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We apply the complex-scaling method (CSM) to the o + o + N three-body model to study the nuclear
structure of *Be and °B nuclei, focusing mainly on mirror symmetry in the resonant states. In our previous paper
[Phys. Rev. C 110, 064316 (2024)], we reported the energy-level structure below about 15 MeV excitation energy
in ?Be and B nuclei and discussed the significant effect of the Coulomb force. In this paper, we investigate the
wave functions of these states, i.e., the matter- and charge-distribution radii, and the cluster-channel amplitudes.
The results show a clear mirror-symmetry breaking between °Be and °B nuclei, which is mainly due to the

Coulomb interaction.

DOI: 10.1103/2kn8-vd5t

I. INTRODUCTION

The low-lying states of the mirror nuclei °Be and °B have
been a subject of continuous interest, both theoretically [1-9]
and experimentally [10—15], due to their curious nuclear struc-
ture. The valence nucleon around two « clusters is believed to
occupy a p orbital in the ground state and possibly an s orbital
in excited states.

The first unbound excited 1/2" state in these mirror nuclei
has been extensively investigated using various theoretical
approaches [16,17] and experimental methods [18,19]. We
have successfully described the structure of the 1/2% state
using an « + o« 4+ N three-body model and the complex-
scaling method (CSM) [20-28]. We found that the excited
1/27 state in 9Be has a virtual-state character, whereas in °B,
the Coulomb potential leads to a mirror-symmetry breaking,
resulting in two distinct 1/2% resonant states [20-22].

This intriguing phenomenon motivates a wide investigation
into the mirror symmetry of other low-lying states. The pri-
mary difference between the mirror nuclei °Be and °B is the
Coulomb interaction between the « clusters and the valence
nucleon, which alters the spatial distributions and causes sys-
tematic energy shifts of the nuclei.
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This work extends our previous calculations [1] to inves-
tigate the mirror resonances of both odd-parity states (J* =
1/27 to 9/27) and even-parity states (J™ = 1/2% to 9/27)
below the 15 MeV excitation energy. Those calculated states
are classified into the C type and E type due to the size of the
Coulomb energy shifts and into several band states as follows:

(1) Ctype: K" =3/2, -, 1/2]- and 1/2%-band states at

low energies and with a large Coulomb-energy shift,
(2) E type: K™ = 1/2;, 4~ and 3/2"-band states in high
energies and with a small Coulomb-energy shift.

The three low-lying bands belonging to the C type have
some experimental data and have been reproduced by other
calculations. However, high-lying E-type band states are new
resonant states obtained in our calculation. In addition to the
low-lying C-type band states, which have been studied well
so far, we are interested in obtaining information and under-
standing of properties of the new E-type band states.

These E-type band resonant states, with broad decay
widths, provide a unique opportunity to understand the
multichannel decay mechanisms and distribution of cluster
structures. To see the structure of such resonant states, we
calculate the expectation values of the matter and charge radii
and the channel amplitudes in the CSM [27]. The compara-
tive analyses of the matter and channel radii for mirror pairs
are expected to offer insights into the subtle effects of the
Coulomb force on those resonant states. Furthermore, investi-
gation of channel amplitudes in addition to matter and charge
radii is useful in revealing a systematic energy shift between
those band states of Be and °B, validating the effects of the
Coulomb force.

These results reveal a significant mirror-symmetry break-
ing in the spatial properties of these nuclei. Although many

Published by the American Physical Society
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states of “Be have matter radii larger than the charge radii,
similar to the neutron-rich nuclei observed, the mirror nu-
cleus °B exhibits the opposite relationship, with a consistently
larger charge radius. This is a direct consequence of Coulomb
repulsion moving the valence proton away from the di-« core,
indicating a significant spatially extended structure of the pro-
ton.

This paper is organized as follows: Sec. II describes the
theoretical framework of our o + « + N three-body model
and the complex scaling method. In Sec. III, we present and
discuss the results of our calculations, including the system-
atic energy shifts, the comparison of matter and charge radii,
and the analysis of channel amplitude. Section IV presents
some discussion of the results obtained, and a summary and
conclusions are given in Sec. V.

II. THEORETICAL FRAMEWORK

A. o + a + N model and complex scaling method

The o 4+ o + N three-body model is used to simultane-
ously solve the bound and resonant states in °Be and °B
nuclei. The antisymmetrization effect is also described using
the orthogonal-condition model (OCM) [29]. For details, see
the previous paper [21]. In this paper, to study the properties
of the resonant states of A =9 mirror nuclei, we use the
theoretical framework of the analysis of wave functions in the
complex-scaling method (CSM) [23-26], in which the relative
coordinates (r, R) in the Hamiltonian are transformed into
(re’?, Re?) with a real scaling angle 6 by the transformation
operator U (0).

