. HOKKAIDO UNIVERSITY

Title On the spectral synthesis for the unit circle in FLsq(R2)

Author (s) Kobayashi, Masaharu; Sato, Enji

Journal of Pseudo-Differential Operators and Applications, 16(3)

Citation https://doi.org/10.1007/s11868-025-00728-0
Issue Date 2025-08-20
Doc URL https://hdl. handle.net/2115/98041

This version of the article has been accepted for publication, after peer review (when
applicable) and is subject to Springer Nature’ s AM terms of use, but is not the Version of

el Record and does not reflect post-acceptance improvements, or any corrections. The Version of
Record is available online at: http://dx.doi.org/10.1007/s11868-025-00728-0
Type journal article
File Information KoSa4 (2).pdf

kaido
wo¥ Uo%

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




On the spectral synthesis for the unit circle in

FLI(R?)

Masaharu Kobayashi'™ and Enji Sato?

"Department of Mathematics, Hokkaido University, Kita 10, Nishi 8,
Kita-Ku, Sapporo, 060-0810, Hokkaido, Japan.
2Faculty of Science, Yamagata University, Kojirakawa 1-4-12,
Yamagata-City, 990-8560, Yamagata, Japan.

*Corresponding author(s). E-mail(s):
m-kobayashi@math.sci.hokudai.ac.jp;
Contributing authors: esato@sci.kj.yamagata-u.ac.jp;
TThese authors contributed equally to this work.

Abstract

Let FLI(R?) denote the set of all tempered distributions f € 8’(R?) such that
the norm [|fl|lzrs = (fga (IFIFIE)(1 + [€])*)9d€)*/4 is finite, where F[f]
denotes the Fourier transform of f. We investigate the spectral synthesis for the
unit circle $* C R? in FLI(R?) with 1 < ¢ < oo and s > 2/q’, where ¢’
denotes the conjugate exponent of q.
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1 Introduction

In commutative harmonic analysis, there is an important problem of determining
whether the spectral synthesis holds for a given Banach space B and a given subset FE
of R™. To be more precise, let (B, || - ||z) be a Banach space of bounded continuous,
complex-valued functions, i.e., B C Cp(R"™), and assume that C°(R"™) is dense in B
and convergence in B implies pointwise convergence. For every closed subset E of R™,



we set I(E) :={f € B | f|lg = 0} and define J(E) as the closure in B of the set
{f € C(R™) | f =0 in a neighborhood of E}.

Here, f|g = 0 means that f(z) = 0 for all x € E. Since I(E) D J(E), it is natural
to ask whether I(E) C J(F) holds. If I(E) = J(F), then FE is called a set of spectral
synthesis in B. Let A(R"™) be the Fourier algebra of all functions on R™ which are
the Fourier transform of functions in L'(R™), also denoted by FL{(R™) elsewhere.
It is well known that A(R™) C Cy(R™) by the Riemann-Lebesgue lemma and A(R™)
is a Banach algebra with respect to pointwise multiplication and the norm || f||4 :=
|FUf1l 22, where F[f](€) := [gn f(x)e " dz. The first counterexample of the spectral
synthesis was given by Schwartz [25] and he showed that the unit sphere S"~1 := {z €
R™ | |z| = 1} is not a set of spectral synthesis in A(R"), if n > 3. Surprisingly, Herz
[17] showed that the spectral synthesis holds for S' in A(R?). Motivated by these
results, Varopoulos [29] extended Herz’s method to higher dimensions to study this
gap and showed that S"~! (n > 3) is of weak synthesis, i.e., the closure in A(R") of
the set {f € C°(R™) | f|g = 0} is equal to I(S™"1). On the other hand, Reiter [22]
showed similar results in the Fourier-Beurling algebras FL!(R") and proved that S*
is a set of spectral synthesis in FLL(R?) if 0 < s < 1/2, and S is not a set of spectral
synthesis in FL!(R?) if s > 1/2. The study of spectral synthesis is also related to a
uniqueness property for PDEs (see for example [16] and Section 6 below). The reader
is referred to [5], [6], [7], [23], [24], [27] for more details on the spectral synthesis.

In this paper, we investigate the spectral synthesis for S! in the Fourier-Wermer
algebra FLI(R?) with 1 < ¢ < co and s > 2/¢/, which gives an answer to the problem
proposed by Domar [6]. The precise definition of FLZ(R"™) will be given in Section
2.2, but we remark that FLI(R"™) C Cyp(R™) and FLI(R") is a Banach algebra with
respect to pointwise multiplication if 1 < ¢ < oo and s > n/q’. “Spectral synthesis in
FL?” is a classical topic, but recently it has been found to be useful in determining
“Spectral synthesis in modulation spaces MP?” (see [11], [12]). Our results are as
follows:

Theorem 1 Let 1 < g < oo and s > 2/¢ 4+ 1/2. Then St is not a set of spectral synthesis
in FLY(R?).

Theorem 2 Let 1 < ¢ <2 and 2/q' < s <2/q +1/2. Then St is a set of spectral synthesis
in FLY(R?).

Moreover, we have the following result for n > 3.

Theorem 3 Let 1 < ¢ < oo and s > n/q. Then st (n > 3) is not a set of spectral
synthesis in FLI(R™).



We explain the organization of this paper. After the next preliminary section
devoted to the definitions and basic properties of FL4(R"™) and a set of spectral syn-
thesis, we prove Theorem 1 in Section 3. Theorems 2 and 3 are treated in Sections 4
and 5, respectively. Finally, we give an application of spectral synthesis to PDEs and
some remarks on closed ideals in FL?(R?) in Sections 6 and 7.

2 Preliminaries

The following notation will be used throughout this paper. The notation I < J means
that I is bounded by a constant times J and we write I ~ J if I < J and J < 1. We
use C to denote various positive constants which may change from line to line. The
closed ball with center zp € R™ and radius R > 0 is defined by B, (zo, R) := {z €
R"™ | |z — 29| < R} and its Lebesgue measure is denoted by |B,(zg, R)|. For € R"
and E C R"™, we set d(z, F) := inf{|z — y| | y € E}. We define for 1 < ¢ < oo and

seR »
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and [|f||ze := ess.sup,ern (2)°|f(z)] with (z) := 1 + |z|. We simply write LI(R")
instead of LI(R™). For 1 < ¢ < oo, ¢’ denotes the conjugate exponent of ¢, i.e.,
1/¢+1/¢ = 1. Let C.(R™) be the set of all f € C(R™) such that supp f is compact.
Also let C°(R™) be the set of all f € C*°(R™) such that supp f is compact. If
1 <g< ooands € R, then CX(R") is dense in LI(R™). As in the proof of [23,
Proposition 1.6.11], we can easily see

lim [|f(- =) = f()llez =0 (1)

[t]—

for 1 < ¢ < oo and f € LI(R™) (see [8], [15], [26] for more details on the
weighted function spaces). Let S(R™) be the Schwartz space of all complex-valued
rapidly decreasing infinitely differentiable functions on R™ and S&’'(R™) be the set
of all tempered distributions, i.e., the topological dual of S(R”) We use (f,g) to

denote the extension of the inner product (f, g)r2®r») = fR" t)dt on L*(R") to

FLI(R™) x fLZ,S(R”) (see Section 2.2 below). The Fourier transform of f € L'(R")
is F[f1(€) := Jgn f(x)e"*¢dx, and the inverse Fourier transform of h € L'(R") is
FU[h)(z) = (20) " FIR](—). We note that (£, g) 12y = (21) " (FIS], Flgl s ey,
Flf*g] = [f] f[ ] and ]-_[fg} ( )" (F[f] * Flg]), where the convolution f * g is
defined by (f fRn x —y)g(y)dy. Moreover, xg denotes the characteristic
functlonofasetECR" ie. XE( )=1(ifzxeFE),=0(fzx ¢ E).

