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ABSTRACT

An efficient method is presented for estimating extreme nonlinear roll motion of a ship
in beam seas under a given short-term sea state. In the aim of reducing the number of nu-
merical simulations for roll motion simulation, this study employs an active-learning frame-
work, in which the active subspace is used for supervised dimensionality reduction. The
heteroscedastic Gaussian Process Regression (hGPR) is used for meta-modeling the limit
state function for a given extreme value, addressing incomplete stochastic spaces due to the
use of active subspace. Beyond just these implementations, a surrogate model of the roll
motion, based on the Duffing oscillator with cubic damping and a parametrized roll exci-
tation moment, is incorporated, by which one can further mitigate the computation time
required to estimate gradient vectors of the limit state function. Numerical demonstrations
are made using 1 degree-of-freedom (DOF) and 2 DOF roll motion models, introducing a
three dimensional hull form for wave-induced roll excitation force. The latter model involves

an implicit coupling with heave motion. Through a comprehensive comparison with crude
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Monte Carlo Simulation (MCS) and First Order Reliability Method, it turned out that the
present approach enables efficient and accurate estimation of the exceedance probability for

an excessive roll angle.

INTRODUCTION

Excessive rolling of a ship can result in a serious marine accident (see Luthy (Luthy
2023)). Thus, many scholars have devised numerical models for wave-induced roll motion,
ranging from the 1 degree-of-freedom (DOF) (Maki (Maki 2017) and Jensen (Jensen 2007))
to multi-DOF models (e.g. Delefortrie and Vantorre (Delefortrie and Vantorre 2021)), having
accounted for the nonlinearity in roll motion. Further, the Computational Fluid Dynamics
(CFD) has been implemented in the simulation by e.g. Jiang et al. (Jiang et al. 2020) and
Silva and Maki (Silva and Maki 2021), reflecting an exact hull form together with the bilge
keel effect. Having established well-validated numerical methods for nonlinear roll motion,
however, probabilistic estimation of excessive roll angles remains a challenge yet. A central
cause of the difficulty lies in the fact that the crude Monte Carlo Simulation (MCS) requires
substantial runs of a numerical simulation, especially for small probability cases. It is known
that the coefficient of variation (COV) of the MCS result is estimated as (e.g. see Echard et
al. (Echard et al. 2011)):

MCS
1 - P

_ 1
nyePHMCS (1)

CoV =

where PM©% denotes the probability of exceedance of a certain threshold (hereafter referred
to as "failure probability"), and ny;c the number of MCS computations. Evidently, to attain
sufficiently small COV/, for example COV = 0.1, to estimate P} = 1x107*, nyc = 1x10°
MCS computations are required; meaning that the use of a high-fidelity numerical method
like CFD is not feasible in an engineering context.

The First Order Reliability Method (FORM) and Second Order Reliability Method

(SORM) are known as alternatives to MCS, through which efficient failure probability esti-
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mations can be achieved (Zhao and Ono (Zhao and Ono 1999)). However, the accuracy of
FORM/SORM deteriorates if the response of interest exhibits strong nonlinearity, e.g. non-
linear roll motion (Jensen et al. (Jensen et al. 2017)). In pursuit of enhancing the accuracy
of failure probability estimation while minimizing computational efforts, an active learning
reliablity (ALR) method, , known as AK-MCS, was devised by Echard et al. (Echard et al.
2011), by combining MCS and Kriging, equivalently Gaussian Process Regression (GPR).
Several variants of AK-MCS have been proposed thus far, with the aim of improving the
stability and computational tractability of the ALR methods for, in particular, small failure
probability problems, as exemplified by AK-SS (Huang et al. (Huang et al. 2016)), AK-IS
(Echard et al. (Echard et al. 2013)), and AK-MCMC (Wei et al. (Wei et al. 2019)). More
recently, the Bayesian ALR (BALR) methods have been devised, see e.g. Bect et al. (Bect
et al. 2011) and Dang et al. (Dang et al. 2022a; Dang et al. 2022b). The BALR approaches
frame the active learning process as a Bayesian inference problem and estimate the poste-
rior distribution of the failure probability. The superiority of the BALR approaches over the
conventional ALR approaches in terms of computational tractability has been demonstrated.
Furthermore, novel sampling techniques have been incorporated into the BALR framework to
address the complexity of posterior statics of the failure probability, as exemplified by Wei et
al. (Wei et al. 2023) and Kitahara and Wei (Kitahara and Wei 2025). These (Bayesian) ALR
methods, on the other hand, are beset by the well-known "curse-of-dimensionality"—that is,
the computational burden associated with training the Kriging/GPR metamodel increases
drastically as the dimensionality of the stochastic space increases. Extreme wave-induced
response problems in a given short-term sea state entail a high-dimensional stochastic space
needed to represent the incident wave spectrum, rendering the direct application of ALR
methods impractical, if not impossible.

To overcome this difficulty, the authors’ research group recently incorporated the Karhunen-
Loeve (KL) expansion of the stochastic wave (Sclavounos (Sclavounos 2012)), thereby reduc-

ing the number of stochastic variables, see Takami et al. (Takami et al. 2025). In conjunction
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with AK-MCMC (Wei et al. 2019), highly efficient estimations of extreme nonlinear verti-
cal bending moment (VBM) in a ship were demonstrated. However, incorporating the KL
expansion of wave is not a panacea for addressing other extreme wave-induced response
problems; its benefit wanes if long-time numerical simulations are required. In fact, as at-
tempted by Jensen (Jensen 2020), when nonlinear roll motion in beam seas is subjected to
analysis, the failure probability estimation results (in ref. (Jensen 2020), FORM was used)
were flawed, as the KL-based wave is only capable of representing short-time wave sequences
in a reduced stochastic space.