Basically, it is the same as the treatment of bound states, but
the big difference is that the states in bra space are not Hermite
conjugates of the states in ket space but are biorthogonal
conjugates [27]. The bound and resonant states are commonly
obtained by solving the complex-scaled Schrodingier equa-
tion expressed as

A% () = Ef Wk (). 1)

The complex-scaled Hamiltonian H? and the wave function
\IJ}‘H (9) are defined as U(@)HU (0)~" and U(Q)\I-’}‘n, respec-
tively [26], where £ is a state index.

Due to the complex scaling, a resonance wave function
is regularized and can be described by square-integrable
functions. As square-integrable basis functions, we employ
Gaussian functions [30], and then the three-body wave func-
tion is expressed by a sum of wave functions in different
Jacobi coordinate systems as

vl (0)
—Zc O)|[[¢n (r1:a)) ® pr, (Ri;ad)],, ® x7),)

Z (0)|[[¢n(r230]) @ 61, (Ra; @), ® x7)a], )

(@)

where ijy (0) and C"jr (0) are expansion coefficients and X1
is the spin wave function of the valence nucleon. The rela-
tive coordinates {r¢, R.} (¢ = 1, 2) of the three-body model

Y-type T-type
0y o, o, a,

FIG. 1. Schematic illustration of the Y- and T'-type Jacobi coor-
dinate sets of the & 4+ o + N system.

a + o + N are given in two types of Jacobi coordinate sys-
tems (type Y and type T) indexed by c(= 1, 2), respectively, as
shown in Fig. 1. The operator S is a symmetrizer between two
«a particles. The function ¢;(r; a) is a Gaussian basis function
with the range parameter a, which is given by

$i(r;a) = r' exp (= 3ar?)Yi(7). 3)

The indices vy and vy are sets of {li,L;, A, i} and
{lr, Ly, A», j}, respectively.
The expectation values of these radii are calculated as

(R?) = (9],

R |w), 4)

where \If . is the biorthogonal conjugate state of Wj,. The

root-mean-square radius is obtained as R = v/ (R2) for matter
and charge parts in this paper [31]. The value of the root-
mean-square radius is a real number for the bound state but a
complex number for the resonant state, and the physical mean-
ings have been discussed in our recent paper [27]. Generally,
resonant states with sharp widths show small values of the
imaginary part. In this study, we investigate the properties of
the resonant states by taking the real part of the calculated
radii.

B. Channel amplitudes

We calculate channel amplitudes to see the structures of the
bound and resonant states in °Be and °B. The channels of the
o + o + N model are expressed by angular-momentum cou-
plings of relative motions of clusters and a spin of a nucleon
in the two Jacobi coordinates, as shown in Fig. 1. The channel
wave functions are defined as

e D AGH X1/2]1n ® YL, (R))], %)
for the Y-type [(o¢;-N)-crz] coordinate system and
he! = [Y,(R2) ® [Yi, (Ra) ® 7)o ], ], (6)

for the T-type [(aj-a2)-N] one, where ¢y = {l;, Ly, i} and
cr = {b, Ly, b}.

To calculate channel amplitudes, we define projection op-
erators P, and P.. for channels cy and cr, respectively, as

024324-2
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TABLE I. Calculated resonance energies (E™*), decay widths (I'"**), and complex-valued matter (R,,) and charge (R.,) radii for the odd
spin-parity states of the mirror nuclei °Be and °B. Energy, matter, and charge radii are given in comparison with experiments for the ground

state of Be.

