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a b s t r a c t

The ability of the brain to generate complex spatiotemporal patterns with specific timings is essential
for motor learning and temporal processing. An approach that can model this function, using the
spontaneous activity of a random neural network (RNN), is associated with orbital instability. We
propose a simple system that learns an arbitrary time series as the linear sum of stable trajectories
produced by several small network modules. New finding in computer experiments is that the
trajectories of the module outputs are orthogonal to each other. They created a dynamic orthogonal
basis acquiring a high representational capacity, which enabled the system to learn the timing
of extremely long intervals, such as tens of seconds for a millisecond computation unit, and also
the complex time series of Lorenz attractors. This self-sustained system satisfies the stability and
orthogonality requirements and thus provides a new neurocomputing framework and perspective for
the neural mechanisms of motor learning.

© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The brain generates a large variety of spatiotemporal motor
atterns based on both spontaneous and input-driven activity,
hich is an essential ability to accomplish various tasks, such as
otor learning including motor timing. Motor timing is a task of
ctively generating motions, such as pressing a lever or blinking,
t a given interval ranging from tens of milliseconds to tens of
econds after an onset cue, for which the basal ganglia and cere-
ellum are mainly responsible (Paton & Buonomano, 2018; Petter,
usk, Hesslow, & Meck, 2016). Although whether motor tim-
ing relies on dedicated (specialized) neural mechanisms (Church,
Mech, & Gibbon, 1994; Miall, 1989) or the intrinsic (general)
ability of neural networks (Buonomano & Laje, 2011; Laje &
Buonomano, 2013) is an ongoing debate (Buhusi & Meck, 2005;
Ivry & Schlerf, 2008; Mauk & Buonomano, 2004), we take the
latter position because the involved brain areas also contribute
to general motor pattern learning.

To accomplish the motor timing task using a biologically plau-
sible RNN, that is, a reservoir computing approach (Jaeger, 2001;
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Jaeger & Haas, 2004; Lukoševičius & Jaeger, 2009), the neural
activity induced by the onset signal must be sustained within the
networks during the interval without any inputs (Buonomano &
Laje, 2011; Laje & Buonomano, 2013; Renart, 2013). In addition,
set of time series of neural activity should have sufficient rep-
esentational capacity to synthesize arbitrary time series. In this
espect, the production of an orthogonal basis of neural activity
n that learning process brings about high efficiency of reservoir
omputers. If large recurrent weights change the RNN into the
igh-gain regime, a neural unit spontaneously activates itself
ven without any external input. However, the self-sustained
eural activity shows chaoticity that implies orbital instability
n which slight differences in initial conditions are magnified
xponentially in time, and noise can also be magnified (for an
xceptional case, see Galatolo, Monge, & Nisoli, 2020; Matsumoto
Tsuda, 1983) (Sompolinsky, Crisanti, & Sommers, 1988), result-

ng in unsuccessful learning. In contrast, the activity in low-gain
NNs decays to zero in the absence of an input.
Several methods have been proposed to suppress the chaotic-

ty of RNNs (Deng & Zhang, 2007; Kawai, Park, & Asada, 2019;
amaguti & Tsuda, 2021), such as applying output feedback to
nits (Boccaletti, Grebogi, Lai, Mancini, & Maza, 2000; Sussillo &
bbott, 2009). These models, which rely on the feedback or input

ignals to stabilize neural networks or to sustain neural network
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ctivity, cannot learn the motor timing because of an interval
ith little, or no feedback or input. Laje and Buonomano (2013)
roposed an innate training approach as a model of motor timing,
here each unit in a high-gain RNN was trained to output its own
revious noiseless trajectory even when their initial conditions
ere different, and noise was added. This training results in the
obust generation of stable complex neural activity, which en-
bles the network to learn the timing of a few seconds. However,
his approach lacks biological plausibility in terms of how the
eural system obtains, stores, and learns its noiseless trajectories.
n addition, it is difficult to learn time series longer than tens of
econds because the duration that can suppress orbital instability
s limited. Furthermore, the computational cost of innate training
s very high compared to that of the standard reservoir computing
pproach because it modulates the recurrent weights.
Therefore, instead of an approach that suppresses chaos with

raining, we adopt an approach that places the RNN in an inter-
ediate state between a stable equilibrium state converging to
ero and a chaotic state. Some seminal studies on the dynamics
f RNNs have reported that for a finite network size N , there is a

parameter region in which the network activity exhibits stable
intermediate dynamics, that is, limit cycles and tori, and such
regions expand with a decrease in N (Doyon, Cessac, Quoy, &
Samuelides, 1994; Sompolinsky et al., 1988). Hence, non-chaotic
stable self-sustained trajectories can be obtained when N is small,
and the network gain g is large. However, such small-sized net-
works have fewer degrees of freedom in their activity, and their
unit outputs tend to be more similar to each other, that is, they
are less orthogonal.