Recently, the "active subspace" method proposed by Constantine (Constantine et al. 2014)
has gained attention in the realm of reliability engineering, as a means of attaining supervised
dimensionality reduction referring to a limited number of samples, see Jiang and Li (Jiang and
Li 2017), Zhou and Peng (Zhou and Peng 2021), and Navaneeth and Chakraborty (Navaneeth
and Chakraborty 2022). In the active subspace methodology, the low-dimensional feature
space is detected with reference to samples of the limit state function and associated gradient
vectors. By incorporating the active subspace into the active-learning process of GPR, in
conjunction with the heteroscedasticity of GPR, Kim et al. (Kim et al. 2024) devised an
adaptive active subspace-based heteroscedastic Gaussian process (AaS-hGP) methodology
for high-dimensional extreme value estimation. The hGP can account for noise induced by
input variables, whereby surrogate modeling with hGP works well even when the stochastic
space is imperfect. The AaS-hGP sheds light on achieving efficient estimation of extreme
nonlinear roll motion; however, gradient vector computations remain unavoidable insofar as
the active subspace is employed, implying that scores of numerical computations are required
apart from the limit state function calculations. If the finite difference method (FDM)
is used for gradient calculation, as was employed in ref. (Kim et al. 2024), perturbative
computations at the sampled points are required in this process, which in turn, a large
number of numerical simulation runs in high-dimensional stochastic space are required. Thus,

if a high-fidelity numerical model is utilized for roll motion computation, the original AaS-
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hGP method eventually imposes a significant computational burden.

To enhance the engineering feasibility of the AaS-hGP methodology for efficient nonlinear
roll motion estimations, this paper newly proposes a gradient vector approximation (GVA)
approach, making use of the Duffing oscillator together with a parametrized roll excitation
moment as a surrogate model for the roll motion. Parameters in the surrogate model are
identified with reference to the numerical simulation results at sampled points, followed
by the GVA using the identified surrogate model. By incorporating the GVA into the
AaS-hGP, high-fidelity numerical computations are only required at the sampled points
during the training process of the hGP model. In this study, the Duffing oscillator with
cubic damping, incorporating a parametrized roll excitation moment, is employed as the
surrogate. Numerical demonstrations are conducted using 1 degree-of-freedom (DOF) and
2 DOF nonlinear roll motion models coupled with heave motion, where a 3D hull profile is

utilized to derive the roll excitation moment.

AAS-HGP METHODOLOGY
This section introduces the AaS-hGP methodology presented by Kim et al. (Kim et al.

2024), which serves as an overall framework introduced in the present study.

Active subspace for supervised dimensionality reduction

Let the D-dimensional stochastic variables be X = [X;, X5, ..., Xp]. Referring to the
realization of X as @, consider a continuous and differentiable function y(x) and its gradient
Oy 9y 9y

T
Bas Bagr o %} . In the present study, the function y serves as the limit

vector V,y(z) = {

state function for an extreme value of interest. That is,

(2)

where ¢(x) denotes the response value under the stochastic excitation of x, ¢; the point in
time of interest, and ¢ the target extreme value. The probability corresponding to y(X) < 0

is called the failure probability P;. To retrieve a feature dimensional space by the active
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subspace (Constantine et al. 2014), the following C matrix is defined as:

C = /ny (Vay)' p da (3)

where p is the probability density function associated with . The following Monte Carlo

integral (Navaneeth and Chakraborty 2022),

N2 (Vay) s (V) (4)

is of practical use to assess C matrix based on N, training samples. C matrix is a positive

semi-definite D x D matrix, admitting the following eigenvalue decomposition,
C=WAW" (5)
where
A = diag {1, Mo, ..., \p} (6)

where the eigenvalues meet Ay > Xy > ... > Ap > 0. Matrices W and A can be split into

two parts as:
A= cw=|w, w) (7)

where A, includes the largest d,. eigenvalues, i.e. A, = diag{\1, \a, ..., \g,}. The projection
matrix W,., with a size of D xd,., is called active subspace. Upon determining the order of the

low-dimensional space d,., the function y(X) is approximated by using the low-dimensional
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feature vector ¥ € R% defined as

v=Ww,"'X (8)

, which is characterized by the active subspace Wi,.

The dimensionality d,. is typically detected via a screening process of the eigenvalues
to check whether a significant gap exists between ;. and Agq. 41 (Constantine et al. 2014).
Nonetheless, in the present study, it is required that the function y can be adequately
represented by the active subspace. With this in mind, the AaS-hGP procedure refers
to the root mean squared error between the computed y(x;) for Ny training samples x;,

i=1,2,..., Ny, and corresponding metamodel-based predictions (Kim et al. 2024):

€d = J ]\}tr i {y(z;) — MQ(¢¢)}2 (9)

=1

where 9; = W, x;, cf. Eq. (8), and j; denotes the mean of the surrogate model-based
prediction. In the present study, g is driven by leveraging the hGP, see the subsequent
sub-section 2. Referring to g4, d, is detected via the following iterative process (Kim et al.