CAL. Matter radii Charge radii Matter radii CAL.
9Be 9Be 9Be 9B 9B 9B
E? re Re(R,) Im(R,) Re(Ry) Im(Ry) Re(Ry) Im(Re) Re(R,) Im(R,) EjF s
[MeV] [MeV] [fm] [fm] [fm] [fm] [fm] [fm] [fm] [fm] [MeV] [MeV]
3/2;& -2.15 (-1.57%) - 2.41 (2.38”) - 2.50 (2.52°) - 2.77 - 2.51 - -0.22 -
3/25 2.73 0.84 3.10 1.17 2.79 0.84 2.95 1.02  2.67 0.90 4.10 1.50
3/2% 5.80 3.70 5.74 1.56 3.13 0.71 7.20 2.16  5.69 1.70 6.23 3.94
3/2; 7.43 5.90 3.98 1.28 2.72 0.64 4.91 1.60  3.99 1.28 7.95 6.20
3/25 7.40 8.00 5.77 2.53 3.26 1.39 7.27 3.27 5.79 2.62 7.80 8.30
5/27 0.19 4.0 x 1073 2.14 0.04 2.31 0.03 2.88 0.05 2.63 0.04 2.05 8.0x 1073
5/25 6.06 1.74 2.24 0.15 2.38 0.13 2.49 0.16  2.26 0.18 8.04 2.18
5/2% 8.60 9.80 3.64 3.83 2.01 2.35 3.67 496 281 4.15 9.00 10.20
5/2; 16.45 8.46 5.17 1.65 2.80 0.67 6.58 2.14  5.18 1.68 16.80 8.66
1/27 0.98 0.42 6.36 6.62 3.40 2.07 7.32 -0.50 586 —0.37 2.61 0.96
1725 5.70 3.60 4.15 1.70 2.24 1.07 5.23 1.96 4.08 1.61 6.15 3.80
1725 7.15 7.30 5.58 2.09 2.92 0.63 7.12 2.87 557 2.20 7.50 7.60
1/2; 8.40 11.80 5.81 4.97 291 3.27 7.24 6.38 5.63 5.32 8.75 12.40
/27 4.21 0.75 2.17 0.25 2.34 0.22 2.40 024  2.19 0.25 6.32 1.24
/25 8.20 7.44 4.88 1.89 2.83 0.79 6.15 247 487 1.93 8.55 7.74
7/25 9.87 12.7 4.48 1.79 2.94 0.77 5.58 237 451 1.86 10.25 13.14
/2, 11.10 4.41 2.46 0.32 2.33 0.34 2.80 1.30 243 1.01 12.57 4.84
7/25 19.86 14.24 4.10 1.49 2.58 0.66 5.13 1.91 4.10 1.52  20.32 14.60
9/27 8.26 1.18 2.26 0.28 2.35 0.24 2.53 0.31 2.27 031 10.20 1.56
9/25 9.63 9.80 4.31 1.65 2.70 0.75 5.41 212 433 1.69 10.08 11.16
9/25 9.90 11.50 4.85 2.08 2.83 0.85 6.01 277 477 2.16 10.30 11.90
9/2, 19.46 14.00 4.30 1.87 2.61 0.78 5.38 245  4.28 1.93  19.88 14.40
4Reference [32].
bReference [33].
‘Reference [31].
follows: odd-parity states from 18 (Table Iin Ref. [1]) to 22 (see Table I
po— |h”)<h” P o— |h”)<h“ @ of this work) for each nucleus. This expansion allowed for a
@ 7 ey ey 12 er = Wer Wer 1* more precise depiction of the band structures and significantly

Using these operators, we calculate the channel amplitude for
the channel ¢, Z¥, as

ZE = (W | B Wy). ®)

We note that wave functions of the Y- and T-type channels are
not orthogonal to each other, and they satisfy

IR S ©)
cy cr

III. RESULTS

In the previous work [1] of Be and B, we calculated the
energy levels of odd- and even-parity states up toJ = 9/2 and
~10 MeV above the three-body threshold. By extending our
calculations to include higher values of the quantum numbers
of angular momentum (¢, L, A), we expanded the number of

improved our ability to analyze the resulting data.

For the even-parity states, the number of states does not
increase from the previous work [1], but we can now ex-
amine their structure in more detail. As shown in Ref. [1],
our calculations successfully reproduce the Coulomb-energy
differences observed for the low-lying states in *Be and °B.
Those states are classified into three rotational bands (3/2, ,
1/27, and 1/2%) and labeled as C-type states, which are
characterized by large Coulomb-energy differences and small
decay widths. In addition, states with small Coulomb-energy
differences are calculated at high excitation energies as broad
resonances. We termed them “E-type” states. Those results
are illustrated in Fig. 2 and Fig. 3 for 44 odd-parity states
and in Fig. 4 for 18 even-parity states. Figure 2 illustrates
the odd-parity energy levels for the lower two bands (K™ =
3 /2;& and 1/27) of the mirror nuclei °Be (crosses) and °B

024324-3
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0 5 10 15 20 25
14 -ttt
e 1 K™ =1/27 AO
=1/2 o X
10 + AO
_ | SN e -
s 8 40
2 6+ X: 40
w

- x °Be
K™ =3/2g5. A °B
R X
1=1/2  J=3/2 J=5/2 1=7/2 1=9/2
J(J+1)

FIG. 2. The odd-parity lower-energy levels as function of J(J +
1) measured from the o + o + N threshold. Open triangles and
crosses display energy levels of °B and °Be, respectively. The matter
radii for the *Be and °B nuclei are represented by open circles with
dashed outlines and blue circles with solid outlines, respectively.