2.1 The Bessel functions
Let k € Z. Then the Bessel function of the first kind of order k is defined by

1 27 L .
()= o /0 gitsind=ik0 gy (4 (). )



We also note
1 o it cos 6 1 T it cos 0
Jo(t) = — e do = — e de.
271— 0 ™ 0
The Bessel function has the following interesting properties (see for instance [13,
Appendix B, [28, p.153, p.158], [30, p.18]).

Lemma 4 We have the following.

(i) Jy(t) =0t V%) ast =00 (k=0,1,2---).
i) Ji(t) = (=) J_x(t) (k€ Z).

jit) L{tF ()} = —tF T (t) (k=0,1,2--).
) F{ET () =t Tea(t) (k=1,2,---).

2.2 The Fourier-Wermer algebra

Let 1 < ¢ < oo and s € R. Then FLI(R™) is the set of all f € S'(R™) such that the

norm
1/q

2z = ([ (PN )

R”

is finite. It is well known that (FLZ(R"),||-||zLe) is a Banach space and its dual space
is FLY (R"), i.e., ¢ € (FLY(R™))' if and only if

1

(277')” Rn

() = FUNOFoI(&)dE =: {f,¢) (f € FLLR"))

for some ¢ € FLY (R™) with [[€]lop = (27) (|6 ;o - We note that if 1 < g < 00, s >

n/q and f € FLY(R™), then F[f] € L*(R™) by the Hélder inequality, and thus f is
continuous and vanishes at infinity, i.e., f € Co(R™), by the Riemann-Lebesgue lemma.
Thus the inversion formula f(x) = F~[F[f]](z) holds for all x € R™. Moreover since
FIfI(&) = F[f](=€), we have f € FLI(R™) whenever f € FLI(R"). Therefore for

NS ]-'Lq_lS(R"), we can define ¢ € ]-"Lq_/S(R") by

(f:0):=(f,0) (f € FL{R"))

and obtain

(f.0)=(2m)™" [FI(=E)FI81(£)dE = (2m) =" (F[f] * F¢])(0).

Rn

We also note that if 1 < ¢ < oo, then FLI(R") is a multiplication algebra if and only
if s >n/q (see for example [3], [19, Proposition B.2]). In some literature, FLI(R™)
are called the Fourier-Lebesgue spaces, but following a suggestion of Feichtinger [10],
we call FL1(R"™) the Fourier-Wermer algebra because they are the Fourier images of
convolution algebras L4(R™) that were studied in the early paper of Wermer [31] (see
also [5]).



In the following, we often use the following lemma.

Lemma 5 Let 1 < ¢ < oo and s > n/q’. Then for f € FLER"™) and ® € Lq_ls(Rn), we have
the following:

(1) F[f]* ® is a continuous function on R".
(i) F[f] = ® e LT (R™).

Proof (i) Let &5 € R™ and € > 0. Since F[f] € L{R™) and C°(R™) is dense in LI(R™),
we can find ¥ € CZ°(R"™) with [|F[f] — ¥[| e < ¢ and supp ¥ C By(0, R) for some R > 0.
Moreover, since ¥ is uniformly continuous on R", there exists 0 < § < 1 such that

sup  |U(n1) — ¥(n2)| < e(l+ |&| + R)*(Hn/q). 3)
[m1—n2]<8

Now we show F|[f]x® is continuous at £y. Suppose |9 —&| < §. Then the Holder inequality
implies

(FL1* @) () = (FIf) * @)(©)] = ] [ Fineo = m = Fine =) <1>(n)d77'

<Ml o 171710 =) = FIAE = llzs-

On the other hand, we note that
1/q

IF)(E — ) — W(Eo — )l = ( /R (FLF1n) — 2] (6o — m)®)" df)

n

< (&) IIF[f] = ¥l s < eléo)”
and similarly
W€ =) = FIAE = lps < E°IFf] = ¥lps <2°=(&0)”.

Therefore, we have

[FLA1(&0 =) = FIFE = lrs

< NFIA1& =) = ¥ (6o — Illpg + W0 — ) = W€ = )llps + W€ =) = FIAE —)lls

< (1+2%)e(0)” + [19(€0 — ) — W (& — )lle-
Moreover, since supp V(&g —-) C Bn(0, |o] + R) and supp W(£ —-) C Bn(0,1+|&| + R), we
have

supp |¥(§o — ) — ¥(§ — )| C Bn(0, Ro)

with Ry := 1+ |£o| + R. Combining these estimates with (3), we have

1/q
1@ (€o — ) — T(E— g = (/B . (W&o —n) — (- n)l(n)‘g)qdn>

1/q
< eRyet/9) ( / <n>San> < 2%|Ba(0,1)]"/9,
B,,(0,R0)

which implies the desired result.
(i) Let g € LI(R™). Then the Holder and Young inequalities imply

[ s a@sa < [ ([ e - wls©ie) el

n



<@l o

[ 7= oteyae]|
<l (FAlzallglics + 17 lgllze)
Sl@lze 1fllFrallgllna
(cf. [19, Proposition 3.4]). Hence F[f] +® € LY (R™). .

Remark 1 We can also prove Lemma 5 as follows: Since LZ(R") is a convolution algebra and

(FIf] = ®,g) = (P, F[f] * g) (at least for test functions), we have
(FIf 2,9 < (1@l o IF[F]*gllez SNl o [1FllFrzllglce-

Hence F[f]*® € L‘i/ <(R™). The continuous translation property (1) then also gives continuity.
We also consider the differentiability of f in FLI(R?).