2024):
1. Prepare Ny, training samples and acquire y(x;) and V,y(x;).
2. Compute C and W according to Eqgs. (4) and (5). Set d, =1
3. Train the hGP model based on 1; and y(x;) in the low-dimensionality space d, = 1

4. If g4 < €', or d. = D, stop the iteration and accept the current d, value. Otherwise,

increment d, by 1 and return to 3.

In the present study, 5 = 0.001 is employed. In the early stages of AaS-hGP (in combination
with FDM or GVA), the robustness of the hGP model based on d, determined by Eq. (9)

is marginal, due to the small number of training samples. Therefore, Eq. (9) is re-applied
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at every iteration of AaS-hGP to update d,. The robustness of the hGP model and d,
is assessed by monitoring the convergence trend of the reliability index [, which is to be

computed based on hGP predictions over all samples.

Metamodeling by Heteroscedastic Gaussian Process

Since the active subspace creation is made based on the limited number of training
samples, the active subspace W, detected during the training process is not necessarily
perfect. Thus, given the low-dimensional projected variables ¥ = W,” &, the hGP accounts

for the input-dependent noise to model the output y as:

y=rf(@) +e¥), e(@p) ~N(0,r(¥)) (10)

where

F@) ~ GP(us(), ky(9,4")), r(4) = exp{fy(v)} (11)

where f(1) denotes a latent function following a Gaussian process with mean g (1) and
covariance kernel kf(p,4’), and r(¢p) is the variance of the heteroscedastic noise. f,(1))
in Eq. (11) also follows a Gaussian process, i.e. fy(v) ~ GP(uo(¥), ky(¢p,4’)). Thus, the
hGP is parametrized by using the hyperparameters {6y, 0,, 110}, where 8; and 6, are the
hyperparameters for the kernel k(1 1") and ky(1p, 9’), respectively. To idendify the hyper-
parameters in the hGP, this study employs a variational approximation scheme proposed by
Lazaro-Gredilla et al. (Lazaro-Gredilla et al. 2014). Details of the hyperparameter identifi-
cation are given in I. Using identified hyperparameters, the hGP model offers the predictive

mean /i;(1,) and standard deviation o;(1p.) for a certain sample ..

Active Learning of hGP Model

AaS-hGP employs an adaptive training process to efficiently construct the hGP model

based on a sample population WP = {z,... &y} consisting of N pairs of the stochastic
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variables X. To this end, given a whole N sample pool undergoing dimensionality reduction
(i.e., Wy = {WTT:zzl, - WTTch}), and an existing Ny, training sample pool (i.e., W, =

{ W, 'z, ... W, xy, }), the next training sample 1* is detected by the following two steps:

1. From the whole sample pool W, identify a subset W, for which the so-called "U-

function" obtained by the hGP predictions is less than 2. That is,

|1y ()]
Wcz{dJEWo:U(v,b):ySQ (12)
oy (¥)

2. Among the samples in W,.., compute the minimum norm distance to the current training
samples @' ( € W,,). Then, a sample in W, that maximizes this minimum distance,
denoted as 1", is selected as the next training sample. It means,

* — . . / 1
¥ —arg max ( i o~ /] (13)
Note that U(t)) < 2 is practically useful for various types of failure probability estimations,
see e.g. refs. (Echard et al. 2011; Wei et al. 2019).

After detecting 1* in the low-dimensional space d,., a convergence check of the training

is made by referencing the failure probability Py, which is derived by:

2Ly () <0)

Py N

(14)

where T (p; () <0) = 1if py(¢p) < 0, otherwise equal to 0. In ref. (Kim et al. 2024),
the relative changes of P; are monitored to determine the convergence of the active learning
process. However, if Py is relatively small, an instability in convergence performance was
observed, as the simple counting by Eq. (14) evokes large variations in the relative P

changes. As such, in the present study, the reliability index 3, i.e.

B=—0""(F) (15)
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where ®(-) denotes the cumulative distribution function of the standard normal distribution,
is monitored. With reference to the reliability indices at the mth and (m — 1)th learning

steps, the following criteria

(16)

) = | =) )

are monitored, and if both ™ and ™ are less than 0.0005, the learning process is
terminated. Nonetheless, depending on the selection of the initial training samples, the
learning process occasionally required a large number of iterations to satisfy the conditions
sgm) < 0.0005 and sém) < 0.0005. Hence, aprat from the convergence criteria given by Egs.
(16) and (17), the training process is terminated when the total number of training iterations
reaches m,,,., = 400.

Fig. 1 shows an overall workflow of the present procedure based on the AaS-hGP method-
ology. It is anticipated that an excessively small initial sample size may lead to failure in
estimating the active subspace and its dimensionality (i.e., d,). In the present study, after
preparing a whole N = 10° sample pool, the iterative scheme commences after referring to
Ny = 100 randomly selected initial samples, consulting ref. (Kim et al. 2024). As indicated
in the workflow, the gradient vectors at the training samples are derived by either of the
following methods: the direct FDM with perturbative computations, or the GVA to skip the

perturbative computations.