(open triangles), plotted as a function of the rotational angular
momentum J(J 4 1), and higher three bands (K™ = 1 /22_, 3, 4)
are shown in Fig. 3. The vertical axis represents the energy
measured from the o + o + N three-body decay threshold.
These results suggest a complex rotational structure of these
nuclei. In particular, the E-type states shown in Fig. 3 exhibit
a deviation from the typical rigid rotational behavior. The
calculated matter radii for the states of °Be and °B are also
displayed by open circles (dashed lines) and blue circles (solid
lines), respectively.

As can be seen in Fig. 2, the calculated energy levels of °B
are consistently higher than the corresponding ones of °Be.
This systematic energy shifts are the direct influence of the
Coulomb repulsion force of the valence proton in °B, which is
absent for the valence neutron in °Be. Such Coulomb-energy
differences are also observed in the “E-type” levels shown in

1=9/2

J(1+1)

FIG. 3. The same with Fig. 2 but for odd-parity higher-energy
levels.

0 5 10 15 20 25
12 4 ey
T +
0 | e D @
e o 7
8 T X " LON
s N 4 R
§ 6 + PR W ‘Oa
41 K™ =1/2+
‘ nCD =1/
I x °Be
4 i A °B
0
1=1/2  J=3/2 1=5/2 1=7/2 1=9/2

J(+1)

FIG. 4. The same with Fig. 2 but for even-parity energy levels.

Fig. 3 but they are much smaller than the “C-type” ones. These
results indicate that “E-type” states have spatially extended
configurations in comparison with more compact “C-type”
configurations.

The ground-band K™ = 3/2 states and the first excited-

band K™ = 1/2] states exhibit a typical rotational pattern,
confirming a spatial-deformation nature of these states. How-
ever, the significant observation is provided by the behavior
of the higher-lying bands K™ =1/2;, , shown in Fig . 3.
The results show that the K* = 1/25 and K™ = 1/2, bands
intersect with the K™ = 1/2] band between the J = 5/27
and J = 7/27 states. These higher bands also overlap with
the K™ =3/2, band at J =9/2" in B. Furthermore, the
K™ =1/25 and K™ = 1/2, bands cross at the low angular-
momentum state J = 3/27 in both mirror nuclei. Following
this first crossing, the K™ = 1/2, band sees a crossing with
the K™ =1/2; band as the angular momentum increases
further.

Figure 4 shows the even-parity states of K™ = 1/2% and
3/2* bands of the mirror nuclei °Be and °B. Here, it should
be noted that the 1/2% in the K™ = 1/2% band of °Be is not
shown because it is a virtual state. The even-parity solutions
consist of only these two bands. The K™ = 1/2% band states
exhibit a large Coulomb-energy difference and are classified
as the C type, while the excited K™ = 3/2" band consists of
the E-type states. Interesting results regarding their radii are
discussed in the next subsection.

A. Root-mean-square radius

The calculated expectation values of the root-mean-square
radii are shown in Tables I and II for odd-party and even-
parity solutions, respectively. They are obtained by applying
the CSM (see Ref. [27]) for resonant states and expressed
by a complex number Re(R) + iIm(R). We consider that the
real part Re(R) provides a physical measure of the spatial
expansion of a resonant state, and the imaginary part Im(R)
quantifies how the complex-scaled wave function diffuses into
the asymptotic region. From Table I we can see that, with a
few exceptions, the real part is often larger than the imaginary
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TABLE II. The same with Table I but for even-parity states of °Be and °B mirror nuclei.