In this study, to overcome the trade-off between orbital stabil-
ity and orthogonality, we propose a simple and computationally
powerful system in which several small RNNs are connected as
modules independently and in parallel. This configuration enables
the system to achieve both stability and orthogonality. First, we
conform the trade-off in a single RNN and then evaluate the
stability and orthogonality of the modular RNNs. The local Lya-
punov exponents of the module outputs and the inner products
between the time series of the module outputs are computed to
confirm the system’s low instability and its high orthogonality,
respectively. Because the proposed system creates a dynamical
orthogonal basis, we refer to it as a reservoir of basal dynamics (re-
ASICS). We then evaluate the learning performance of reBASICS
n the two motor timing tasks and verify that it can generate a
ore complex time series, such as the Lorenz system. Finally, we
how that feeding the system multiple inputs allows the network
ctivity to vary flexibly in response to the inputs, resulting in an
nhanced computational capability.
Although reBASICS can learn complex chaotic time series, it

oes not represent the dynamical system behind the time series
ut reproduces the time series with a combination of the or-
hogonal bases. Therefore, the generalization capability and noise
obustness of reBASICS are limited. Nevertheless, because of its
implicity and high purity, reBASICS is highly interpretable and
xtensible; therefore, it provides a new perspective on the neural
echanisms of motor pattern learning and also a neurocomputa-

ional framework.

. Methods

.1. reBASICS

Fig. 1 shows the configuration of reBASICS. A module consists
f N randomly connected firing-rate units (see Section 2.1.1). All
nits in a module receive an input signal and inputs from other
nits in the same module and then update their states. Recurrent
onnectivity is drawn from a standard normal distribution with
299
Fig. 1. Reservoir of basal dynamics (reBASICS). reBASICS consists of a number
of RNN modules. The system output is synthesized by the module outputs, and
the output (readout) weights are modulated with recursive least squares (green
arrows).

a gain parameter g , which controls the chaoticity of the network
activity. Self-sustained limit cycle activity is generated by setting
g ≥ 1 in each module, and a small N of the modules can suppress
the chaoticity of their activity. The output signal of a unit that
is randomly chosen from each module is considered to be the
module output, and the system output is obtained as a linear
sum (readout) of the module outputs (green arrows in Fig. 1). To
minimize the error between the system output and target signal
in an online manner, only the readout weights are trained with
recursive least squares (Haykin, 2009).

reBASICS synthesizes target time series from many limit cy-
cles. Ideally, the time series of module outputs should be orthog-
onal to each other, i.e., create an orthogonal basis to replicate
an arbitrary time series. This mechanism is similar to the Fourier
transform (for differentiable time series) and also to the wavelet
transform (for time series containing nondifferentiable parts),
which use trigonometric functions as orthogonal bases to synthe-
size time series. In reBASICS, the randomness of recurrent weights
in the modules is expected to contribute to the generation of
diverse orthogonal trajectories.

2.1.1. Network dynamics
The dynamics of a state xk,i(t) of unit i (i = 1, 2, . . . ,N) in

module k (k = 1, 2, . . . ,M) at time t are given as a firing-rate
model using the hyperbolic tangent activation function:

τ
dxk,i(t)

dt
= −xk,i(t) +

N∑
j=1

W Rec
k,ij rk,j(t) + W In

k,iu(t) + Inoisek,i , (1)

rk,i(t) = tanh
(
xk,i(t)

)
, (2)

where τ denotes a time constant; N denotes the network size,
that is, the number of units in a module; u(t) denotes input
signal; in the following, i and j denote units, k denotes a module;
W Rec

k,ij , W In
k,i, Inoisek,i , rk,i(t) denote recurrent weights from j to i,

input weights to i, the noise added to i, and the firing rate of i,
respectively.
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Fig. 2. Motor timing task. In this task, the input pulse of magnitude 5 is fed
into the system from −51 to 0 ms (yellow; one fifth of the input magnitude is
shown). The target signal is a single Gaussian pulse with a peak after a certain
interval from the end of the input pulse (green). The shaded area indicates the
training period.

Fig. 3. Ramping motor timing task. The input pulse of magnitude 5 is fed into
the system from −51 to 0 ms (yellow; one-fifth of the input magnitude is
shown). The target signal is a ramp function increasing from 0 to 1 during an
interval and 1 after the interval (green). The shaded area indicates the training
period.

Fig. 4. Learning of multiple input-target pairs. reBASICS learns L input-target
airs one by one, where the readout weights are shared. The input pulse is
ommon to the target signals, but their random input weights are different for
ach target signal.

W Rec
k,ij and W In

k,i are independently drawn from a standard nor-
al distribution N (0, 1) as follows:

Rec
k,ij ∼ N

(
0,

g
√
pN

)
, (3)

W In
k,i ∼ N (0, 1), (4)

where g denotes a scaling coefficient of recurrent weights and
p denotes the connection probability in units within a module.
Although reBASICS sets g ≥ 1 to autonomously generate activity,
using a small N enables its modules to output stable orbits, such
as limit cycles and tori, which are an intermediate state between
convergence to a zero fixed point and chaotic behavior (Doyon
et al., 1994; Sompolinsky et al., 1988). W Rec (Eq. (3)) has a value
k,ij

300
with probability p; otherwise, it is set to zero. In addition, when
i = j, W Rec

k,ij = 0 to remove self-recurrent connections. There are
no connections between the modules. The noise is drawn from a
standard normal distribution with an amplitude I0:

Inoisek,i (t) ∼ N (0, I0). (5)

The system output is obtained as a linear sum of the trajecto-
ries of the module outputs rk(t), which is the firing rate of a unit
randomly chosen from each module.

y(t) =

M∑
k=1

WOut
k (t)rk(t), (6)

where WOut
k (t) denotes the readout weights trained using recur-

sive least squares (Haykin, 2009). The initial value of WOut
k (t)

is zero. Note that the recurrent weights of the modules whose
outputs converge to a fixed point are resampled, because such
trajectories are useless for learning. That is, W Rec

k,ij are drawn
from Eq. (3) again if the difference between the maximum and
minimum values of the module outputs from 5 s to the learning
end time is less than 0.01.

