 Sensitivity analysis for UE

Firstly, we assume that an initial feasible solution x =
x° has already been obtained. The perturbation vector &
is then given as follows:

£(x) = wkx) — w° 23)
It is obvious that
Vi (x®) =1 (24)
Moreover, we do not consider perturbations in the param-
eters of the link cost function, we have,
Vet =0 (25)
The first derivatives of OD travel times with respect to &,
evaluated at € = 0 under (24) and (25), are given by the
following expression (see Tobin and Friesz [25] for more
details).

.ty = (n(levft,,zl)_lnT)_1 (26)
where
0ta(§a) o
(Veta) o =1 02, Ta=a  vga e€A'(27)
0 otherwise

Finally, the vector of link travel times at the UE, t,, is
approximated as follows:
t, ~ t) + V.toe(x) (28)

3.3 Approximation as a quadratic problem

Firstly, we reformulate the objective function (1) of
[OP] using the results in the previous section. The first
term of (1) can be represented as the inner product of vec-
tors as follows:

Z(x) = (w + @)t

~ (e(x) + 0° + (T))T(t?, + Vstﬂs(x))
=e(x)"TMe(x) + ITe(x) + Z(x°) (29)

where
M=V,t, (30)
l=t)+V,th(w + @) (31)
Z(x%) = (w° + @)"t) (32)

It is obvious that M + MT is a symmetric matrix, and the
following equation always holds for a square matrix M.

e(x)"™Me(x) = %s(x)T(M + MD)e(x) (33)

However, M + MT may not be a positive semidefinite
matrix. If we directly substitute (33) into (29), the objec-
tive function is not necessarily convex. For this reason,
we approximate M + M7 by the closest positive sem-
idefinite matrix Q, and we call this the convex approxi-
mation. To determine the optimal Q, we solve the follow-
ing optimization problem:

min||Q — (M + M")|| (34)
subject to

Qesy (35)

Here, SV * denotes the set of cones shaped by a N?2th-or-
der positive semidefinite matrix. According to Tanaka and
Nakata [26], the optimal Q is obtained as follows when
we use Frobenius norm as the matrix norm.

0= Apw! (36)
i:1;>0
where
NZ
M+MT = App! (37)
i=1

Equation (37) represents the eigendecomposition of M +
MT, which is a symmetric matrix. A; is an eigenvalue and
p;: is the corresponding eigenvector. By replacing M +
MT in (33) with the matrix Q obtained in (36) and substi-
tuting it into (29), we can define a new objective function:

Z(x|x%) =%£(x)TQ£(x) +1Te(x) +Z(x%) (38)

This objective function is convex because @Q is a positive
semidefinite matrix. Combining this with DARP con-
straints, we can formulate the following optimization
problem [MIQAP: mixed-integer quadratic approxima-
tion problem]

[MIQAP]

min (38) subject to (2) — (7), (8),(9), (10"), (11) — (13)

However, a solution to [MIQAP] may not be feasible
for [OP] or may not improve upon the initial solution
when the traffic assignment is performed exactly with the
UE conditions (13)-(19). Therefore, such a solution must
be eliminated by adding a valid inequality to [MIQAP].
When a solution to [MIQAP] x* = {x}|v(i,j) € A"} is
obtained, it always satisfies (2)-(9) because they are not
related with travel times. Therefore, only what we have to
confirm is whether B; Vi € N which satisfy (10)-(19) ex-
ist or not when x = x®. Moreover, we consider the fol-
lowing constraint which ensures that an obtained solution
is better than the original one.



Z(x) < Z(x%) (39)
When x does not satisfy (10)-(19) or (39) does not hold
when x = xF, we continue to solve [MIQAP] again after
adding the following constraint, referred to as “congestion
infeasible constraint” that excludes x® from the feasible
region:

sTx+1< Z xf (40)
(ipea’
where
1 ifxf=1
S {—1 if xR = 0
For example, whenn=2,xf=[1 0 0 1]7,s=
[1 -1 -1 1]7, constraint (40) is
1 -1 -1 1] x+1<2
X114 — X1z —Xp1 T X5 +1 <52
(IT—2x11) + 212+ x50+ (1 —2x5) 21
The above constraint is violated if and only if x = x*. By
solving [MIQAP] with these additional inequalities, we
can obtain a better solution than the initial one. Moreover,
since it is feasible for [OP], we can solve [MIQAP] again
inputting that solution as the new initial solution.

vi,j € N' (41)

3.4 Reformulation as a fixed-point problem

As mentioned earlier, an optimal solution to [MIQAP]
may be further improved by using it as an initial solution
for [MIQAP] and solving it again. Therefore, we formu-
late the following [FPP: fixed-point problem] to develop
an algorithm for [OP]:

[FPP]
Find x* such that x* = arg mxin Z (x|x*) (42)

subject to
(2) = (7),(8") — (10", (11) — (19),(39)

Because of (39), the optimal solution to [OP] is a fixed

point. However, it is not necessarily the unique fixed point.