CAL. Matter radii Charge radii Matter radii CAL.
’Be ’Be ’Be ’B ’B ’B
ER Iz Re(R,) Im(R,) Re(Ry) Im(Ru) Re(Ry) Im(Ry)  Re(R,)  Im(R,) E s
[MeV]  [MeV] [fm] [fm] [fm] [fm] [fm] [fm] [fm] [fm] [MeV]  [MeV]
1/2f - - - - - - 23.1 13.2 17.7 10.0 1.81 1.98
1/25 - - - - - 7.26 4.52 7.18 4.74 2.38 1.81
5/2F 1.49 0.34 3.15 1.08 3.11 0.80 3.34 0.71 3.01 0.75 3.06 0.86
5/2% 8.01 7.88 4.01 1.86 2.86 0.58 4.58 2.51 3.69 1.91 8.46 8.28
3/2f 3.08 1.13 6.14 4.23 3.21 1.23 6.07 -2.28 4.75 —1.65 4.55 2.50
372+ 8.04 7.16 3.54 0.60 3.05 -1.07 4.50 1.43 3.5 0.68 8.47 7.60
7/2f 6.35 6.00 3.29 1.48 2.57 0.63 5.05 8.07 421 6.17 8.10 8.00
7/2F 9.45 10.20 5.30 2.12 3.18 0.95 6.62 2.75 5.30 2.17 9.85 10.60
9/2f 4.59 2.34 2.88 0.81 2.68 0.53 2.87 0.47 2.62 0.54 6.22 322
9/2% 8.85 8.92 5.37 2.08 3.03 0.87 6.77 2.72 5.37 2.13 9.23 9.24

part. So in Figs. 2-4 we visualize the real part of the matter
radius as a circle.

From Table I, we find that the charge radii of °B [Re(R.)]
are consistently larger than not only the matter radii of °B
[Re(R,,)], but also the charge/matter radii of all states of °Be,
providing direct and convincing evidence of the influence
of the valence proton in °B. Unlike the electrically neutral
valence neutron in °Be, the valence proton in °B experi-
ences strong Coulomb repulsion from the positively-charged
two-alpha-particle core. This force pushes the proton further
away from the core, resulting in a charge distribution that
extends beyond the matter distribution in the nucleus. This
phenomenon is observed for all odd-parity states of the °B
nucleus and contrasts sharply with that of the Be nucleus,
where the matter radius exceeds the charge radius for most
states. This phenomenon has been observed in all odd-parity
states of the °B nucleus and is in stark contrast to that in
the °Be nucleus, where the matter radius exceeds the charge
radius in most states.

In Fig. 2, the matter radii of the K™ =3/2, - and 1/27 -

band states in *Be and °B nuclei are shown by the size of
circles. We can see that, except for the J© = 1/27 state in
the K™ =1/2] band, those states have similar small-size
circles in common, indicating a compact nuclear structure.
The exceptionally large radius of the J* = 1/27 states in the
K™ = 1/2] band of *Be and °B suggests the large expansion
of the wave functions due to a low barrier height caused by the
small angular momentum, while the °B state shows a slightly
smaller circle compared to °Be due to the Coulomb barrier.
Except for the J™ = 1/27 state in the K* = 1/2 band, all
other K™ =3/2, - and 1/2[ -band states have small radii,
which indicate that these band states have compact structures
and confirm that they belong to the C type.

Figure 3 shows that the three higher bands labeled K™ =
1/25, K* =1/25, and K™ =1/2; consist of 14 E-type
states. The matter radii of these three-band states are com-
monly larger than those of the low-lying negative-parity-band
states belonging to the C type.

Table II provides the same information for even-parity
states of the mirror nuclei. Like the odd-parity states, the
even-parity states also show that the real parts of the nuclear
matter and charge radii are larger than the imaginary parts,
with one exception of J* =7/ 2?’ state in the °B nucleus, in
which the imaginary parts are larger than the real parts. The
sizes of the matter radii are shown by circles in Fig. 4. The
matter radii of the J* = 3/2{ states in both Be and °B are
very large, even though they are C-type states predicted to
have compact nuclear structures. The reason for this is thought
to be that the effect of the centrifugal barrier is small due to
a small orbital angular momentum, similar to the large matter
radii of the J* = 1/2] states in the K™ = 1/2] band in Fig. 2.
On the other hand, we see large matter radii of J* = 7/2% and
9/2+ states of the K™ = 3/2F band in both °Be and °B. This
is thought to be because the wave functions are distributed
across the barriers of the centrifugal force and the Coulomb
force.

B. Channel amplitudes and nuclear cluster structure

From the results of channel amplitudes for Y- and T-
type coordinate systems, we can see the components of the
SHe +a (°Li+«) and *Be +n (*Be 4p) configurations in the
9Be (°B) wave functions, respectively. In the calculations, we

took the angular-momentum values [; =0, 1,---, 5, L =
0, 1,---, 5 for the Y-type channel and , =0, 2, 4, L, =
0, 1,---, 5 for the T-type channel. Below, we denote the

channels as He(/;, IT) + a(Ly) and 8Be(lz) +n(ly, I7) for
Be, and as °Li(l;, IF)+ a(L;) and *Be(h) + p(l», I3) for
B. We note here that these channel amplitudes of the resonant
states are obtained as complex numbers, but, as we see below,
the real part is large, while the imaginary part is very small.
Furthermore, the amplitudes are insensitive to the complex
scaling parameter 6.