2.1.2. Learning rule
Recursive least squares modulate WOut

k (t) to minimize the
error e(t) between y(t) and a target signal, d(t), in an online
manner. This learning rule is well known as an online learn-
ing method and has been used in existing reservoir computing
methods including innate training (Inoue, Nakajima, & Kuniyoshi,
2020; Laje & Buonomano, 2013; Sussillo & Abbott, 2009). At time
t , WOut

k (t) is updated as follows:

WOut
k (t) = WOut

k (t − ∆t) − e(t)
M∑
l=1

Pkl(t)rl(t), (7)

e(t) =

M∑
k=1

WOut
k (t − ∆t)rk(t) − d(t), (8)

where Pkl(t) (P(t), an M × M matrix) corresponds to the running
estimate of the inverse sample covariance matrix of rk(t) (Haykin,
2009), and is updated according to

Pkl(t) = Pkl(t − ∆t)

−

∑M
m=1

∑M
n=1 Pkm(t − ∆t)rm(t)rn(t)Pnl(t − ∆t)

1 +
∑M

m=1
∑M

n=1 rm(t)Pmn(t − ∆t)rn(t)
. (9)

he initial value of P(t) is given as P(0) = (1/α)I, where I denotes
n identity matrix and α is a constant. Eq. (7) can be regarded as
type of delta rule which is the product of the error and module
utputs. However, Plk plays the role of multiple adaptive learning
ate, rather than a fixed learning rate. See 5.6 in Haykin (2009)
for the derivation of Eqs. (7)–(9).

2.2. Simulation procedure

The numerical solutions of Eq. (1) are obtained with a simu-
lation step size of 1 ms. During the training period, the recursive
least squares is applied once every two steps, and ∆t in Eqs. (7)–
(9) is set to 2 ms. The simulation begins at time −250 ms
(−2050 ms in the simulation in Fig. 5) with a uniform random
value in the range [−1, 1] as the initial state of each unit. The
input u(t) is a single pulse with a magnitude of five between −51
and 0 ms, and zero in other periods (yellow line in Fig. 2). This
pulse input is used to reset the phases of limit cycles of modules,
that is, to eliminate the initial value dependence (see Fig. 6(a)).

Unless otherwise noted, the parameter values in Table 1 are

used in all simulations. To establish a valid point of reference with
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Fig. 5. Instability and orthogonality. (a) Colors indicate the instability of a single module; percentage of modules with orbital instability for 100 modules. The
nstability is defined by a local Lyapunov exponent of 0.05 or greater. (b) Colors indicate the orthogonality of a single module; averaged absolute inner products
etween unit outputs in a module, which were averaged over 100 modules. A low value (blue) indicates a high degree of orthogonality. (c) Colors indicate the
rthogonality of reBASICS with 400 modules, with averaged absolute inner products between module outputs (averaged over 10 systems). In panels b and c, time
eries to compute the orthogonality were acquired from 1 to 10 s after the input pulse. Note that the color scale of panel c (absolute inner products between outputs
n 400 modules) is much smaller than that of panel b (those between unit outputs in a single module). In all cases including panels a and b, modules whose outputs
onverged to a fixed point were excluded from the analysis.
comparison method (innate training Laje & Buonomano, 2013),
he parameter M , p, τ , I0, and α were matched in our study. N and
were set empirically based on the experimental result shown in
ig. 5 to satisfy both orbital stability and orthogonality.
For all tasks, to evaluate the learning performance, we used

he squared Pearson correlation coefficient R2 between the sys-
em output y(t) and target d(t) from 1 ms to the end of a task,
hich was averaged over 10 test trials and then over 10 different
etworks.

.2.1. Setting for motor timing task
To learn the motor timing, the system receives an input pulse

nd outputs a single Gaussian pulse with a peak after a specific
nterval from the end of the input pulse (green line in Fig. 2). The
agnitude and standard deviation of the Gaussian pulse are one
301
Table 1
Parameter values.
Parameter Description Value

M Number of modules 800
N Network size (the number of units) of a module 100
g Scaling coefficient of recurrent weights 1.2
p Connection probability 0.1
τ Time constant 10 (ms)
I0 Noise amplitude 0.001
α Initial value for recursive least squares 1.0

and 30 ms, respectively. The interval is set from 1 to 120 s in the
experiments. The training period is defined as the interval plus
150 ms from time 0, which is indicated by the shaded area in
Fig. 2. The reBASICS is trained on 10 trials (a trial is a run to the
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Fig. 6. reBASICS and its stable trajectories. (a) Time series of six sample module
outputs in reBASICS with 800 modules from −2.05 to 5 s. The dark blue and
reen curves indicate two runs with different initial conditions. Input pulse was
ed into the modules between −51 to 0 ms (vertical gray bar). Before the input
ulse, in the most cases, the two time series had different phases, whereas
fter the input pulse, they traced very similar paths while showing the orbital
tability. (b) The time series of panel a are represented in three-dimensional
ime-delay coordinates to reconstruct their phase spaces from 1 to 60 s. Color
f each point indicates the time. The capital letters correspond to those of panel
. Trajectories A–D and E shows limit cycles and a torus, respectively, while
rajectories F looks a strange attractor but with the orbital stability.

nd of the training period), and then its learning performance is
valuated using 10 untrained test trials.