GRADIENT VECTOR APPROXIMATION

Low-fidelity Model of Roll Motion

As mentioned earlier, the perturbative computations of a high-fidelity numerical model

are computationally prohibitive, impeding the efficiency of the AaS-hGP method. It is known
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that the nonlinear roll motion in beam seas can be approximated by a computationally
tractable second-order nonlinear differential equation, see e.g. Maki et al. (Maki et al. 2019)
and Jensen (Jensen 2007). That being said, relevant parameters in the differential equation,
i.e. damping and restoring terms, and the roll excitation moment by incident waves exhibit
significant uncertainty. Thus, in the present framework, a parameter identification process is
incorporated through which the roll motion computed by a high-fidelity numerical model can
be appropriately reproduced by a parametrized low-fidelity nonlinear differential equation.
Despite its simplicity, the Duffing oscillator is known to be effective in modeling the
nonlinear roll motion of a real ship, which is governed by nonlinear damping and restoring
terms; see, e.g., Wawrzynski (Wawrzynski 2021) and Kougioumtzoglou et al. (Kougioumt-
zoglou et al. 2016). Hence, in the present study, the following model is employed as a
low-fidelity model, which is fundamentally based on the Duffing oscillator together with

cubic damping:

.. . . 2
b + 2. + f;¢2 + aur (koo + koo = (18)

where ¢(t) denotes the instantaneous roll angle at time ¢, £ the linear damping, &3 the cubic
damping, k; the linear stiffness, k3 the nonlinear stiffness, GM the transverse metacentric
height, wy the roll natural frequency, and M, the roll excitation moment. J, is characterized
by the roll radius of gyration comprising the effect of added inertia r, = k., B as:

Jo = 12W = (ke B)” ps LBTC,, (19)

T

using the ship length L, breadth B, draught T, block coefficient Cj, and the fluid density

ps = 1000 (kg/m?). The roll natural frequency holds the following relationship:

(20)
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where g = 9.81 (m/s?) denotes the acceleration of gravity. Summarizing up to this point,
the roll motion ¢.(t) is characterized by the parameters {L, B, T, Cy,, GM, k., &1,&3, k1, ks },
apart from M,.

M, is in general characterized by using the transfer function (TRF) of the excitation

moment w.r.t. the incident wave. Thus,

D/2

M. (t) = ; R(w;)y/ S (w;)dw; {:z:Z cos(w;t + I'(w;)) — @i py2 sin(w;t + F(wz))} (21)

where w; denotes the discretized wave frequency, S(w;) the incident wave spectrum, dw; the
non-equidistant frequency increment, and {R(w;),I'(w;)} the amplitude and phase of TRF.
Note that for beam sea cases, I'(w;) = —F. As found from Eq. (21), the stochastic variables
at a given sample = {z1, 9, ...,zp} are embedded to M, and, in this case, X follows
an uncorrelated standard normal distribution. It is evident that M, is characterized by
numerous parameters, as the TRF is discretized for each frequency w;. However, as the
number of parameters increases, the parameter identification described later may become
more challenging. To circumvent the growth in the number of parameters, this study employs
the closed-form expression (CFE) for the TRF, proposed by Jensen et al. (Jensen et al.

2004). According to ref. (Jensen et al. 2004), R(w;) in beam seas is simply derived by using

{L,B,T} as:
1 2
R(w) = ,/% gL\/byy, where by = §pr3T Egabt exp{ﬁbtw_l‘g’}w%t (22)
where
B
s = 0256 — 0.286 (23a)
B
By = —0.11= — 2.55 (23b)

T
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B
T = 0033 — 1.419 (23¢)

By leveraging the CFE, one can efficiently model the excitation moment without increasing
the number of parameters. Consequently, the present low-fidelity model offers the roll motion
time series given the parameters @ = {L, B, T, Cy, GM, k., &1, €3, k1, k3}. The Runge-Kutta
fourth-order method is used for solving Eq. (18), with the time increment of 0.5 s and the

initial states ¢.(0) = 0 rad, ¢.(0) = 0 rad/s.

Parameter Identification and Gradient Computation

During the active learning process, the roll motion time series corresponding to a training
sample x* is to be computed using a high-fidelity numerical model. Given the roll motion
time series for the training sample ¢ (¢;, *) at the instant time ¢;, the following cost function

is computed:

1 M

L(z"©) = N, 2_: {0(t;, ) — ¢ (t;,25,©)}" (24)

where NV; denotes the number of discrete time points, and the parameter set © is identified

such that
®" = arg m@in {L(z*;0©)} (25)

In the present study, the sequential quadratic programming (SQP) a maximum of 400 iter-

ations is utilized to find ©*. The upper and lower bounds of the parameters
{L7 B7 T7 Cb7 GM7 kﬂ:fm 517 537 kl) k3}

are set:

Lower bound: {0, 0, 0, 0, 0, 0.1, 0, 0, 0, —100}

13 Takami, July 31, 2025



298

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

Upper bound: {500, 50, 50, 1, 10, 1, 1, 1, 100, 100}

Among these, ki is constrained to positive values, thereby keeping ¢. being zero-mean.
Upon derivation of ®*, the gradient vector at «* is then estimated by using the low-fidelity
model introducing ®*. In this study, a simple FDM is employed. It means, suppose that
Vay(a*) = [Ar(z*), Ag(a"), ..., Ap(z*)],

x* + oe;) — y(x*)
J

e t ) * d ’L)G)*
, where y.(x* 4+ de;) =1— Delty, @ ¢+ €ii0") (26)
f

Ai(z*) = Ye

Although the FDM scheme necessitates the perturbative computations by Eq. (26), the
computational burdens are small, thanks to the brevity of the model Eq. (18). Nonetheless,
following the identification of parameters in the low-fidelity model, the adjoint method (see

Givoli (Givoli 2021)) could enable a more efficient estimation of gradient vectors.