Lemma 6 Let 1 < ¢ < oo and s > 2/¢’ + 1/2. Suppose that f € FLI(R?) be radial, i.e.,
f(x) = fT(|z|) for some fT(p) (p > 0). Then ft(p) is differentiable and satisfies

I I < Collfllzs (0> 0). (4)

Proof Let p > 0. To see this, we use the polar coordinates £ = (r cos @, rsinf). Since F[f] is
also radial, F[f](¢) = F[f](|£],0) and thus

(f)p) = f(p,0) = ﬁ/m FIAO)E 0 g

_ ﬁ /O 2” ( /0 = A Ao, O)eimwserdr) d

— - [ A0 RErar

where Jy denotes the Bessel function defined in (2). Then by the mean value theorem and
Lemma 4 (iii), we have for h € R with |h| < p/2

fflo+h)—ftp) 1 [ Jo((p+ R)r) — Jo(pr) 2
_ ﬁ/o FIf](r,0) 2y

h rh
- % /000 FLf](r, 0)(ReJh((p + 1h)r) + il ((p + O2h)r) )i dr
= % /0°° FIf](r,0)(ReJ1 ((p + 01h)r) + ilmJy ((p + O2h)r))r2dr

for some 61,02 € (0,1). We note [J1(¢)] < 1 (¢t € R). Moreover, since Ji(r) = O(r71/2)
(r = o0) and (p+ 0;h)r > pr/2 (i = 1,2), we have

27 [e'e)
<c, /O /O FLA(r, 0) () 2rdrdo

/OO Flf](r, 0)r2r71/2dr
1
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Therefore, the Lebesgue dominated convergence theorem implies that f+(p) is differentiable
and (4) holds.
d

The following lemma will be used in Section 7.

Lemma 7 Let 1 <

g <2and 2/¢ <s<2/¢ +1/2. For h € Ce(R?) N FLL(R?) with
h(0) =1 and f[h](f) >0

, we define

Sp(FIR])(€) := P> FIRI(p€) (€ € R?).

Then we have

Tim_ 1195 (FIR) « 7] - F(fll2 =0 ©
for all f € FLI(R?). Equivalently, we have
Jim [[1(2)70) = 0], =0 (©)

for all f € ng(R2)A

Remark 2 Let g = %X[—l,l] (t) (t € R) and define a B-spline type function h by
M) :=c((g*g*g*g)(z1)-(9*9g*gx*g)(r2))

with & = (z1,22) € R? or equivalently F[h](¢) = c(Sigl—lgl)4(s'if§1—2€2)4 with £ = (€1,&2) € R2.

Here ¢ is so chosen that h(0) = [g. F[h](£)dé = 1. Since f[%X[—l,lﬂ(t) = % and s < 2,
we can easily see h € Cc(R?) N FLL(R?).

The proof of Lemma 7 We note h(0) = ng Flh](n)dn =1 and

(S,(FIA) < FLD©) = [ FIbley ( f) dn.

By the Minkowski inequality for integral we have

15 (<A 700 = Ffllz < [ 1701|7171 (- 2) = F1A0

On the other hand, for all n € R", we have

dn.
L3

Jm (1) —f[f](-)HLg —0
and

|71(- =) = F10)] , < ) I lrns +1Flras < Crn)®

for p > 1. Since h € FLL(R?), the Lebesgue convergence theorem shows (5), and thus (6).
]




2.3 Closed Ideals in FLI(R")

Throughout Section 2.3, we assume 1 < ¢ < oo and s > n/q’. Let I be a linear subspace
of FLI(R™). Then I is called an ideal in FLI(R") if fg € I whenever f € FLI(R"™)
and g € I. Moreover, if an ideal I in FLI(R™) is a closed subset of FLI(R"), then I
is called a closed ideal in FLI(R™). For a subset S of FLI(R™), let {Ix}rea be the
set of all ideals containing S. Then the set (), I is called the ideal generated by S.
We note that the closed ideal generated by S coincides with the closure of

ijgj ’ fj c ]:LZ(R"),gJ c S,n eN

j=1

Definition 1 Let I be a closed ideal in FLI(R"™). Then the zero-set of I is defined by
Z(I) == () f71({0}) with /71 ({0}) := {= € R* | f(x) = O}

fel

We note that x € Z(I) if and only if f(x) = 0 for all f € I. Moreover, Z(I) is a
closed subset of R™ whenever T is a closed ideal in FLY(R"). In fact, if f € FLZ(R"),
then f is continuous on R™ and thus f~1({0}) is a closed subset of R".

The following lemma seems to be known to many people, but for the reader’s
convenience, we give the proof.

Lemma 8 Let E be a closed subset of R" and set
I(E) = {f € FLIR") | flg = 0}.
Then I(E) is a closed ideal in FLI(R™) with E = Z(I(E)).

Proof Tt is clear that I(F) is an ideal in FLZ(R"™). To see I(E) is closed, let f € FLI(R"),
{n}oes C 1(E) and | fo — fllygs — 0 (n — o). Since

[fn = fllee SIFfn] = Flf e S W e = FllFre,
we see that {fn}oe; converges pointwise to f on R". Since fn|g = 0, we have f|g = 0, and
thus f € I(E). Hence I(E) is closed. Next, we prove E = Z(I(E)). Since E C Z(I(E)) is
clear, we show Z(I(E)) C E. Suppose zo € E. Since F is closed and CZ°(R™) ¢ FLI(R™),
there exists f € FLL(R™) such that f(xg) = 1 and f|g = 0. Then f € I(E) and f(xq) # 0.
Thus zg ¢ Z(I(E)), which implies the desired result.
O

Definition 2 Let E be a closed set R™. Then E is called a set of spectral synthesis for
FLIR™) if we have I} = Iy when Z(I1) = Z(I3) = E for two closed ideals I1 and I (i.e., a
closed ideal I with Z(I) = E is a unique closed ideal).

We also prepare the following lemma, which also characterizes the closed ideal in
FLIR™) (cf. [24, Theorem 7.1.2]). In the following, we call a closed ideal I in FLZ(R™)
modulation invariant if [M,, f](z) := €**" f(z) € I whenever f € I and n € R™.



Lemma 9 Let [ be a closed ideal in FLI(R") and ¢ € .7-"Lq_ls (R™). Then
(M_pnf,¢)=0 (7
for all f € I and n € R™ if and only if
(f,0)=0 (8)

for all f € I. Moreover, every closed modulation invariant subspace of FL{(R") is an ideal
in FLI(R™). Conversely, every closed ideal in FLZ(R™) is modulation invariant.