First, let us look at the results for the C-type K™ = 3/2 -
and 1/2 -band states shown in Figs. 5 and 6, respectively. The
horizontal axis represents the channels by numbering them,
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1
9Be(3/2é$)
08 E=-2.37 MeV
= 06
3 3Be(0*)+n(p5,)
< 5He(3/2)+a(s-wave) 8Be(2*)+n(p,,)
N 04 5He(3/2-)+o/d-wave)
ORe
o 3m
On,,,,n[_Lﬂl_I.-L.-._,, 0 n o
1 2 3 4 5 6 7 8 9 17 18 19 20 21
CHANNEL NUMBER

FIG. 5. Channel amplitudes (Z,) for the 9Be(3/2;&) ground state
(E = —2.37 MeV). The real part (Re) of the amplitude is represented
by the light blue bars, and the imaginary part (Im) by the yellow
dashed bars.

with the first half representing the Y-type channels and the
second half representing the T -type channels, and the vertical
axis represents the amplitude of each channel as a bar graph.
The real and imaginary parts of the amplitude are represented
by the solid and dashed bars, respectively.

Figure 5 shows the results for only the J™ = 3/2, state

of ?Be, because the K™ = 3 /2, band gives results similar

to those for other J™ states and states in the °B nucleus. The
channel amplitudes of *He(3/27) 4+ a(s, d waves) channels
in the Y-type system and ®Be(0*, 2¥) + n(p3,2) channels in
the T-type system are dominant.

Figure 6 shows the similar distribution for the J* = 1/2~
state of the K™ =1/2; band in the °Be and °Be nuclei.
Because this J* = 1/27 state is a resonant one, the calculated
amplitudes have finite values in the imaginary part; however,
they are very small. The large s-wave amplitude of an alpha
cluster in the Y -type system, while slightly reduced in °B due
to the Coulomb force, explains the large matter radii of the
J™ =1/2" states shown in Fig. 2. Other high-spin states of
the K™ = 1/27 band show distributions similar to those of
the J* = 1/27 states.

Next, we move to the channel amplitudes of the E-type
negative-parity bands (K™ = 1/2 3 ,), which commonly ex-
hibit large matter radii. It is noted that the channel amplitudes
for both Y- and T-type configurations generally show a sim-
ilar structural tendency across all odd-parity E-type band
states. For clarity and brevity, we select the J* = 7/2 state
from the K™ = 1/2} band (Fig. 7) and the mirror states. These
have dominant amplitudes in the *Be(2+) 4+ N(hy; /2) channel
in both °Be and °B, where N =n and p in °Be and °B,
respectively. The amplitudes of the Y-type channels are not
concentrated in a specific channel. These results suggest that
the E-type states have cluster structures of *Be +n and ®Be +p
in °Be and °B, respectively. Since 8Be(2+) is a resonance
state (I' = 1.5 MeV [32]) of two «’s, the 8Be +p cluster state
is considered to be a structure similar to the Hoyle state of

1 B -
e(1/2
(a) E=0.98 MeV (1/23)
0.8 ['=0.42 MeV
E 06 #Be(0*)+n(py,)
z{_, SHe(1/2')+a(s-wave)
0.4 "
SHe(3/2 }to(d-wave) *Be(2")*n(ps )
0.2
SHe(3/2*) x o( p-wave) ; _D Fe
o Lo e = - B .
123456 7 8 9101112131415
CHANNEL NUMBER
1 _
(b) °B(1/2)
o E=2.61 MeV
’ 1'=0.96 MeV
—
;—_ 0.6 5Li(3/2')+o(d-wave) 8Be(0*)+p(p,,,)
51 - _
0 e “Be(2"}#p(py;)
0.2 . ORe
i SLi(3/2*)+ap-wave) ' e1lm
0 — : il o : f=1

1234567 8 9101112131415
CHANNEL NUMBER

FIG. 6. Channel amplitudes (Z.) for the low-lying narrow
J™ = 1/2] mirror resonant states in (a) °Be (E =0.98 MeV, T =
0.42 MeV) and (b) °B (E = 2.61 MeV, T" = 0.96 MeV). The real
part (Re) of the amplitude is represented by blue bars, and the
imaginary part (Im) by yellow dashed bars.

a 3a system, with two «’s and one nucleon loosely bound.
Therefore, it is understood that their energies do not show a
rigid rotational band structure.