Assuming that a solution x® is obtained, there may exist
a better solution x than x® such that
Z(x|x%) > Z(x®|x%) (44)
Z(x) < Z(xP) (45)
In this case, x® remains a fixed point even though it is not
the optimal solution to [OP]. If there is a large gap be-
tween Z(x®) and the optimal value Z(x*) where x* is the
optimal solution, however, the likelihood of xR being a
fixed point is low. Hence, we can consider a fixed-point
solution to be at least close to the optimal one, and further
improvement is difficult.

Accordingly, the algorithm for finding a fixed point of
[FPP] is presented in Table 1. As an initial feasible solu-
tion in Step 1, we can set an obviously feasible solution.
For example, a solution in which the number of SAVs
equals the number of SAV users, and each SAV carries
only one SAV user during its travel from one depot to an-
other depot is obviously feasible. In general, however, it
is expected that the computation time will be shorter if an
appropriate initial feasible solution in Step 1, which is
close to the exact solution, is found. A solution to the

DARP with constant travel times seems an appropriate in-
itial solution in many cases.

To solve [MIQAP] in Step 3, firstly, the relaxation
problem for [MIQAP] is defined by fixing the variables
x;j as 0 or 1 for some (i, ) € A" and changing the domain
of the variables x;; from discrete variables, x;; € {0,1}, to
continuous variables, 0 < x;; < 1, for other (i, /) € A".
By solving the relaxation problem of [MIQAP] iteratively
following the Branch-and-Cut algorithm, the original
[MIQAP] is solved. The termination criteria of the solu-
tion process for [MIQAP] in Step 3 are set by three con-
ditions: the maximum number of total iterations to solve
the relaxation problem for [MIQAP], the maximum num-
ber of iterations to solve the relaxation problem for
[MIQAP] after finding the solution that gives the mini-
mum objective value compared to the solutions obtained
so far, and the optimality gap. The optimality gap is de-
fined as 1 — (lower bound)/(upper bound) where the
lower bound and upper bound are from [MIQAP].

Next, we discuss the applicability of this algorithm. In
Step 3, we solve [MIQAP], which has similar constraints
to the conventional DARP and the quadratic objective
function. Solving [MIQAP] takes longer time than solv-
ing the conventional DARP which has a linear objective
function. Ropke et al. [16] reported that the maximum
number of users addressed in the DARP, which can be
solved was 36, and that 37.57 minutes were needed for the
computation. In Step 3, a longer computation time seems
to be needed for solving [MIQAP] addressing over 50 us-
ers, and addressing over 100 users may be difficult to
solve.

Table 1. Solution algorithm of [FPP]
Step 1: Provide a feasible solution x° for [OP].
Step 2: Calculate Q and I from x°.
Step 3: Solve [MIQAP].
If a feasible solution x® for [MIQAP] is found,
Check whether xF is also feasible for [OP]
by substituting it into (10)-(19) and (39).
If xR is infeasible for [OP]
Add a constraint (40) to [MIQAP]
and continue to solve.
If one of termination criteria is satisfied, pro-
ceed to Step 4.
Step 4: Update the initial solution.
If the solution to [MIQAP] does not equal x°,
Update x° to the solution to [MIQAP] and
proceed to Step 2.
Otherwise, output x° as a fixed point x*, and
terminate the algorithm.