.2.2. Setting for ramping motor timing task
We evaluate reBASICS using a different form of motor timing

ask. The input is the same as that of the motor timing task
302
described above. The target signal is a linearly increasing ramp
function from 0 to 1 during an interval and takes the value 1 after
that interval time (green line in Fig. 3). The interval is represented
by the time until the output reaches the threshold value of 1. Such
a gradual increase in firing rate, as in the target time series, is
widely observed in the cortex (Mita, Mushiake, Shima, Matsuzaka,
& Tanji, 2009; Roux, Coulmance, & Riehle, 2003; Wang, Narain,
Hosseini, & Jazayeri, 2018).

Some of reBASICS outputs may not reach the target threshold
of 1. Therefore, we obtain the decoded intervals by measuring the
times until the reBASICS outputs reach the threshold of 0.9 and
then dividing the times by the threshold value. The interval is set
from 1 to 60 s in the experiments. The reBASICS is trained on 10
trials and is evaluated using 10 untrained test trials.

2.2.3. Setting for learning of chaotic time series
To learn chaotic time series, we use the Lorenz system (Lorenz,

1963) as the target signal. The use of the Lorenz system is ef-
fective to numerically prove the predominance of reBASICS for
analyses of complex time series, because the Lorenz system typ-
ically yields complex and unpredictable time series by its low-
dimensional deterministic equations:
dx(t)
dt

= −px(t) + py(t), (10)

dy(t)
dt

= −x(t)z(t) + rx(t) − y(t), (11)

dz(t)
dt

= x(t)y(t) − bz(t), (12)

where p = 10, r = 28, and b = 8/3, and we set x(0) = 0.1,
y(0) = 0, and z(0) = 0. A numerical solution of Eqs. (10)–(12)
is obtained using the fourth-order Runge–Kutta method with a
step size of 0.001. It is then downsampled to 1/5 of its length
and normalized to [−1, 1] in magnitude to create a 20 s three-
dimensional target signal, where one step is set to 1 ms. The input
signal is the single pulse of 50 ms as in the previous experiments
(yellow line in Figs. 2 and 3). The reBASICS has three readouts,
namely yx(t), yy(t), and yz(t). Each readout has its own set of
readout weights, corresponding to the x, y, and z variables of the
target Lorenz time series. Each set of readout weights is trained
with the corresponding time series. The numbers of trials for
training and testing are the same as that for the learning of motor
timing.

2.2.4. Setting for learning of multiple input-target pairs
We evaluate the capability of reBASICS to learn multiple tar-

get time series by using common readout weights. The readout
weights are alternatively trained using L pairs of input and target
signals. For the input, an input pulse of 50 ms is common;
however, the input weights, which are drawn from a standard
normal distribution, are different among the pairs (Fig. 4).

To learn multiple input-target pairs, L target signals, dl(t) (l =
1, 2, . . . , L), are created by superimposing eight sinusoidal signals
with different amplitudes, frequencies, and phases:

dl(t) =

8∑
i=1

al,i sin
(
2π
(
(10bl,i + 1)ωt + cl,i

))
, (13)

where ω = 10−3, and al,j, bl,j, cl,j are uniform random numbers
in [0, 1]. Then, the dl(t) is normalized so that the maximum
(minimum) value is 1 (−1). The target signals dl(t) correspond to
the input weights W In

k,i,lu(t), which have different random values
for each l; however, the input pulse and readout weights are
common. reBASICS is trained using an input-target pair with l = i
(i = 1, 2, . . . , L) for one trial in sequence. This training set is
repeated 10 times. Subsequently, reBASICS is evaluated during
untraining trials.
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Fig. 7. Results for the learning of motor timing. (a) An example of the system output of reBASICS (800 modules and g = 1.2) after learning for the interval of
0 s. (b) The perturbation with the length of 10 ms and the amplitude of 0.1, which was given into all units through another input weights at 5 s after training
red line) that slightly disturbed the system output, but the replication of the Gaussian pulse can be performed. (c) Performance up to 120 s of intervals, which is
efined as the square of correlation coefficient R2 between the target signal and system output (green and dark blue lines in panel a, respectively). The performance
as averaged over 10 networks (mean ± s.d.). The dark blue, green, and yellow curves show the results of reBASICS, reBASICS without weight resampling, and

nnate training, respectively. The inlet shows the timing capacity defined by the area under the curve. (d) Colors indicate the timing capacity up to 120 s, which
as averaged over 10 networks of reBASICS with 400 modules.
.3. Evaluation of instability and orthogonality

Whether a module is unstable is determined by the local
yapunov exponent, which is estimated in a similar manner in
he Refs. Inoue et al. (2020) and Laje and Buonomano (2013). At
time 0 ms, we add a small perturbation to all units in module k:
xpertk (0) = xk(0) + ϵ, where xk(t) = {xk,1, xk,2, . . . , xk,N} and ϵ =

10−5. The logarithm of the distance between the unperturbed and
perturbed trajectories, which is normalized by the initial distance
at 0 ms, is then computed in terms t:

distk(t) = log

(
∥xpertk (t) − xk(t)∥
∥xpertk (0) − xk(0)∥

)
. (14)

The log distance distk(t) is averaged over 10 trials, starting from
different initial unit states. We define the local Lyapunov expo-
nent (LLE) as the slope of the function from 1 to 10 s and regard
the modules with LLE > 0.05 as unstable.