In Figs. 8-10, we show the results of the positive-parity
states. Figure 8 displays the channel amplitudes of the J* =
3/ 2? mirror states that have large matter radii as shown in
Fig. 4. In both °Be and °B, these states have large ampli-
tudes in the ®Be(21) + N(s; ,2) channel. The s-wave valence
nucleon of this channel is coupled with the 27 state of 8Be,
while the J™ = 1/27 in this band is assigned as a virtual state
of ®Be(0™) + N(s; ,2)- Such an s-wave configuration of the
valence nucleon provides a spatially extended structure and
the large matter radii.

In Fig. 9, we also show the results for the J* = 3/2;r
mirror states, which belong to the E type but have slightly
smaller matter radii compared to those of the C-type J* =
3/2] states. The J™ = 3/2F mirror states have large ampli-
tudes, close to unity, in the 8Be(2t)+ N (g7/2) channel in both
?Be and B nuclei. The major difference between J™ = 3/2/
(Fig. 8) and 3/25 (Fig . 9) states is the angular momentum of
the valence nucleon: L, = 0 (s wave) in the former and L, = 4
(g wave) in the latter. Furthermore, the concentration of the
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FIG. 7. The results for the high-lying, broad J* = 7/2; state in
the K™ = 1/2, band for mirror resonant states in (a) Be and (b) °B.
The notations are identical to those shown in Fig. 6.

amplitudes in the J™ = 3/27 state seems to be larger than that
of the J* = 3/2;r state, which suggests that the J* = 3/27
state has a more weakly coupled structure of the ®Be +N
configuration. Comparing the results in Figs. 8 and 9 also
reveals the difference in amplitudes for the Y-type channels.
The amplitude of the C-type J™ = 3/2] state is distributed
in the low-spin channel of *He (°Li), while the amplitude
of the E-type J™ = 3/27 state is distributed in the high-spin
channel.

In Fig. 10, the channel amplitudes of the J™ =5/2]
states are shown, which are primarily characterized by the
8Be(0T)+ N (ds;2) configuration. The J™ =5 /2]L state be-
longs to the K™ =1/ 2T band and is classified as the C-type
state, similar to the J* = 3/ 21+ state shown in Fig. 8. What
the J™ = 5/2f state has in common with the J™ = 3/2f
state is that the amplitudes are concentrated in several
channels of both 7- and Y-type coordinate systems. More
quantitatively, the J™ = 5/2] state shows a large concen-
tration in the He(3/27) + a(p-wave) channel in °Be and
in the °Li(3/27) 4+ a(p-wave) channel in °B. The result that
the amplitudes of the high angular-momentum channel of the
o + N subsystem (°He, °Li) are larger in the J™ = 5/2] state
seems to be related to the wave function of this state having a
more compact structure and a slightly smaller nuclear radius,
as shown in Fig. 3.

1
(a) 9Be(3/2+1)
0.8 8Be(2")+n(s,,,)
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1234567 891011171819202122
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FIG. 8. The results for the low-lying narrow J™ = 3/2] mirror
resonant states in (a) °Be and (b) °B. The notations are the same as
those in Fig. 6.

IV. DISCUSSION

In previous studies [20,22], we argued that the three-
body potential (V3) plays an important role in describing the
9Be(1/2%) virtual state. The virtual state provides a large
Be(y, n) *Be photodisintegration cross section, showing ex-
cellent agreement with experimental data [18,19], thereby
confirming the reliability of our three-body model [20].
However, in the present calculations of low- and high-lying
resonant states, structural information such as resonance ener-
gies (E™), decay widths (I"), matter and charge radii (R, and
R.1,), and channel amplitudes (Z.), was largely insensitive to
the explicit inclusion of the three-body potential.

As shown in the previous paper [1], the energy levels of
the mirror nuclei *Be and °B can be classified into C-type and
E-type states depending on the Coulomb energy difference.
The C-type K™ = 1/2{-, 3/27 -, and 1/2T—band states have
been investigated in many previous studies. The understand-
ing there was that one nucleon moves around a *Be (« + @)
core, which can be explained by the molecular-orbital pic-
ture [2,3,34,35]. The molecular-orbital picture interprets the
JT =3/2, state as a valence neutron occupying a 7 orbit

around the ®Be (o + @) core.
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FIG. 9. The results for the high-lying broad J™ = 3/25 mirror
resonant states in (a) °Be and (b) *B. The notations are identical to
those shown in Fig. 6.