4 Numerical experiments
4.1 Settings

We conducted a numerical experiment using the
Sioux-Falls network to verify the validity of the proposed
algorithm. Figure 3 illustrates the network structure and
link properties (free flow travel times and capacities). The
parameters of the BPR function are ¢ = 0.15,8 = 4.
Here, depot nodes are 4, 6, 20 and 24. Figure 4 presents
OD demands for users and nonusers. There are 40 users
and 120 nonusers in this experiment. The service duration
of each user is d; = 0 Vi € N'. The operation starts at
time 0 and ends at 300 (unit time). Each user has a loose
time window [e;, [;] = [0,300] at either the boarding or
alighting node and has a tight time window at the other
nodes. e; of a tight time window is set by randomly sam-
pling from the uniform distribution with the support 30 <
e; <300 — L if i is a boarding node, and from the one
with the support 30 + L < e; < 255 if i is an alighting
node. [; is set by adding a randomly sampled value from
the uniform distribution defined between 15 and 45 to e;.
Moreover, let R = 4,1 = 60. We use the obvious feasible
solution mentioned above as the initial solution for [FPP].
As the termination criteria of [MIQAP] in Table 1, we set
the maximum number of total iterations to solve relaxa-
tion problems for [MIQAP] at Step 3 to 25000, the maxi-
mum number of iterations to solve relaxation problems for
[MIQAP] after finding a solution that gives the minimum
objective value to 10000, and the optimality gap to 17%.
Thus, we terminate the solution process of [MIQAP] if
one of the above three criteria is satisfied.
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Figure 3. Shape and properties of the road network
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To assess the validity of the solution obtained from
[FPP], we compare the solution of [FPP] with that from a
comparison algorithm. The comparison algorithm in this
study is comprised of the Branch-and-Cut algorithm and
the UE assignment. We need to enumerate the candidate
solutions to [OP]. However, due to the nonlinear con-
straints or equilibrium constraints, we cannot apply the
Branch-and-Cut algorithm directly to [OP]. Thereby, we
solve first the relaxation problem of [OP] referred to as
“[OP] without UE constraints” for calculating OD de-
mands. We can define [OP] without UE constraints by as-
suming the travel times as fixed free flow travel times,
which corresponds to the conventional DARP as follows:
[OP] without UE constraints

min Zy,, = z t‘?s (wps + @) (46)
TSEN

subject to (2) — (13), where

%=Z&$$

aeAt

Here, 6’ is a variable which equals 1 if link a is con-
tained in the shortest path between nodes of OD pair rs,
and 0 otherwise. Thus, t is the shortest OD travel time
between nodes of OD pair rs without congestion. Then,
by applying the Branch-and-Cut algorithm to [OP] with-
out UE constraints, we can enumerate the candidate solu-
tions in which the objective function values Z,,, are
sorted in ascending order. For each candidate solution x,
OD demands w,s Vrs € 2 are calculated by substituting
itinto (13). We solve next the UE assignment problem for
calculating OD travel times t,; Vrs € £2. Then, the total
travel time Z is obtained by substituting both w,g and
t.s Vrs € 2 into (1). Finally, a candidate solution with
the shortest total travel time becomes the output of this
algorithm.

If all candidate solutions are enumerated, it is the most
ideal for obtaining the exact solution to [OP]. However,
the feasible region of discrete variables in [OP] is enor-
mous. It is practically impossible to enumerate all possi-
ble solutions. Instead, in this study, we obtain a solution
that minimizes the objective variable as much as possible
by repeating the generation of candidate solutions by the

Vrs € 2(47)



Branch-and-Cut algorithm and the evaluation of the total
travel time Z for a sufficiently long time, i.e., 24 hours.
By comparing the values of the total travel time corre-
sponding to all candidate solutions enumerated by the
Branch-and-Cut algorithm, a solution that minimizes the
objective variable is found. We define this solution as a
seemingly exact solution and compare it with the solution
obtained by the proposed algorithm.

The above series of processes is defined as the com-
parison algorithm. Table 2 illustrates the comparison al-
gorithm, Branch-and-Cut and UE based algorithm, to ob-
tain a seemingly exact solution based on the Branch-and-
Cut algorithm. As far as the authors know, this algorithm
is one of those that can provide a seemingly exact solution
for problems such as [OP], which are difficult to find an
exact solution. In the following section, we compare the
solutions and the computation times by the proposed al-
gorithm and the comparison algorithm to evaluate the va-
lidity of the proposed algorithm.