NUMERICAL INVESTIGATION

Numerical Model for Roll Motion

In the present study, the following two numerical models, a) 1 degree-of-freedom (DOF')
roll model and b) 2 DOF roll model implicitly coupled with heave motion, which are based
on Jensen (Jensen 2007), are used as high-fidelity models for numerical investigation. A
bulk carrier used in ref. (Takami et al. 2024) is selected as a subject ship, see its principal

particulars in Table 1. The models are:

a) 1 DOF model

&+ 2y wode + Eae |0 6 + 5%3 + —OGZ<¢> Aﬁ(? (27)
b) 2 DOF model
t 2 1 - b M,
¢ + 281 wode + Lo ’Cb‘ ¢ t 63 S+ (G]\/[Q)GZ(¢) - Jx(f) (28)
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where the damping terms {1+, &2+, &3¢} = {0.01,0.073,0.51} are introduced based on the
measurements in ref. (Takami et al. 2024). J,; and wy are derived with the introduction of
principal particulars in Table 1 into Egs. (19) and (20), respectively. h denotes the heave
motion, and & denotes the acceleration of heave. It is worth noting that Eq.(27) shares a
similar structure to the low-fidelity model in Eq.(18), but the roll excitation moment M,
is derived in a more rigorous manner. The roll excitation moment M;(t) is computed in
accordance with Eq. (21), but the TRF R(w) is computed by a 3D panel theory-based code
SPREME-web, see Matsui et al. (Matsui et al. 2024), with the 3D hull profile used as input.
The transfer function of the roll excitation moment R(w) computed by the 3D panel theory
is shown in Fig. 2 by a red solid line. In the figure, R(w) computed by the CFE with the
introduction of {L, B, T} in Table 1 is shown by a black solid line, for reference. One can
find a significant difference between the 3D panel theory and CFE, which highlights the fact
that the simple reference of {L, B, T} cannot reproduce the roll excitation moment in a 3D
hull, as the CFE in ref. (Jensen et al. 2004) assumes a simplified box-shaped hull.

The righting lever, GZ, is set by
GZ(¢) = (GM — 1)sin(¢) + ¢ + 15¢* — 15¢° (29)

where the coefficients of ¢, ¢3, and ¢° are selected arbitrarily, but in such a way that
the resulting GZ curve remains realistic. The resulting GZ curve is shown in Fig. 3, in
comparison with a linear approximation by GM - ¢. It is evident that the nonlinearity in
the restoring force is prominent for large roll angles, specifically, larger than 0.3 rad. As for
the incident wave spectrum, the Pierson-Moskowitz type wave spectrum with the significant
wave height H; = 9 m and the zero-upcrossing period 7, = 10.5 s is employed.

The acceleration of heave motion is computed by:

D/2

ht) = —w?Ry(wi)y/S(wi)dw; {xl cos(wit + ' (w;i)) — @44 py2 sin(w;t + Fh(wi))} (30)

=1
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where {Rp(w;), g (w;)} denotes the TRF of heave motion. In the present study, the CFE
(Jensen et al. 2004) for heave motion is utilized to derive { Ry (w;), 'y (w;)}. The Runge-Kutta
fourth-order method is used for solving Eqs. (27) and (28), with the time increment of 0.5
s and the initial states $(0) = 0 rad, ¢(0) = 0 rad/s. The reference time ¢ in Eq. (2) is set
600 s, so that the memory effects in the response are covered (Jensen 2007). Note that the
KL expansion of the wave is no longer beneficial in such long-time numerical simulations,
see (Takami et al. 2025). The target extreme value ¢y = 0.4 rad is used.

The present 1 DOF and 2 DOF models are also based on nonlinear ordinary differential
equations, like the low-fidelity model. However, the key difference is that the 1 DOF and
2 DOF models incorporate a) a realistic GZ curve (together with GM value) for restoring
term characterization and b) wave-induced roll motion excitations, which are calculated
using a full 3D ship hull model. It has been known that incorporating these factors together
with together with the damping terms {& 4, &, &3 = {0.01,0.073,0.51} enables accurate
reproduction of the actual roll motion of the vessel, see ref. (Takami et al. 2024), and in this

context, the present 1 DOF and 2 DOF models can function as high-fidelity models.

Gradient Approximation Results

The accuracy of the present GVA scheme is first validated. For a single sample of stochas-
tic variables @, the parameter identification is carried out according to the procedure in Sec-
tion 3. To find the parameters by SQP, the initial guess {L, B, T, Cy, GM, kyy, &1, &3, k1, kst =
{278,45,17.7,0.844,5.47,0.4,0.1,0.1,0.1,0} is used, of which the principal parameters are
referenced from Table 1 and the others are selected arbitrarily. Fig. 4 compares the roll
motion time series computed via the 1 DOF model with the introduction of selected «, the
low-fidelity model computation (i.e. Eq. (18)) by the initial guess, and the low-fidelity model
computation with identified parameters. Evidently, from the figure, the low-fidelity model
together with identified parameters accurately reconstructs the 1 DOF model-based time
series, despite the initial guess being poor in precision.

Four samples of x are taken to validate GVA results. For comparison, the FDM computa-
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tions that directly incorporate the 1 DOF /2 DOF models—i.e., Eq. (26) with the substitution
of the 1 DOF/2 DOF model results—are referenced as the authentic results (hereafter de-
noted as "direct FDM"). Figs. 5 and 6 compare the gradient vectors V,y with respect to the
dimension in . From Fig. 5, which refers to the 1 DOF model, the GVA results are highly
correlated with the direct FDM results, despite subtle discrepancies. The same holds for
the 2 DOF model cases, see Fig. 6, though the discrepancy is somewhat more pronounced
compared to Fig. 5, which may be attributable to the heave motion contribution.