Proof We give the proof only for (8) implies (7); the other case is clear. Assume that (8) holds
for all f € I. By Lemma 5, F|[f] * F[¢] is continuous and f¢ € FLL ,(R™). Moreover, since

(M_nf,¢) = 2m) " (F[f] * Fle])(n) = Ffl(n),

we need to prove f¢ = 0. By duality, it suffices to prove (g, f¢) = 0 for all f € I and
g € FLLR™). Let f € I and g € FLI(R™). As in the proof of Lemma 5 (ii), we have

[ 17U - il FEIFE@ldedn £ 1717 lloll 1 18] -

Thus it follows from the Fubini Theorem that

(0. 19) = o) [ (7L« Fla)(©) Fal(Ede

=07 [ (PN F@)OFRIEE = (13.9)

Since g € ]-'Lg(R")iand I is an ideal in FLI(R™), we have fg € I and thus (fg,¢) = 0.
Hence we have (g, f¢) = 0.
Finally, we prove the characterization of a closed ideal in FLI(R"™). Let I be a closed

ideal in FLZ(R"™). Suppose that ¢ € ]-'Lq_/s (R™) and (8) holds for all f € I. Then by (7)

(M_nf,¢)=0 9)
for all f € I and n € R". If I is not modulation invariant, then there exist fo € I and ng € R"
such that M_,, fo & I. Then the Hahn-Banach theorem and (FLI(R™))" = FL? (R") imply

that there exists ¢g € ]:Lq s(R™) such that (f, o) =0 for all f € I and (M_y, fo, po) = 1.
This contradicts (9). Conversely, we assume that [ is a closed modulation invariant subspace
of FLI(R™). If I is not an ideal in FLE(R™), then there exist fo € I and go € FLL(R™) such

that fogo € I. Then the Hahn-Banach theorem implies that there exists ¢g € J-"L‘ils(R”)
such that

(f,¢0) =0 (10)
for all f € I, and
(fogo, ¢0) = 1. (11)

On the other hand, since I is modulation invariant, we have M_¢ fo € I for all £ € R™. Thus
we have by (10)

Flfodol(€) = (2m) ™" (F[fo] * Fldo])(§) = (M_¢ fo, $o) = 0. (12)

Hence fodog = 0 and thus (fogo, ¢o) = {go, fodo)) = 0. However, this contradicts (11).
(]



3 The proof of Theorem 1

Throughout Section 3, we simply write I(S') in Lemma 8 as I. Let I be the set of
all functions g on R? with g = f2, where f € FLI(R?), f|s1 = 0 and f is the inverse
Fourier transform for some radial function on R?, and define I; as the closed ideal
generated by Iy in FLY(R?). We note Z(I) = S by Lemma 8. Moreover, by Lemma
9, I is the smallest closed modulation invariant subspace of FLI(R?) with Iy C I;.
Thus I; coincides with the closure of the set

H:= Ze”’”jgj(x) ’ n; €ER? g;€lp, me Ny . (13)
j=1

In the following, we show Z(I;) = S and I # I, which implies S is not a set of
spectral synthesis in FL?(R?). To prove I # I, we construct £y € (FLI(R?))" and
fo € T\ I such that ¢y = 0 on I; and ¢y(fo) # 0.

3.1 Technical Lemma

In the following lemma, p denotes the Radon measure in R? corresponding to a mass
distributed homogeneously over the unit circle S, i.e.,

REZOE % /O " ( /0  F(rcost, rsin 9)rd61(r)> o),

where §; is defined by fooo h(r)déi(r) := h(1) for h € C([0,00)) (see for instance [21],
[25]).

Lemma 10 Let 1 < ¢ < oo and s > 2/¢’ + 1/2. Define the function kg defined by
iT 1 2 i|§| cos
(@) = [ e Sduta) = o [0 (¢ e )
and set Ko (&) := i€oko(€) with £ = (£1,&2) € R%. Then
o) = [ FA©OK©d (7 € FLURY) (14)

defines a bounded linear functional on FLI(R?).

Proof We first note that |ko(€)| < 1 (€ € R?) and ko (€) = O(|¢]71/?) as |¢| = oo (see Lemma
4 (i)). Moreover, since |¢&| < [€] < [€]'/? whenever |¢| < 1, the Holder inequality show that

o (f)] < /R POl lko(©)ldg
< / L) 1e) 2de + / FUE) e €)™ e
[€1<1

|€1=1

— 1/2
<20 2 L I f e

10



We note that s > 1/2 + 2/q’ implies (—s + 1/2)¢' < —2. Thus £y defines a bounded linear
functional on FLY(R?).
O

Remark 3 Let 1 < ¢ < 0o, s = 1/2 4 2/q’ and define fy by

FUol(€) = Xjg<2(€)[€] 7 (log [¢) ™ san (Ko (€))-
Then fo € FLY(R?) and |¢o(fo)| = co. Thus £g is not bounded on FLI(R?).

3.2 The proof of Theorem 1
We divide the proof into three parts.

Step 1. We first prove Z(I;) = S'. Let 9 € S' and f € I. Since I; is the closure of
H defined in (13), there exists {f,}52, C H such that ||f — f,|lzrs — 0 (n — o00).
We note that f,,(zo) = 0, and thus

[f(@o)| = [f(z0) = fu(xo)| S IFUT = Flfulller SIf = Fullzrs,

which implies f(x¢) = 0. Therefore S* C Z(I1). On the other hand, if 2o & S', then
there exists a radial function f € C°(R?) such that f|g1 = 0 and f(z¢) # 0. Thus
g:= f?€Iyand zo € g~ ({0}), which implies zq & Z(I1).

Step 2. To prove I # Iy, we first show ¢y = 0 on I, where £, denotes the bounded
linear functional on FL?(R?) defined in Lemma 10. We note that since I is the closure
of H, it suffices to show (M,g) = 0 for all g € Iy and n € R. Let g € Iy and € R.
Then

) = [ Femle™gl@)©Ko(e)de

= | Flgl(€ —n) (it | e¥du(y) ) d¢
IR G
= /R , ( - Flgl(€ —m) aa [eiyﬁ]dg> dp(y)

9y2

- [ (o [ Flalte — messie) anto)

9y2 Jre

—e0? [ (G (9] ) duto)

On the other hand, since g = f? for some radial f € FLI(R?) with f|s1 = 0, we have

— [eVg(y)] = (ai[eiyno g(y) +€'v" (6g> (v)

0y2 Y2

11



= (™) () + 26 ) 5L ) =0

for all y € S'. Therefore, we obtain £o(M,g) = 0.

Step 3. Finally, we show I # I;. The proof is completed by showing that there exists
fo € I such that £y(fo) # 0. Let 7 be a nonnegative function in C2°(R?) such that
7(z) = 1 on By(x(®),107%) and supp 7 C By(z(®,10~%) with z(© := (1/2,1/3/2), and
define fy € C(R?) by

fo(z) = T(fﬂ)(mz —y/1 —ﬁ), x = (x1,1) € R%

We note that fy|s1 = 0 and %(z) = 0877—2($)($2 —+/1—2%) + 7(z), and thus
g—fg > 0 on S'. Therefore in the same way as Step 2, we obtain

i) = [ FRIORE

- /R 2 ((,;22 5 f[fo]<£>e”5d§> ()
0o

= @) | S @dnta)

— (2m)?2 /R (;;(x) (1:2 _ M) + T(x)> du(x)
= (2m)? /RZ 7(2)dp(r) = 21 /027r 7(cos 6, sin 0)df > 0,

which implies the desired result.