Table 2. Branch-and-Cut and UE based algorithm
Step 1: Set the total travel time of the currently optimal
solution Z* = oo
Step 2: By Branch-and-Cut algorithm, solve [OP] with-
out UE constraints where the travel times of all
links are fixed as its constant free flow travel
times.
If a feasible solution xR for [OP] without UE
constraints is found,
Calculate OD demands w,s Vrs € 2 by
substituting x® into (13).
Carry out the UE assignment to obtain OD
travel time t,; Vrs € 2 in [OP].
Calculate the total travel time Z by substi-
tuting w,s and t,; Vrs € 2 into (1).
Check if xR is also feasible for [OP] by
substituting it and t,; Vrs € 2 into (10)-
(12).
If x® is feasible for [OP] and Z < Z*
Record x® as the currently optimal
solution, and update Z* = Z
Step 3: Output the currently optimal solution as the
seemingly exact solution of [OP] and terminate
the algorithm

4.2 Result

By solving [FPP], we obtained a solution with a total
travel time of 1869.9, and its computation time was 12
hours. Additionally, the Branch-and-Cut algorithm with-
out considering congestion produced a solution with the
same total travel time, and its computation time was 24
hours, as mentioned earlier. Figure 5 illustrates the time-
series changes in total travel times obtained by the pro-
posed algorithm and the comparison algorithm during the
calculations. We confirm that the proposed algorithm con-
verged to the seemingly exact solution faster than the
comparison algorithm.
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Figure 6 illustrates the movements of SAVs obtained
from our model. Additionally, the numbers of SAVs allo-
cated to depot nodes 4, 6, 20 and 24 before the operation
are 1, 1, 3, and 2, respectively. Moreover, these numbers
remain the same at the end of the operation. Therefore, the
next operation can be restarted without any relocations.

Figure 7 presents a portion of the detailed operation
of the SAV whose movements are represented by the red
bold line segments in Figure 6, i.c., the operation of the
SAV that departs from depot node 24 and eventually re-
turns to depot node 6. Here, we confirm the SAV’s arrival
and departure times do not violate the time windows or
the maximum in-vehicle time.



4.3 Discussion

Here, we discuss the relative accuracy of the convex
approximation. Figure 8 presents histograms of the eigen-
values of M + M7 calculated in the first iteration. The
horizontal axis represents the orders of magnitude of the
eigenvalues calculated by log,o4; Vi € {1,2, ..., N?}. The
upper and lower histograms correspond to positive and
negative eigenvalues, respectively. Additionally, there are
three eigenvalues equal to zero though they are not shown
in Figure 8. The frequency distribution of positive eigen-
values, whose absolute values are smaller than 10719, is
similar to the distribution of negative eigenvalues. In con-
trast, eigenvalues whose absolute values are greater than
10719 are all positive. The matrix Q is obtained by re-
placing negative eigenvalues of M + M™ with zeros. Fig-
ure 8 illustrates that the negative eigenvalues of M + M™
are close to zero. Thus, we can obtain an accurate total
travel time by substituting a solution into (38), compared
to the value obtained using (29) without approximation.
In fact, the difference between the objective values of (29)
and (38) at the solution is smaller than 1075,
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5 Conclusion

In this research, we construct a model for operating
SAVs that accounts for congestion in the road network by
combining a static UE traffic assignment with the conven-
tional DARP. As far as the authors know, this is the first
model that considers congestion theoretically and pro-
vides detailed input and output corresponding to each ve-
hicle’s operation. Moreover, we propose a computation-
ally efficient solution algorithm to obtain a seemingly

exact solution. The results of numerical calculations
demonstrate the validity of the model and the solution al-
gorithm.

Here, we list future challenges. Firstly, traffic assign-
ment can be more realistic by applying stochastic UE or
semi-dynamic UE (e.g. [28]). Semi-dynamic UE would
help us to make a plan for a full-day operation. Secondly,
the validity of the convex approximation needs to be ver-
ified by mathematically analyzing the properties of M +
MT . Thirdly, the applicability of our model and its solu-
tion algorithm to the real-size road network problem is
currently limited, as the algorithm can only handle prob-
lems with a relatively small number of users. Therefore, a
more efficient algorithm that can solve the problem with
a significantly larger number of users is needed. Finally,
a method for obtaining the exact optimal solution remains
undeveloped. While approaches such as those by Wang et
al. [29] and Wang and Lo [30] could be considered, their
models assume OD traffic to be constant, which differs
from our approach.

List of Abbreviations: SAV: Shared autonomous vehi-
cle; DARP: Dial-a-Ride problem; OD: Origin and desti-
nation; UE: User equilibrium; GA: Genetic algorithm,
OP: Original problem, FPP: Fixed-point problem,
MIQAP: Mixed-integer quadratic approximation problem
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