The gradient vector consequently influences the reduced dimensionality d, and is sub-
sequently reflected in the projection matrix W,., thereby affecting hGP model predictions.
Therefore, the projection matrices W, obtained from the direct FDM and the GVA, using
the same initial training set (100 samples) for the 1 DOF model case are compared. The
comparison is shown in Fig. 7, noting that d, = 29 is detected by the direct FDM, whilst
d, = 25 by the GVA. Looking at Fig. 7, it is evident that the projection matrix obtained
by the GVA captures the overall distribution of values comparable to that obtained by the
direct FDM, without exhibiting any significant outliers, despite local discrepancies caused
by deviations in the gradient vectors.

Putting the results into perspective, it is interpreted that the present GVA possesses the
capacity to predict the gradient vectors to a certain extent, though not altogether accurately.
Fortunately, the present approach employs the hGP, which allows the noise induced by the
reduced feature space to be incorporated, suggesting that the small errors in W, would not
be a big deal.

The automatic differentiation, see e.g. Bolte and Pauwels (Bolte and Pauwels 2020),
might have also provided approximations of the gradient vectors. However, it is anticipated
that a sufficient number of samples of y(x) would be required to ensure accurate gradient
estimation. In fact, for the present cases with D = 100, thousands of samples may be

necessary, which is somewhat too excessive.
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Failure Probability Estimation Results

The failure probabilities associated with the limit state function Eq. (2) estimated by
the AaS-hGP with and without the GVA scheme are then examined. For comparison, crude
MCS computations are made with a sample size of  equal to 10°, i.e. the 1 DOF/2 DOF
models are to be computed 10° times in obtaining P;. Apart from that, FORM computations
based on the Modified Hasofer-Lind (M-HL) algorithm (Liu and Der Kiureghian, (Liu and
Der Kiureghian 1991)) are also made for reference. The parameters used in the M-HL
algorithm are configured in accordance with ref. (Takami et al. 2025). Attempts were
made to introduce BALR approaches, specifically the Sequential and adaptive probabilistic
integration (SAPI) (Kitahara and Wei 2025) and Parallel Adaptive Bayesian Quadrature
(PABQ) (Dang et al. 2022b). However, both SAPI and PABQ failed to function properly
due to memory limitations and were unable to produce a solution. This reminds us of the
need for dimensionality reduction.

To examine the variation in the P; estimates by AaS-hGP, 10 independent realizations
of AaS-hGP are made by changing the sample pool WP. Fig. 8 indicates the mean and
standard deviations of P; for 1 DOF model derived from AaS-hGP with the introduction of
direct FDM and GVA. From the figure, it is evident that, albeit a small difference in mean
values between two approaches, the GVA-based AaS-hGP yields notably stable estimates on
Py, the standard deviation of which is reasonably small.

Comparisons of estimated failure probabilities and reliability indices by using each method
are summarized in Tables 2 and 3. In the tables, Ny gr indicates the number of computa-
tions of limit state functions, that is, Eq. (2), by using the 1 DOF/2 DOF model, while
Nyrqa indicates the number of required computations of 1 DOF /2 DOF model to obtain the
gradient vectors during the AaS-hGP procedure. In this sense, Ny,qq = NpgpD, if the direct
FDM is integrated. Note that P, (and corresponding ) and Npgp from AaS-hGP indicated
in Table 2 represent the mean values over 10 independent realizations. While the M-HL

algorithm also incorporates the gradient vector computation stages, only the total numbers
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of required model evaluations are listed in the tables. The conversion between Py and [ is
made according to Eq. (15). In Table 3, three distinct AaS-hGP results (with direct FDM
or GVA) are indicated, which are denoted as "lst", "2nd", and "3rd", each obtained using a
different initial training sample pool.

From the results, one can observe significant deviations in P; obtained by FORM, com-
pared to the crude MCS. This suggests that strong nonlinearity manifests in the respective
limit state hypersurfaces, such that the linearization around the design point fails to approx-
imate the failure probability. In contrast, P; estimated by the AaS-hGP are much closer
to those by the crude MCS. Note again that the AaS-hGP results exhibit some variability
due to the selection of initial pool, say, in the Table 3 case, the § values range from 3.083
to 3.206; nevertheless, the accuracy remains remarkable. AaS-hGP has a key advantage in
that it requires only a limited number of limit state function evaluations, as evidenced by
Npsr in the tables. However, if the direct FDM is utilized for computing gradient vectors,
the total number of model evaluations, i.e. Npgp + Ngpq is substantial. This issue will
undoubtedly become more significant as the dimensionality D grows, or as the numerical
model becomes more high-fidelity. Of note is the remarkable accuracy of the AaS-hGP with
the introduction of GVA, in which the high-fidelity model evaluations are not required for
gradient vector computations. Albeit the fact that the GVA necessitates the parameter
identification schemes, the low-fidelity model Eq. (18) is computationally tractable, thereby
the benefits of the GVA manifest when a high-fidelity model is referenced. As discussed in
sub-section 4, the GVA exhibits relatively large deviations in the estimated gradient vectors,
see Fig. 6, but Table 3 endorses that such differences do not have adverse effects on the Py
estimation results. It appears to be tempting to utilize the GVA in FORM as well; however,
since the FORM analysis refers to the gradient vectors to compute the 'merit function’ (Liu
and Der Kiureghian 1991), small errors in the gradient vectors would be more problematic.