4 The proof of Theorem 2

Throughout Section 4, we assume 1 < ¢ < 2 and 2/¢’ < s < 2/¢' + 1/2. Moreover, we
simply write I instead of I(S!), and J denotes the closed ideal in FL?(R?) generated
by

J%:={f € FLYR?) | f =0 in a neighborhood of S'}. (15)

We note that I is the biggest closed ideal I’ in FL?(R?) with Z(I') = S', and J
is the smallest closed ideal I” in FL?(R?) with Z(I") = S! (see Theorem 17 below).
In the following, we show I = .J, which implies S! is a set of spectral synthesis in
FLi(R?). Since J C I is clear, we need to prove I C J. The proof is completed by
showing the following:

12



Proposition 11 Let I’ be a closed ideal in ng(RQ) and fo € ng(RQ). If every ¢ €

FL{I_IS(R2) such that F[¢] € C(Rz) and (f,#) = 0 for all f € I’ satisfies (fo, ) = 0, then
foisin I'.

We use Proposition 11 with I’ = J and fy € I. Moreover, to prove “every ¢ €

}"Lq_/S(RQ) such that Fl¢] € C(R?) and (f,¢) = 0 for all f € J satisfies {fy, #) = 07,
we use an idea derived from Herz [17]. In the following, FM (R?) denotes the set of
all Fourier-Stieltjes transform of the bounded regular Borel measures M (R?), i.e.,

PR = {7 | Flulo) = |

e dp(¢), pe M(RQ)}-
R2

Proposition 12 Let ¢ € ]—"L‘L(R%, Fl¢] € C(R?) and (f,¢) = 0 for all f € J. Then there
exists {on|@]}n C FM(R?) such that

(i) onl¢] = Flun) for some p, € M(R?) with supp p, C S?.
(@) llonl@ll o < Cllollzpa -

(iii) {on]¢]}n converges to F[@] uniformly on any compact set of R?.

In fact, if Propositions 11 and 12 are true, then we can prove Theorem 2 as follows:

Let fo € I and ¢ € fL{i/S(R2) be such that Fl¢] € C(R?) and (f,¢) = 0 for all
f € J. Then there exists {0,[¢]}, C FM(R?) satisfying (i)-(iii) in Proposition 12.
Since F[fo]- F[#] € L' (R?) and F|fy] € LI(R?), for any € > 0, there exists a compact
set K such that

| 1FmleFeIeE < 5
R2\K

and

1/q
( /| 2\K(|f[fo}(£)<£>s)qd§> < T

where C' denotes the constant in Proposition 12 (i7). Then we have

3
i@\ k)lonl9ll Lo rav i) < -

| 1Pl ©mlol©lds < (5o
R2\K

Therefore,

4o = ool 5| [ FUsl©) (FINE - 7. 1617
# [ FUIOFO] + loalelEl)

< sup | FI01(€) = oulol(©)] | 1FU)Olds + 5.

£EK

13



On the other hand, since fo|g1 = 0 and supp pu, C S*, we have

R?2

i) = )2 [ FRIE ([ et )

—en [ ([ Fnl©esas )ant) = [ Rl o
R? \J/R? R?
For this reason (fy, ¢) = 0, and we conclude fy € J by Proposition 11.

4.1 The proof of Proposition 11

Let p € fL‘i/s(Rz) be such that (f, ) = 0 for all f € I'. To show fy € I, it suffices
to prove (fo,¢) = 0. In fact, if fo ¢ I’, then the Hahn-Banach theorem yields a
contradiction. Moreover, since (fo, ) = F[fo@](0), it suffices to prove fop = 0. We
prove this by the duality argument. Let g € FL?(R?). Since g € FLI(R?) and I’ is an
ideal in FL(R?), we see fg € I' whenever f € I'. Thus (f, gp) = (fg,¢) = 0 for all

f € I'. On the other hand, by Lemma 5 we have gp € ]-'Lq_,s(RQ) and Flgyp] € C(R?).

Thus by our assumption, (fy, gp) = 0. Therefore (g, fop) = (fo,9¢) = 0, and thus
fop =0.

4.2 Technical lemmas

Throughout Section 4.2, we assume that ¢ € ]-'Lq_,S(RQ) satisfies F[¢] € C(R?) and
(f,¢) =0 for all f € J. In the following, we show that ¢ satisfies F[¢] + A[F[¢]] = 0,
where A stands for the Laplace operator. For this, we introduce auxiliary functions
Gy and @5, in Lemmas 13 and 14.

Lemma 13 Define Fy(£) := F ' [xp,(0,1/2)](€) and Go(§) := (Fo(£))? for £ € R*. Then we
have

(i) Go(§) = O(I€]7?) (I§] — o0).
(i) F[Gol(z) = 0 (|z[ = 1).
(iii) Gy € L{(R?).

Proof (i) We use the polar coordinates £ = (Rcosn, Rsinn) and « = (r cosf,rsin@). Since
z€ = Rrcos(6 — 1), we have

1 1/2 2 iRr cos(0—n) 1 1/2
Fo(¢) = (27)2/0 T /0 e de | dr = E/o rJo(Rr)dr

by the periodicity of the cosine function and the definition of the Bessel function Jy. Moreover,
it follows from Lemma 4 (i) and (iv) that

Fo(§) = ﬁ

as R = |¢| — oo. Hence Go(€) = (Fp(€))? = O(|¢]?) as [¢] — oo.

R/2 1 r=R/2 —3/2
/0 rIo(r)dr = o PR (=g = O(R?)

14



(i) Since Gy € C(R?), (i) implies Go € L*(R?). Therefore

FlGol(z) = (2m) (XB2(0,1/2) * XB2(0,1/2)) ().

Hence we obtain supp F[Go] C B2(0,1/2) + B2(0,1/2) = B2(0,1).
(i) By (i) and the continuity of Gp, we see that Gy € LI(R?) if and only if
f|§|21(|G0(£)\<£)5)qd£ < 00, which is equivalent to (3 — s)g > 2. Hence, we get Gy € LI(R?)
by our assumption on s.

|

Lemma 14 Let h > 0 and Gg be the function defined in Lemma 13. Define
B(a) = [ TG F@E (@ € R,

Then supp ®;, C Kj, := {x € R? | d(z, S*) < 2h}.

Proof We first note

Felule ™ Go(he))(u) = (27r1h)2 F[Go) (m ; u)

and thus

¥(2) = oz L, 7 [F160) ()] © @

By our assumption on ¢, it suffices to show F[Gy] (xT_) eJOcuif d(z, Sl) > 2h. Suppose
d(z, S1) > 2h and let y € R? be such that d(y, S1) < h. Since |z—y| > d(z, S*)—d(y, S*) > h,
we have F[Go] (%) =0 by Lemma 13 (ii). Hence, F[Go] (%) € JO.

(]

Lemma 15 ¢ satisfies F[¢] + A[F[¢]] = 0.

Proof We will divide the proof into four parts.