The orthogonality of a single module is evaluated as averaged
absolute inner products between unit outputs in a module. The
303
temporal vectors of the time series rk,i(t) from t = 1000 to
10,000 ms are normalized to unit vectors. The absolute inner
products between all combinations of vectors within the same
module are computed. The inner products are averaged over the
all combinations and then over 100 modules. To evaluate the
orthogonality between module outputs in reBASICS, the absolute
inner products among rk(t) from t = 1000 to 10,000 ms are
computed, and they are averaged over 10 different systems.

2.4. Innate training

The innate training approach (Laje & Buonomano, 2013) for
the learning of motor timing is also evaluated to compare its
performance with that of reBASICS. The unit dynamics are the
same as those of reBASICS, that is, Eqs. (1)–(6), but it consists
of a single RNN, that is, M = 1, and uses all unit outputs to
synthesize the system output. First, this approach obtains the
innate trajectory of each unit for one trial, which is a time series
of the unit output in the absence of additive noise, and then
repeatedly trains incoming connection weights to each unit with



Y. Kawai, J. Park, I. Tsuda et al. Neural Networks 163 (2023) 298–311

t
w

r
t
d
t
w
m
a

i
c
a

s
o
d
r
l
a
u
i
d
a
d

Fig. 8. Results for the learning of ramping motor timing. (a) An example of the system output of reBASICS after learning for the interval of 20 s. (b) Performance up
to 60 s of the intervals. The performance was averaged over 10 networks (mean ± s.d.). The dark blue and yellow curves show the results of reBASICS and innate
raining, respectively. (c) Decoded interval (dark blue) is defined by the time until the output reaches the threshold. The green line shows the target intervals. They
ere averaged over 10 networks (mean ± s.d.).
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ecursive least squares such that the unit produces its own innate
rajectory for 20 trials even when noise is added and starting from
ifferent initial conditions. This training enabled the network
o produce stable and complex trajectories. Then, the readout
eights are trained with recursive least squares for 10 trials to
inimize the error between the system output and target signal,
s shown in Eqs. (7)–(8).
We train 60% of the total N = 800 units to generate their

nnate trajectories and use the same parameters as in reBASICS:
onnection probability p = 0.1, time constant τ = 10 ms, noise
mplitude I0 = 0.001, initial value for the recursive least squares

α = 1, and scaling coefficient of recurrent weight g = 1.5, which
follow those of the literature (Laje & Buonomano, 2013).

3. Result

3.1. Stability and orthogonality

First, we evaluated the stability and orthogonality of the time
series of unit outputs in a single module to clarify the utility of us-
ing several small modules. In RNNs with a finite N , either nonzero
stationary states, limit cycles, or tori appear under g > 1. Such
table trajectories bifurcate into chaos as g increases. The range
f g where this intermediate behavior is observed expands as N
ecreases (Doyon et al., 1994; Sompolinsky et al., 1988). Fig. 5a
eproduces this phenomenon, where the module even with a
arge g exhibits the orbital stability when N is small. However,
small N necessarily decreases the orthogonality between the
nit outputs (Fig. 5b). This figure shows that the orthogonality
ncreased moderately as N and/or g increased. These results in-
icate that a single RNN clearly has a trade-off between stability
nd orthogonality; increasing the orbital stability of unit outputs
ecreases the orthogonality between unit outputs, and vice versa.
304
.2. Trajectories of module outputs in reBASICS

To overcome this trade-off, reBASICS consists of multiple small
odules (see Fig. 1). The time series of the module outputs of re-
ASICS showed a great variety of amplitudes, frequencies, phases,
nd waveforms (Figs. 6a and Fig. A.12). An external input of length
0 ms was fed into all units at time 0 as a starting point to learn
he target time series. This input pulse aligned the phases of the
odule outputs among the runs, starting with different initial
nit states. Fig. 6b shows the trajectories of these module outputs
fter the input pulse in three-dimensional phase spaces (Fraser &
winney, 1986; Kantz & Schreiber, 2004). Most module outputs
ere limit cycles, and a few were tori- or strange attractor-like
table trajectories (Fig. 6c A–D, E, and F, respectively).
Fig. 5c shows that the orthogonality between the module out-

uts is much lower than that between the unit outputs (see
ig. 5b). A decrease in the orthogonality as g and N became
arge indicates that the limit cycles and torus orbits were more
rthogonal than chaotic orbits. In any case, it was shown that
artitioning an RNN into independent modules significantly im-
roved the orthogonality between the outputs, leading to a high
epresentational capacity. While this result was in the absence
f inputs after the pulse input, Fig. A.11 shows the orthogonality

when random inputs were continuously given. Although the com-
mon input to the modules reduces orthogonality between them,
the reduction was not very critical for weak coupling strengths of
inputs. Thus, it would be expect orthogonality in reBASICS under
certain conditions.