Our results show that the valence neutron occupied the p3/»
orbit around ®Be(0, 21) to the extent of 93.8%, and that the
2+ excited component of ®Be is comparable to the 0 com-
ponent. This result is consistent with the channel amplitudes
of the (A, ) = (3, 1) state in the SU(3) model [36,37], which
has been shown to have a large overlap with the molecular
orbital model wave function [2,3,38]. In the SU(3) model,
the (3,1) state gives 53% and 47% for the $Be(0M) ® v, and
$Be(2t) ® v, components, respectively. The (3,1) state gen-
erates two-rotational bands of K = 1/27 and 3/27.

Furthermore, the molecular-orbital model links positive-
parity states to the o-orbit. Our channel analysis supports
this structural characteristic by quantifying the specific L,
components of the valence nucleon. The J* =3 /2;r (Fig. 8)
is dominated by the ®Be(2¥) x N(s; ,2) channel, and the
5 /2;r (Fig. 10) has significant N(ds/;) and N(s/,) contribu-
tions. The presence of these s-wave and d-wave components
structurally corresponds to the physical characteristics of the
o -orbit concept.

In our previous calculations, we discovered systematic
energy differences between the energy levels corresponding
to the mirror symmetry of °Be and °B. These systematic
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FIG. 10. The results for the low-lying narrow J™ = 5/2] mirror
resonant states in (a) °Be and (b) *B. The notations are the same as
those in Fig. 6.

Coulomb-energy differences led to the classification of the
energy levels into C type and E type. Furthermore, through
calculations of the matter and charge radii in this study, we
attempted to understand the Coulomb-energy differences in
terms of the spatial extent of the wave function, particularly
the spatial extent of the valence nucleon. Although the radii
of matter and charge differs in each state, and the amplitude
of the channels that make up the wave function also differs in
each state, we found that no significant differences emerge
beyond the energy difference between C-type and T-type.
This is thought to be related to the fact that these are reso-
nant states with spatially extended wave functions, which are
insensitive to variation of the long-range Coulomb potential.
Further analysis of the Thomas-Ehrmann effect [39,40] in
resonant states is required for other systems.

V. SUMMARY AND CONCLUSION

We performed the analyses of radii and channel ampli-
tudes of the low- and high-lying resonant states in the mirror
nuclei °Be and °B, using the CSM within the three-cluster
o + «a + N model. By including higher values of the angular-
momentum quantum numbers (¢, L, A, J), particularly for
odd-parity states, we have successfully identified and char-
acterized two fundamental structural classes: compact C-type
states and spatially extended E-type resonance states. This
paper is an extension of our previous work [1] and presents the
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important structural information on the rotational structures
and cluster dynamics with different cluster configurations, as
well as the persistent nature of the underlying mirror symme-
try.

We confirmed the classification of states based on the
Coulomb-energy difference (AE¢) and calculated the matter
and charge radii and the channel amplitudes. The C-type
states exhibit large AE¢ and compact structures, whereas the
E-type states are characterized by small AE- and spatially
extended configurations. The low-energy odd-parity C-type
states are described in both T-type (*Be +N) and Y-type
[(CHe / Li +a)] cluster-basis sets and exhibit properties con-
sistent with the well-explored molecular-orbital picture. On
the other hand, the even-parity C-type states (J* = 3/2],
5/2{) are considered to have structures dominated by $Be +N
cluster configurations with core excitations [SBe(O+, 21)].

The E-type resonance states have not been discussed in
previous experimental and theoretical studies. Those new
states have large matter radii, and the calculated resonance
widths are also large. The analyses of the channel amplitudes
reveal that the amplitudes are concentrated in several channels
where the valence nucleon in high angular-momentum orbits
around an excited 3Be core, but not in specific channels with
Y-type configurations. Furthermore, the J(J + 1) plot of the
resonance energies does not appear to have a constant moment
of inertia like the rigid-body rotation, suggesting a gaslike
state of @ + « + N, similar to a 3o Hoyle state. Further studies
on E-type resonance states are needed.

In the °Be and °B nuclei, only the ground state of *Be is a
bound state, while all other states are unbound, i.e., resonant
states. In the present study, we attempted to investigate the

properties of these resonant states using the CSM that is a
method similar to that used for bound states. The resonant
states with outgoing wave-boundary conditions can be ob-
tained by solving the eigenvalue problem using the CSM,
just as in the bound state case. All physical quantities of
the obtained resonant states, including energy, matter radius,
and channel amplitude, are complex numbers. In this study,
we confirmed that the imaginary parts of the matter radii
and channel amplitudes of the resonant states are small, and
showed that the properties and structure of the resonant states
can be discussed using only the real parts. It is interesting and
challenging to study the properties and structures of unbound
states in other systems by using the present approach.
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