Step 1. Let f € FLLR™) and ®;, be the function in Lemma 14. Firstly, we show

oo St ([ rera)” ([ e

To see this, we first note that ®), € L*(R?) and Go(h&)F[p](€) € L (Rg)7 since

|®p(z)| < / |Go(hE)I|F10)(§)dE < CrllGollpalloll ;o
R? =
and supp ®j, C K}j,. Then the Fourier inversion formula yields

Go(h&)FI(€) = (2m) > F @) () = (2m) > F[@4](—€)
for all £ € R%. From the above equality with Go(0) = 1, we obtain

(2m)*(M—n f,¢) = (F[f], FIMye]) L2 (m2)

15



= (FIf1(), Go(0) F[¢l(§ — n)) L2(r2)
= 1ir,§1¢i0nf<f[f} (&), Go(h(& —m)FISI(€ —m)) L2 (R2)

= (2m) i inf (FIF1(€), Fn] (1 = ) 2(r)

= (2m) " T inf (FI/1(€), FIMy®a]) 2 m2)

= liminf(f, M,®},).
im i (fs My®p)
Hence, the Cauchy-Schwarz inequality and the Plancherel theorem yield the desired result.

Step 2. Secondly, we prove

1/2 )
([ wara) < om0y, (16)
K —s
for 0 < h < 1/2. Since ®j(z) = Feso[Go(hE)F[¢](€)](x) and supp ) C K, we obtain by
the Plancherel theorem and the Holder inequality with —— + % =1,
q’—2 2

[ m@Pae s [ Gkl (Ferele ) d

’ ’ (q/_2)/q/
< < [ (Gotole)™ /@ d&)
R2

On the other hand, we note (£/h) < (£)/h for 0 < h < 1/2, and 2¢' (=3 +5)/(¢’ —2) < =2 if
and only if s < 2+ 2/¢’. Thus we obtain

"I(q" s\ 24'/(4'—2) 2eq
/Rz (IGo(he)[(€)") /1T~ g = %/R (\Go(f)l <%> ) de < h2 T,

since G is continuous and satisfies Go(€) = O(|¢|~3) as |€] — oo. Combining these inequal-
ities, we obtain (16).

2

Step 3. Thirdly, we show that there exists fo € FLL(R™) such that
/ |fo(x))?dz = O(h®) (as h — 0).
K

Let k € CZ°(R) be such that supp k C B1(0,3/2), k(t) =1 on B1(0,5/4) and 0 < k(t) < 1
(t € R), and define real-valued 7 € C°(R?) by 7(z) := k(|z|). We first show ¢ = 7¢ by the
duality argument. Let g € C2°(R?) ¢ FLI(R?) and ¢ € C2°(R?) be such that ¢(z) = 1 on
supp g. Moreover, define real-valued 79 € C&° (RZ) by

o(x) = (1 = 7(2))¥(x).
Then supp 79 C RQ\SI, 7(z)+70(z) = 1 on supp g and St c int(supp 7). Since g = (7+70)g,
we obtain

<g7¢> = <g77—¢> + <ga TO¢>'

We note that 79 = 0 in a neighborhood of Sl, and thus 79 € J. Moreover, since J is closed
modulation invariant subspace of FLI(R™), we have Myry € J for all 5 € R2. Thus, we
obtain

Flrool(n) = (Mo, ) =0,

16



which implies (g, 70¢) = 0, and thus (g, ¢) = (g, 7¢). Hence ¢ = 7¢. From this we get
Flg)(n) = Flrdl(n) = My, ¢) (1€ R).
Moreover, since F[r] € S(R?), we have

Flol(n) + AlF[ll(n) = (1 + An)[MyT], ¢) = (M fo, ¢),
where we denote fo(z) := (1 — |2|?)7(z). Therefore,

14+2h
/ | fo (@) 2da = / (1= |22)2|7 (@) 2de < Cl|r|| e (1 — |1+ th)?/ rdr < Oy h®
Kp Ky, 1-2h

for 0 < h < 1/2. Hence, we obtain the desired result.

Step 4. Finally, we prove F[¢] + A[F[¢]] = 0. Let fu be the function defined in Step 3. Then
by Step 1. we have

atno. | S timint ([ (@) ([ 1onoPde) Stiminen® > <0

by our assumption s < 1/2 4+ 2/¢’, and thus

Flel(n) + AlF[oll(n) = (My fo, ¢) = 0.

4.3 The proof of Proposition 12

Let k € Z. We consider the polar coordinates £&; = rcosf and & = rsinf in R?, and
define a function ¢ on R? by

Florl() := Cu(gsr)e™ (€ = (61,6) € R?)

with
1 27

Cr(p;r) == o ), Flo)(r cosw, rsinw)e ™ * dw.

Step 1. We first show that ¢, satisfies F[¢i] € C(R2), ¢ € FLY (R2) and (f, ¢i) =
0 for all f € J. The continuity of F[¢y] follows from

27 —6
Flow](€) = QL Fl¢](rcos(w + 0), rsin(w + 0))e”*dw
m™J-6
- 2i 2m Flo)(r cos(w + ), rsin(w + 9>)€—ikwdw
T Jo

and the continuity of F[¢] with the Lebesgue convergence theorem. To prove ¢ €
FLY (R?), we note that by the Holder inequality

27
| Flow](&)] < % ; | Fl¢](r cosw, rsinw)|dw

IN

27 1/q
(2m)t/a—1 (/ | F o] (r Cosw,rsinw)q/dw>
0

17



and also we have

o] 2
”QS”j;L‘i’ :/0 (/0 |}"[¢](rcosw,rsinw)|q/dw> <r)_sq/rdr.

Therefore,
, 27 e , ,
lorllL . :/ (/ | Fléx](rcosb,rsinh)|? (r) 5 rdr) do
- 0 0

27 [e%s) 27
5/ (/ (/ |f[¢](rcosw,rsinw)|q/dw) <T>_Sq/rdr) do <o)L s
0 0 0 FLZ,

which gives ¢y € .7:Lq,/S(R2). Finally, we prove (f, ¢r) = 0 for all f € J. Since J is
the closed ideal in FL?(R?) generated by J°, it is enough to prove (M_, fo, ¢r) = 0
for all fy € JY and n = (n1,m2) € R? (cf. (13)). By the polar coordinates

(2m)*(M_y fo, 1) = (FIM_y fol, Florl) L>r2)

[e9) 2m
:/ ( ]-"[fo](rcosﬁ—l—m,rsinﬁ+n2)]:[¢>k](rcosﬁ,rsin6)dt9> rdr
0 0

and

27

Flor](rcosf, rsinf) = % Fl¢](rcos(w + 0),rsin(w + 0))e ™ dw.
0

Combining these estimates with the Fubini theorem and the change of variables, we
obtain

atostn = gomss [ ([ ([ Plireos(o - o) 4 m,rsin@—) )

X F[¢](r cos b, rsin H)da) Tdr) ok g

We note 7 cos(6 — w) = & cosw + & sinw, rsin(f — w) = & cosw — & sinw. Then we
can easily see

Flfo](&1 cosw + o sinw + np, =& sinw + &g cosw + 1)
= Flfol((&1,€2)" A+ (n1,7m2))

- / Jo(1, xg)eii((&’EQ)tA+(’71’"2))'(zl’f”"’)dxldm
R2

N //Rz o1 W) A f (g, o)t A)e T 68 v dy, dyy = FIF)(€)

18



. _ cosw sinw _ —iny'A . '
with A (_ sin w cosw) and Fy(y) e fo(ytA), where 'A denotes the

transpose of A. Therefore we have

(onfontn) = o | ([ FIRI©FRIEE ) e

Moreover, since fo € J° and A is a rotation matrix in R?, and also .J is a closed
modulation invariant subspace, we have Fy € J and thus (Fp,¢) = 0. Hence
(M_, fo,¢r) =0 for all fo € J° and n € R?.