Fig. 9 shows the histories of the reliability index 5 by Eq. (15) during the iterative

processes in the AaS-hGP. In the 1 DOF case, the "Ist" realization results from AaS-hGP
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using the direct FDM and GVA are shown in the left-hand side figure, while in the 2 DOF
model case, the "3rd" result from AaS-hGP (direct FDM) and the "1st" result from AaS-hGP
(GVA) are shown in the right-hand side figure. Note that iteration number 0 corresponds to
the starting point of the iteration referring to Ny = 100 initial samples, thus the horizontal
axis corresponds to m in Fig. 1. By and large, the AaS-hGP solutions start to converge after
150 iterations. [ histories from three distinct runs of AaS-hGP for 2 DOF model case are
shown in Fig. 10. On the surface, it appears that the convergence behavior differs between
individual runs. In fact, for the "2nd" case of AaS-hGP (GVA), the convergence criteria given
by Egs. (16) and (17) are not satisfied until m = m4., resulting in Npgp = No+mnee = 500.
Having said that, all training processes demonstrate a clear trend toward convergence by 400
iterations.

In this study, convergence was assessed merely by referencing the relative variation of
B, but discovering more appropriate and consistent convergence criteria warrants further
investigation in future studies. Nevertheless, for practical use, one can monitor the S (or
Py) history during the process and terminate the iteration at one’s own discretion, as the

relative changes of 5 become subtle around 400 iterations.

CONCLUSION

In the present study, aiming at efficient estimation of extreme nonlinear roll motion,
i.e. the failure probability associated with an excessive roll angle, an active learning-based
methodology making use of the Heteroscedastic Gaussian Process (hGP) Regression was
introduced. To deal with the high-dimensionality of stochastic ocean waves, a supervised
dimensionality reduction technique, the so-called active subspace, was integrated. The basic
procedure is called AaS-hGP methodology presented by Kim et al. (Kim et al. 2024). The
original AaS-hGP procedure, in which the gradient vectors are evaluated by the direct Finite
Difference Method (FDM), however, necessitates substantial computational burdens, as per-
turbative computations are required. To address this issue, in this study, the gradient vector

approximation (GVA) scheme was proposed to enhance the computational efficiency. In the
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present GVA scheme, a Duffing oscillator-based low-fidelity roll motion model characterized
by a limited number of parameters was utilized. By utilizing the low-fidelity model together
with nonlinear optimization through the sequential quadratic programming (SQP), the pa-
rameters that best reproduce the high-fidelity numerical computation results are identified,
and the gradient vector computations are undertaken by using the computationally tractable
low-fidelity model. Thus, the benefit of GVA becomes more pronounced when the model of
interest is more computationally demanding.

Numerical investigation was made using two high-fidelity models for roll motion, one is
the 1 degree-of-freedom (DOF') model incorporating the roll excitation moment based on the
3D hull profile, while the other is the 2 DOF model in which an implicit coupling with heave
motion is further integrated. By using the present GVA procedure, the gradient vectors
can be reproduced to a reasonably accurate extent by the low-fidelity model together with
identified parameters, albeit with slight deviations in the 2 DOF model cases. As regards the
failure probability estimation, the AaS-hGP procedure demonstrated outstanding accuracy
in the estimated failure probabilities, outperforming the First Order Reliability Method
(FORM). The same was true even when the GVA scheme was introduced into the AaS-hGP.
As such, the perturbative FDM computations using a high-fidelity model can be skipped,
whereby enhancing the computational efficiency. Since the hGP is a metamodel that accounts
for input-dependent noise, slight differences in the gradient vectors of the direct FDM did
not have a significant impact on the failure probability.

This study utilized simplified roll motion models for numerical demonstration, but it
is expected that the present AaS-hGP procedure together with GVA works well for real
phenomena, as the present 1 DOF model can sufficiently describe the roll motion of a 3D
ship, see Takami et al. (Takami et al. 2024). Therefore, the present approach may be
applicable to the extreme roll motion estimation of a model ship by directly referencing
measurements in a model basin; this will be addressed in the future. Further topics to be

explored in the future include parametric rolling and the effect of nonlinearity in waves (see,
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e.g., West et al. (West et al. 1987)), as well as modifications to the AaS-hGP procedure to

improve its applicability to rare events.
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APPENDIX I. HYPERPARAMETER IDENTIFICATION IN HETEROSCEDASTIC
GAUSSIAN PROCESS MODEL
Lazaro-Gredilla et al. (Lazaro-Gredilla et al. 2014) proposed the following lower bound

of the exact marginal likelihood using variational mean vector m and covariance matrix V:

1
barv(m, V) =N (YVp; 0, Ky + R) — - t1(V) = KL (N (g;m, V) | N(g; o, Ky))  (31)

where Vp = {y(x:),y(x2),....,y(xn, )}, tr(-) denotes a trace operator, KL(:|-) the Kull-
back-Leibler divergence between two PDFs, Ky and K, respectively are the covariance
matrices of f(¢) and f,(¢) in Egs. (10) and (11), and R is a diagonal matrix with elements
R; j = exp{m; — V;;/2},i =1,2,..., Ny. The hyperparameters are to be identified so that
this lower bound is maximized.