3.3. Learning of motor timing

We evaluated the performance of reBASICS in motor timing
learning (see Fig. 2) (Buonomano & Laje, 2011; Inoue et al., 2020;
Laje & Buonomano, 2013). Fig. 7a shows an example of the system
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Fig. 9. A result for the learning of chaotic trajectories in the Lorenz system. (a)
he time series show an example of the system output (dark blue) and target
ignal (green) after learning of the Lorenz system for 20 s. In this simulation,
eBASICS had 800 modules, and each of which had 100 units and g = 1.2. (b)
he trajectories of the system outputs that were trained to reproduce x(t) and
(t) are plotted, where colors indicate time after training.

utput in a test trial with an interval of 20 s. The system output
eplicated a Gaussian pulse at 20 s after the input pulse. Even
hen a perturbation of 10 ms was applied to all modules at 5
after training, the system output did not collapse significantly,
ecause the module outputs were stable (Fig. 7b). The system
utput is slightly disturbed after the perturbation owing to the
light phase shifts of some of the module outputs.
We parametrically varied the interval and compared the per-

ormance of three methods: reBASICS (800 modules, N = 100,
nd g = 1.2), reBASICS without resampling of the recurrent
eights, and the innate training approach (800 units) (Fig. 7c).
urprisingly, reBASICS was found to be capable of learning even
or very long intervals of one minute or more. The defined timing
apacity is the area under the curve up to 120 s; the timing
apacity of reBASICS was 90.0 ± 1.3, which was more than 20
imes larger than that of the innate training (4.4 ± 0.64) (mean
s.d. across 10 networks). Innate training uses all unit outputs

or the readout; therefore, the learning cost for the readout is
305
he same as that of reBASICS with 800 modules. However, the
ntire learning cost of the innate training is much higher than
hat of reBASICS because of learning inside the recurrent neural
etwork. Increasing the network size of the innate training did
ot significantly improve the performance (Fig. A.13). In contrast,
he performance was better when reBASICS had more modules
more number of the orthogonal basis) (Fig. A.14). In reBASICS,
he recurrent weights for an average of 45 ± 2.0% (mean ± s.d.
cross 10 networks) of the modules that converged at a fixed
oint were resampled. The performance of reBASICS without
esampling decreased because the fixed-point attractors were
nnecessary for learning.
To quantify the dependence of the timing capacity on g and

, we varied these values parametrically (Fig. 7d). The timing
apacity decreased when g and N became large (in top-right
lue area) because the network activity became chaotic (see
ig. 5a). For each value of g , the performance decreased when
was extremely large. The best performance was obtained for
= 1.1 and N = 600, and the overall performance was better
hen g = 1.1. However, a smaller g resulted in more modules

whose outputs converged to a fixed point (Fig. A.15); therefore,
more computational cost was required to resample the recurrent
weights. The performance was insensitive to the connection prob-
ability p (Fig. A.16), but degraded as noise amplitude I0 increased
Fig. A.17).

.4. Learning of ramping motor timing

Fig. 8 shows an example of the system output in a test trial
ith an interval of 20 s. The system output was able to approx-

mate the target ramping time series, though including jitter. As
hown in Fig. 8b, we parametrically varied the interval up to
0 s and compared the performance of reBASICS (800 modules)
ith the innate training approach (800 units). As in the Gaussian
otor timing task, reBASICS was able to learn over very long

ntervals and outperformed the innate training approach. Fig. 8c
hows the intervals decoded from reBASICS outputs, indicating
hat reBASICS can represent timing intervals over long periods.

.5. Learning of chaotic time series

Fig. 9 shows an example of the learning results for the Lorenz
ystem (Lorenz, 1963), which is a three-dimensional chaotic time
eries. The performance values for x, y, and z in the Lorenz system
ere R2

= 0.96 ± 0.019, 0.94 ± 0.015, and 0.96 ± 0.0059 (mean
± s.d. across 10 networks), respectively. This result indicates that
reBASICS was capable of learning for non-periodic complex time
series, such as the Lorenz system.

3.6. Learning of multiple input-target pairs

We evaluated the performance of reBASICS to learn multiple
input-target pairs (see Fig. 4). To accomplish this task, the module
activity must vary in response to the inputs, which have differ-
ent random input weights, and emit different module outputs.
Fig. 10a shows an example of the testing system outputs after
training two pairs for 5 s. reBASICS successfully produced output
signals to replicate the two target time series according to the
inputs. This training enabled reBASICS to output the correspond-
ing time series for the input signal at an arbitrary time. Fig. 10b
shows that the module outputs exhibited waveforms with differ-
ent phases, depending on the inputs. The reBASICS could learn
with more than three pairs, though the learning performance
gradually decreased almost linearly with L (dark blue curve in
Fig. 10c). Compared to the performance when the same input
weights were shared among different targets (green curve), the
phasic responsiveness of reBASICS to the inputs could greatly
improve its computational capability.
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Fig. 10. A result for learning of multiple input-target pairs. (a) The two graphs show the system outputs (dark blue), different target signals (green), and input pulse
yellow) after learning of the two input-target pairs alternately. In this simulation, reBASICS had 800 modules, each of which has 100 units and g = 1.2. (b) The
hases of the module outputs varied depending on the inputs. The green and navy lines indicate time series of five module outputs, which were randomly chosen
n response to different two inputs. The shaded area indicates the period of the input pulse. Some module outputs did not change their phases, as in the time series
t the bottom. (c) The learning performance versus the number of pairs L. The dark blue and green curves indicate the performance of reBASICS with different input
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. Discussion