Step 2. We note that ¢y, satisfies Flor] + A[F[¢r]] = 0. In fact, as we have already
seen in Step 1, ¢y satisfies the same condition to ¢. Thus we get the desired result.

Step 3. Now we give the proof of Proposition 12. By Step 2 and the polar coordinates,
we have
0= Flowl + AlFlo] = Flon] + (2 4 L2 10N )
; g M F or2  r2060%2  ror k
: 2 10 1 _
_ . k6 v L o = ) ik6
= Ck(d3r)e"™ + (8r2 taget 87“) (Cr(p;r)e™)

> 1 2y 10 iko
= (Culoin) + s Ooim) + Culosn) () + 12 Cu(oim) )

9? 2\ 10
(W + <1 — 7‘2) + 7”87") Ci(g;r) = 0.

We note that the above equality is just the Bessel differential equation, and we can
state C(¢;7) = Cir(¢)Ji(r) for some Ci(¢) € R, where Ji is the Bessel function
defined in (2).

Then, we get

The proof of Proposition 12 (7)

We consider the polar coordinates in R?, i.e., &, = rcosf and & = rsiné, and define
a modified version of the Fejér kernel by

N
_ LIV
CCGED ) (1= ) cutane.

Moreover, let v, be the measure on R? defined by

27 0o
- f(z)dvg(x) := 217r/0 (/0 f(rcos w,rsinw)rd51(7~)> ok g
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(cf. Section 3.1). Then we have

Flvr)(§) = Flvg)(rcos,rsind) = / gl (reosOrsing) gy, (o)

R2
1 2 . . 1 271'—9—% . 71- . ﬂ
_ eir cos(w—0) ezk:wdw _ et Cos(w+§)ezk(w+9+§)dw
2 0 2r —-0-z
— ezk(9+5) /271— -3 efirsinweikwdw — ika(,,,)eikQ
2 —0-Z

and thus Cy(¢;7)e*? = Cy(¢) i (r)e*® = i=F Flvi](€). Hence

N

. k
w(e) = 3 i (1- FE ) uomto)
k=—N
satisfies o [@] = Flux] and supp uy C St
The proof of Proposition 12 (i1)
We first note that
S LRYEN.
= 1— ) (= F rsi —ikw g, ) oik0
on[d](€) k;N ( N 1) (27r ; [0](r cosw, rsinw)e w) e
2m 1 N ‘k’|
= 3 R S b B ik(@—w)
/0 Fl@)(rcosw, rsinw) <27r k;N (1 N+1)e )dw
= (Flo] x Kn)(0),

where F[¢],(0) := F[¢](r cos8,rsinb), Ky(0) := 5= ZkN:_N( _%)eikf) (ie., Ky is
2m

the Fejér kernel) and « is the operator defined by (G H)(0) := [, G(w)H (0 —w)dw.

Then it is well-known that Ky (6) > 0 and fo% Kn(0)df = 1. Therefore we have by
the Holder inequality

fowtallt, = [ ([0l @)1 ) ao

</ " ( A ( / 7 | Flel 6 - w>|KN<w>dw) ' <r>sq’rdr> a0
o ;

S/OQW </000(/02’T |.7'—[¢]r(9—W)|q'KN(w)dw)( i KN(W)dw)
— /02” (/Ooo (/0277 |f[¢]r(9—w)|q’KN(w)dw) <T>-sq/rdr)d9

<7'>7Sq/rd7’) de
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= [ re( [ (1t o) oyt ran)as = 7

which implies the desired result.

The proof of Proposition 12 (i)

For the sake of simplicity, we set
Flol-(0) := Fg]|(rcosb,rsinb), on[p]-(0) = on[p](rcosb,rsinb).
Let R > 0 and ¢ > 0. Since F[¢] € C(R?), Fl¢] is uniformly continuous on any

compact set on R2. Thus there exists § > 0 such that forany 0 <r < R, 0< 6 < 27
and |n| < §, we have

| F[]-(0 —n) — Flol-(0)] <e. (17)
Now suppose that 0 < r < R and 0 < § < 2. Since fo% Ky (0)df = 1, we have
lon[¢]:(0) — Flo](0)] = [(Fldlr x Kn)(0) — Flo](0)]

27
/0 (FI81(6 — ) — Flo),(0) K (n)dn

< / I F[61,(0 — 1) — F8l(0)| K n (n)dn
[n|<d
+ / Fl61(0 — 1) — FL81,(0) K n (n)dn
[n|=6
<et / _[F1610(0 =) = FIol. O)|n )

¢in? OVADn

Moreover, since Kn(n) = 27'r(]\17+1) STES there exists C5 > 0 such that Ky (n) <

ﬁ holds for all § < |n| < 27. Therefore, we obtain

|UN[¢]T(9) - ]:[(b]r(e)‘ <e+

Cs ‘
(N +1) g1<r
If N is sufficiently large, we obtain

lon [6]r(6) — Flo]-(0)] < 2e

forall 0 <r < R and 0 < # < 27, which implies that {on[¢]}3F_; converges uniformly
to F[¢] on any compact set.
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5 The proof of Theorem 3

Let o(t) be the Radon measure in R™ corresponding to a mass distributed homoge-
neously over S"~1 (cf. Section 3.1), and ho(€) := [z, €**'do(t). Then, it is known

that ho(&) = O(|¢]~=1/2) (J¢] — o0) (cf. [28, p.154]). By this estimate, we can show
the statement in the same way to the proof of Theorem 1. Then, we omit the details.

6 Appendix I : Application to PDEs

Let 1 <p<oo,scRand vy € L’js(RQ), and define the bounded linear functional £,
on FLP(R?) by

by (f) = - FIAE©w(©)de  (f € FLE(R?),

and the support of £, by

ﬂ{F | Fis a closed subset of R? and Lylr2\p = 0},

where £y|r2\p = 0 means that £, (f) = 0 for all f € FL¥ (R?) with supp f € R2\ F.
Guo [16, Lemma 1 and Theorem 2'] showed the following : Let 2 < p < 4 and
u € LP(R?). If supp ¢, C S* (i.e., supp Flu] C S!) and u satisfies the Helmholtz
equation Ay + u = 0, then u = 0. This result is related to Hérmander [18]. On the
other hand, as a by-product of the proof of Theorem 2, we obtain the following:

Corollary 16 Let 2 < p < oo and 2/p < s < 2/p + 1/2. Then there exists non-zero
u e LP (R*) N C(R?) such that supp £, C S* and u + Au = 0.