Upon identification of the hyperparameters, the predictive mean and variance of the limit

state function corresponding to a given sample 1), can be given as:

ny(vh.) = ki (Kf + R)™ Y, (32)
o2(.) = exp{. +12/2} + 42 (33)
where ., n2, and 72 are:
T 1

o = kT (AMV _ 21) 1+ o, (34)
2 f — kT (K, + Ayky) K (35)

s gk s g MV G
Vi =k — ki (Kp+ R) 'Ky, (36)

where k;, amd kg, are vectors of covariance functions between the location 1, and NV,
training samples W, = {WrTml, e WTT:IIN”} for latent functions f(¢) and f,(¢), re-

spectively. Apry is a positive semi-definite diagonal matrix re-parameterizing m and V in
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TABLE 1. Principal particulars of a bulk carrier for numerical investigation

L(m) B(m) T(m) Cy G M (m) -

278 45 17.7 0.844 5.47 0.37
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TABLE 2. Comparison of failure probabilities, reliability indices, and the number of re-
quired computations among each method (1 DOF model). The results shown for AaS-hGP
are the mean values obtained from 10 realizations.

crude MCS FORM AaS-hGP (direct FDM) AaS-hGP (GVA)

P; 1.10 x 1073 3.77 x 1073 1.17 x 1073 1.38 x 1073
3 3.061 2.672 3.043 2.993
Nisr 109 330 359
Nyrad(= NpseD) 0 32759 33000 0
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TABLE 3. Comparison of failure probabilities, reliability indices, and the number of re-
quired computations among each method (2 DOF model).

crude MCS FORM AaS-hGP (direct FDM)  AaS-hGP (GVA)

1.03 x 1073 (1st) 5.18 x 10~ * (1st)
Py 6.45x 107* 229 x 1073 9.75 x 10~* (2nd) 6.31 x 10~* (2nd)
6.73 x 107 (3rd) 8.49 x 107 (3rd)
3.083 3.281
o] 3.218 2.835 3.098 3.224
3.206 3.139
352 461
NLSF 106 219 500 (:N() + mmax)
23656 275 329
35200
Nyraa(= NpspD) 0 21900 0
27500

32 Takami, July 31, 2025



636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

List of Figures

1
2

10

Overall workflow of the active learning by active subspace and hGP . . . . . 34
Transfer functions (amplitude) of roll excitation moment derived from the 3D
panel theory and closed-form expression . . . ... ... ... ... ..... 35
Righting lever GZ of the bulk carrier . . . . . . .. .. ... ... ... ... 36
Comparison of roll motion time series from 1DOF model (Eq. (27)) and low-
fidelity model estimations . . . . . . . . .. ... L 37
Comparison of gradient vectors of the limit state function obtained by the
direct Finite Difference Method and the present gradient vector approximation
(GVA). 1 DOF model case. . . . . . ... ... ... 38
Comparison of gradient vectors of the limit state function obtained by the
direct Finite Difference Method and the present gradient vector approximation
(GVA). 2 DOF model case. . . . . . ... ... 39
Comparison of the projection matrix W,. obtained by the direct Finite Differ-
ence Method and the present gradient vector approximation (GVA). 1 DOF
model case. . . ... 40
Mean and standard deviation of P, derived from 10 runs of AaS-hGP using
the direct FDM and GVA. The bars indicate the mean values while the error
bars indicate the +1 standard deviations. 1 DOF model case. . . . .. . .. 41
Histories of reliability indices during the iteration in the AaS-hGP by 1 DOF
model cases (left) and 2 DOF model cases (right) . . . ... ... ... ... 42
Histories of reliability indices during the iteration in the AaS-hGP by 2 DOF

model case from three distinct results, based on direct FDM (left) and GVA

33 Takami, July 31, 2025



Generate a sample
pool WP in D
dimensional space

Select N, = Ny
initial training sam-
ples, and set m = 1

Compute limit state
function y(x) in the
training samples

Estimate the gradient
vectors V,y(x) by
GVA or direct FDM

Determine d
Ny = Ny + 1 ; "
! ot by active sub-
space and hGP

Estimate the gradient ¥
vector V,y(z*) by Detect the next
GVA or direct FDM training sample

¥* using hGP

Compute limit predictions (pg,
state function og) for ¢ € Wy

y(z*0) for the next |
training sample 1)*

m=m+1 £ < 0.0005
no ™ < 0.0005
or

M = Moaz |

yes {

Py = ®(—B™) and stop}

Fig. 1. Overall workflow of the active learning by active subspace and hGP
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Fig. 2. Transfer functions (amplitude) of roll excitation moment derived from the 3D panel
theory and closed-form expression
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Fig. 4. Comparison of roll motion time series from 1DOF model (Eq. (27)) and low-fidelity
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Fig. 5. Comparison of gradient vectors of the limit state function obtained by the direct
Finite Difference Method and the present gradient vector approximation (GVA). 1 DOF
model case.
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Fig. 6. Comparison of gradient vectors of the limit state function obtained by the direct
Finite Difference Method and the present gradient vector approximation (GVA). 2 DOF
model case.
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Fig. 7. Comparison of the projection matrix W, obtained by the direct Finite Difference
Method and the present gradient vector approximation (GVA). 1 DOF model case.
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Fig. 8. Mean and standard deviation of P; derived from 10 runs of AaS-hGP using the
direct FDM and GVA. The bars indicate the mean values while the error bars indicate the
+1 standard deviations. 1 DOF model case.
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Fig. 9. Histories of reliability indices during the iteration in the AaS-hGP by 1 DOF model
cases (left) and 2 DOF model cases (right)
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Fig. 10. Histories of reliability indices during the iteration in the AaS-hGP by 2 DOF model
case from three distinct results, based on direct FDM (left) and GVA (right)
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