In this study, we first elucidated the trade-off between the
tability and orthogonality of self-sustained activity in an RNN
ith g ≥ 1. The high orbital stability due to small g and
etwork size N resulted in low orthogonality, which reduced
he representational capability of the system, whereas the high
rthogonality due to large g and N resulted in orbital instabil-
ty, leading to learning failure. To solve the trade-off, reBASICS
educes N , which makes the networks stable over a wide range
f g , producing trajectories expressing limit cycles or tori (Doyon
t al., 1994; Sompolinsky et al., 1988), and uses such networks
s independent modules to enhance the orthogonality among the
odule outputs. We found that the trajectories of module outputs
reated a dynamic orthogonal basis, which enabled the system
o learn time series on a scale of tens of seconds. Considering
306
hat any functions can be represented by an orthonormal basis,
uch as Fourier series, we assert that the genesis of an orthogonal
asis inside the reservoir assures the high computing power of
eBASICS. Because of this property, an increase in N as well as
caused a decrease in the learning performance due to orbital

nstability. This phenomenon is interesting because RNNs with
arger N usually performs better due to the larger degrees of
reedom of the networks (Verstraeten, Schrauwen, d’Haene, &
troobandt, 2007).
We have shown that multiple temporal tasks can be accom-

lished using reBASICS that can generate arbitrary time series. In
oth the Gaussian and ramping timing tasks, reBASICS was able to
earn intervals of tens of seconds or more, outperforming the ex-
sting innate training approach. Such ramping activity is observed
n different parts of the brain, including the motor and prefrontal
reas (Mita et al., 2009; Roux et al., 2003; Wang et al., 2018).
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Fig. A.11. Orthogonality in the presence of inputs. Input signals were one-dimensional random series sampled from a uniform distribution over [−1, 1], which were
ed to all units through input weights at each time. The input weights were drawn from a normal distribution N (0, gin), where gin indicate an input weights scaling
oefficient. (a) Colors indicate the orthogonality of a single module with 800 units; averaged absolute inner products between unit outputs in a module, which were
veraged over 100 modules. (b) Colors indicate the orthogonality of reBASICS with 800 modules, with averaged absolute inner products between module outputs
averaged over 10 systems). Time series to compute the orthogonality were acquired from 1 to 10 s after the input pulse.
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hile existing computational models of the ramping activity
elied on backpropagation of recurrent neural networks (Beiran,
eirhaeghe, Sohn, Jazayeri, & Ostojic, 2023; Remington, Narain,
osseini, & Jazayeri, 2018), reBASICS was able to accomplish the
ask using only least-squares learning in the readout. Further-
ore, we found that (phases of) the module outputs varied in

esponse to the inputs, allowing a single readout to learn multiple
patiotemporal patterns.
Even though the network size in each module is small, the

umber of its weight parameters is large, and the potential for di-
ersity in the dynamics created by random weights is enormous.
he most significant contribution of this study is the discov-
ry that these dynamics are orthogonal to each other. Random
ime series are orthogonal but meaningless; specifically, an or-
hogonal basis must be generated from simple recurrent neural
etworks which are not random. The Fourier transformation is an
xpansion with orthogonal trigonometric functions for differen-
iable time series, and the wavelet transformation is an expansion
or time series containing indifferentiable parts. In this study,
uch expansion is realized by limit cycles with complex forms.
owever, it is challenging to show mathematically how the or-
hogonality was achieved, because the complex limit cycles have
ery strong nonlinearity. Moreover, reBASICS relies on a small
etwork size, i.e., a finite size effect, which makes mathematical
nalysis such as mean-field approximation difficult.
reBASICS was able to learn motor timing and chaotic time

eries, such as Lorenz attractors, with high accuracy. However,
t does not infer the dynamical system itself, particularly, its
ttractors generating the target series; thus, it did not work to
stimate the Lorenz attractor that should be yielded by interact-
ng three variables. Instead, it synthesizes the target time series
sing orthogonal bases, as Fourier transformation for a given
ime series works. The readout from independent modules cannot
epresent hidden variable interactions, limiting the generalization
apability of reBASICS. One possible way to rescue this situation
307
ight be to add inter-module connections among modules. Thus,
e evaluated reBASICS with inter-module connections in a motor
iming task and learning task for the Lorenz time series (Fig. A.18).
nfortunately, the introduction of inter-module connections did
ot improve the performance but resulted in performance degra-
ation due to the appearance of chaoticity. However, the idea
f inter-module connections could be significant not only from
dynamical systems perspective but also from a biological per-
pective, and it would be valuable to study. Some methods based
n output feedback have been proposed to embed the dynamical
ystem in a reservoir from an observed time series (Hart, Hook, &
awes, 2020; Kim, Lu, Nozari, Pappas, & Bassett, 2021). We would
ike to combine such methods with reBASICS to solve further
ifficult problems in the near future.
There is another limitation that stems from the fact that reBA-

ICS does not represent a stable dynamical system itself. Although
he biological neural system is exposed to noise, neural noise
ignificantly reduced the performance for the motor timing task
n reBASICS (see Fig. A.17). We have two ideas to interpret this
oise sensitivity. One is that the animals’ ability to create accurate
iming behavior over long periods might be limited by neural
oise. Fig. A.17 shows that the model could accomplished the
ask for 10 s even under noise. This is intuitively consistent
ith human performance. Another possibility is that the nervous
ystem has a noise reduction mechanism. For example, innate
raining approach trains the reservoir network to reduce the
ffect of noise (Laje & Buonomano, 2013). Incorporating such a
echanism into our model would make it robust to noise.
The reBASICS can be interpreted as a model of various brain