Proof Define ¢ € (1,2) by ¢ = p’, and let J be the closed ideal defined in Section 4. Set
A:={¢ € FLY (R?) | Flg] € C(R?) and (f, ) = 0 for all f € J}.

If we can prove A # {0}, then putting u := F[¢] for some non-zero ¢ € A will give us the
desired result (cf. Lemma 15). Now, contrary to our claim, we assume A = {0}. Then we
have FLI(R?) C J. In fact, let fo € FLI(R?). Then, obviously, (fo,¢) = 0 for all ¢ € A.
Therefore, by Proposition 11, we have fo € J. But this is impossible since J # ng(RQ).

O

7 Appendix II : Closed ideals in FLI(R?)

In this section, we shall prove the following theorem.

Theorem 17 Let 1 < ¢ < 2, 2/¢ < s < 2/q¢ +1/2 and J be the closed ideal in FLI(R?)
defined in Section 4. Then, J is the smallest closed ideal I' in FLL(R?) with Z(I') = S*.
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7.1 Technical Lemmas

To prove Theorem 17, we recall the following lemmas.

Lemma 18 ([19, Theorem 1.2]) Let 4/3 < ¢ < oco. If FF € C*™(R) and F(0) = 0, then
F(f) € FLLR™) for all real-valued f € FLE(R").

Lemma 19 ([19, Lemma A.1]) Let 1 < p,q < oo and s € R. Suppose that ¢ € CS°(R™)\ {0}
and supp ¢ C Bn(zg, R). Then we have

- fllara = Nl fllFre-
Here, MY'Y(R™) = ML? denotes the modulation space defined by the norm

()" | Fmelrme 0]

1fllagpa =

Lr(Ry) Li(RY) ’

We refer to [1], [4], [9], [14] for more details on the modulation spaces.

Lemma 20 ([20, Theorem 4.13]) Let 1 < p < 00, 1 < ¢ < oo and s > n/q’. Let p be a
complex measure on R such that

1

1+(s+2)(1+==)
/R(H\&\) DU dlule) < oo

and p(R) = 0. Furthermore, assume that the function F' is the Fourier transform of . Then
F(f) € MPI(R™) for all real-valued f € MYY(R™).

Making use of the fact that FLI(R™) is a Wiener algebra in the sense of Reiter ([22],
[23]), we give a lemma which corresponds to an ideal version of Bhimani-Ratnakumar’s
[2, Lemma 3.13].

Lemma 21 Let I be a closed ideal in FLI(R™), and f € FLI(R"™). Suppose that

(i) For every x € R™, there exists g, € I such that f = g in a neighborhood of z (i.e.,
f € I locally at every z € R"™).
(73) There exists 1 € C°(R™) such that (1 —¢)f €I (i.e., f € I locally at o0).

Then f € 1.

Proof Let 1 € C°(R"™) be a function that satisfies (i¢) and divide f as f = (1 —¢)f + ¥ f.
Since (1 —1)f € I and I is a linear subspace of FLI(R"), to prove f € I, it suffices to show
wf € I. By virtue of (i), for any = € supp 1, there exists g; € FLE(R"™) such that f = g
in an open ball U(z,7z) := {y € R" | |[r — y| < rz}. Since supp v is compact, we can find
{xj}é-vzl C supp v such that supp ¥ C Uév:lU(a:j,rmj). Also, let {¢x; }é\’:l C C(R™) be a
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partition of unity subordinate to this cover, and let {gz, }5\]:1 C I be such that f = gz; on
U(zj,7rz;). Since supp ¢z; C U(xj,7z;), we have ¢z, f = ¢z; gz, . Hence we get

N N
Of =3 o, f =D Vg0, € 1.

=1 =1
O

Lemma 22 Let 29 € R? and f be a real-valued function in FLI(R?) such that f(z) = 1
and supp f is in a compact neighborhood of xg. Then 1/f belongs to FL{ (R2) locally at zg.

Proof Choose a non-negative v € C°°(R) such that v(z) = 1 on Bj(1,1/10) and supp v C
Bi(1,1/3). Define F by F(z) = v(z)/x (z € supp v), and = 0 (z & supp v). We first consider
the case ¢ > 4/3. Since F € S(R) and F(0) = 0, Lemma 18 shows that F(f) € FLI(R?).
Moreover, since f € FLI(R?) ¢ C(R?) and v(z) = 1 on By(1,1/10), we see F(f) = 1/f
in some neighborhood of zg, and thus 1/f belongs to ]-'Lg(RZ) locally at zg. Next, we
consider the case 1 < q < 4/3. Since F' € FLL(R) for all & € R, Lemma 20 shows that
F(f) € MPY(R?). On the other hand, by the definitions of v and f, we can easily see
supp F(f) is compact. Thus Lemma 19 yields F(f) € FLY(R?). Moreover, since F(f) = 1/f
in some neighborhood of zg, 1/f belongs to FLI(R?) locally at zg.

O

7.2 The proof of Theorem 17

Let I’ be a closed ideal in FLI(R?) with Z(I’) = S'. Then, it suffices to prove J C I".
Before we prove this, we remark that there exist o € R?\ S! and h € I’ such that
h(x) = 1 on a neighborhood of zg. In fact, we first note that there exist zg € R?\ S*
and f € I’ such that f(xg) = 1 by Z(I') = S'. Additionally, since I’ is a closed ideal in
FL1(R?), by taking ¢ € C>°(R?) with ¢(z9) = 1 and considering f¢ instead of f, we
may assume supp f is compact. Moreover, since f € FLI(R?), we see |f|? = ff eI’
and |f(x¢)|? = 1. Therefore, Lemma 22 shows that there exists k € FL4(R?) such that
k(z) = 1/|f(x)|? in some neighborhood of x¢. Hence, h := k|f|? € I’ and h(x) = 1 in
some neighborhood of z9. Now we prove J C I’ by Lemma 21. By Lemma 7 and the
definition of J (see also (15)), it suffices to show f € I’ for all f € J° with compact
support. Let f € J° and supp f is compact. Since 0 € I’ and f = 0 in a neighborhood
of S*, f belongs to I’ locally near S'. Moreover, if o € R?\ S*, then there exists
k € I' such that k(z) = 1 near xo. Hence, we have f = k- f near g and k- f € I,
which shows f belongs to I’ locally near R?\ S'. We also note f € I’ locally at oo,
since supp f is compact. Hence, f is in I’ at all point which contains within R? and
0o, which implies f € I'.
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