reas that learn motor timing and generate motor patterns be-
ause it is simple and principled. Many brain regions are involved
n timing learning (Mauk & Buonomano, 2004; Paton & Buono-
ano, 2018), such as the basal ganglia (Jin, Fujii, & Graybiel,
009; Schubotz, Friederici, & von Cramon, 2000) and cerebel-
um (Kalmbach et al., 2010; Perrett, Ruiz, & Mauk, 1993), which
re primarily responsible for general motor learning (Doya, 2000).
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The reBASICS generates stable module activity in response
o the input pulse (onset signal), whereas it has been widely
bserved that the trial-to-trial variability of firing rates decreases
fter stimulus onset in biological neurons (Churchland, Byron,
unningham, et al., 2010). Such orbital stability is implicitly as-
umed in existing computational models of timing learning, based
n neural oscillations. The beat frequency model uses a set of os-
illators with different frequencies to learn the timing by detect-
ng their firing coincidence (Miall, 1989). Matell and Meck (2004)
308
xtended this model as a cortico-striatal model for timing learn-
ng. In this model, the oscillators at a range of different frequen-
ies represent the cortical neural populations that project into
he striatum, where dopamine signals modulate the readout of
he oscillator outputs to realize reward-based learning of timing.
ollowing the model, the modules in reBASICS can be interpreted
s neural populations in various cortical regions, and training of
he readout as a function of dopaminergic modulation in the stria-
um. RNNs and readout training are regarded as cortico-striatal
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Fig. A.13. Performance of the innate training approach with different network sizes N . In each network with g = 1.5, 90% of the units were trained to reproduce
heir own innate trajectories and all unit outputs were used to train the readout. Mean ± s.d. over 10 networks.
ystems in other computational modeling studies on time-series
earning (Dominey, 1995; Hinaut & Dominey, 2013). Limit cy-
le attractors has often been used to model cortical large-scale
scillations (Breakspear, 2017) including the alpha (Wilson &
owan, 1972) and beta (Moran et al., 2007) rhythms. reBASICS
ould predict that the modular or cluster organization of cortical
onnectivity (Hilgetag, Burns, O’Neill, Scannell, & Young, 2000;
porns & Betzel, 2016) might enhance the orthogonality between
ortical activities, resulting in support for motor pattern learning
n the striatum.

The cerebellum (and also hippocampus) is well known to be
nvolved in the motor timing of eyeblink conditioning (Kalmbach
t al., 2010; Perrett et al., 1993). In computational models of the
erebellum (Buonomano & Mauk, 1994; Tokuda, Fujiwara, Sudo,
& Katori, 2021; Yamazaki & Tanaka, 2007), granule cells receive
cortical inputs through mossy fibers, and granule cells and Golgi
cells form recurrent circuits. The granule cell outputs are sent to
Purkinje cells to integrate them to produce the system output.
The plasticity of the Purkinje cell output represents the readout
training. In this framework, the recurrent networks of granule
cells and Golgi cells sustain input-induced activity for some time,
and Purkinje cells output the desired patterns at a specific time.
Because various brain regions project into the cerebellum and
the inhibitory recurrent connections from Golgi cells to granule
cells might be local, the recurrent networks are not completely
independent modules, but might constitute a neural population
cluster (Apps et al., 2018). Such zonal patterning of connections
might enhance the orthogonality between granule cell outputs.

Most timing learning models, including the above-mentioned
models, do not explicitly consider orbital stability and orthogo-
nality, neither they address functions other than timing learn-
ing, such as motor pattern generation in motor learning, which
mainly involve in the striatum and cerebellum. The reBASICS is a
more general and principled neural network model that can learn
not only motor timing but also motor patterns, and deal with
the stability and orthogonality of the trajectories behind these

functions.

309
Fig. A.14. Performance of the learning of motor timing for different numbers
of modules. More modules improve the performance. reBASICS with 800 mod-
ules in the main text did not reach saturated performance, and even better
performance could be achieved with more modules. Mean ± s.d. over 10
networks.

5. Conclusion

We proposed reBASICS, which consists of small-sized RNNs
as modules that generate stable and orthogonal dynamics in
response to a single input pulse, creating a dynamical orthogo-
nal basis that acquires a large computational capacity. reBASICS
performs online learning of linear combinations of the module
outputs to replicate very long motor timings, and its performance
is more than 20 times better than that of the innate training.
Furthermore, we showed that reBASICS was able to learn non-
periodic chaotic time series, including the Lorenz attractors, with
high accuracy. In particular, the finding that the output trajec-
tories from independent modules are orthogonal to each other
is significant and deepens our understanding of motor learning,
especially in the basal ganglia and cerebellum. Further mathemat-
ical analyses on how they are orthogonal and their applications
are expected in the future.
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c

Fig. A.15. Percentage of modules whose recurrent weights were resampled
because their outputs converged to a fixed point, which was averaged over 10
networks. The more stable modules with small g and N are, the more modules
onverge to a fixed point and the more times they are resampled.

Fig. A.16. Performance of the learning of motor timing for different connection
probability p. Mean ± s.d. over 10 networks of reBASICS with 400 modules.

Fig. A.17. Performance of the learning of motor timing for different noise
amplitude I0 . The performance was for 2, 5, 10, and 20 s of intervals. Mean
± s.d. over 10 networks.
310
Fig. A.18. Performance of reBASICS with inter-module connections. First, M
modules consisting of only intra-module connections were constructed. Then,
each connection was rewired to another randomly selected node in another
randomly selected module with a probability pinter . Colors indicate the perfor-
mance in (a) the motor timing task for 20 s of interval and (b) the learning task
of the Lorenz time series (x) for 20 s. The performance was averaged over 10
networks of reBASICS with 400 modules.
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