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SUPPLEMENTARY MATERIALS:
RATE CONSTANT MATRIX CONTRACTION METHOD FOR
STIFF MASTER EQUATIONS WITH DETAILED BALANCE*

SATORU IWATAT# TAIHEI OKI*§, AND SHINSAKU SAKAUEYIS

SM1. Vector Spaces with Diagonal Metric. This section summarizes basic
results on the real vector space R™ equipped with the m-inner product (2.1), where

m=(m )ze[n] € R%,. We let II := diag(m).

SM1.1. Adjointness. The adjoint matriz of A € R™*™ is the unique matrix
A* € R™™ guch that (a, Ab)._ = (A*a,b) holds for all a,b € R™. The adjoint matrix
A* is explicitly written as A* = ITATII~! by

(a, Ab), = aTII7'Ab = (HATTI a) 'TT7'b = (TATII ', b) .

It holds that (A;A42)" = A3A% for Ay, Ay € R™™™ and (A_l)* = (A*)™" for nonsin-
gular A € R™*",

A matrix A € R™" is called self-adjoint if A* = A, ie., AIl = IIAT. If A is
self-adjoint, B = H’%AH% is a symmetric matrix. Here, for a non-negative diagonal
matrix D = diag(dy, . ..,dn) > O, we let D2 = diag(v/di,...,V/dy,). Let B=VAVT
be an eigendecomposition of B, where V is an orthogonal matrlx (i.e. VV—r VTV =

I,) and A = diag(A1,...,\n) is a diagonal matrix. Letting U := IIzV, we have
A =T:VAVTII 2 = UAUL. Thus, A and B have the same eigenvalues. In
particular, eigenvalues of self-adjoint matrices are real. See also [SM3, Chapter IV].

Let uq,...u, be the column vectors of U, i.e., uj is an eigenvector of A corre-
sponding to the eigenvalue \,. The matrix U satisfies U 'II7'U = V'V = I,,, which
means that (uy,u), is 1 if k& = ¢ and 0 otherwise for k € [n]. Namely, self-adjoint
matrices have orthonormal eigenbases. If we expand a € R™ with respect to the
eigenbasis as a = Y _;_; ¢pug with ¢1,..., ¢, € R, for any £ € [n], it holds that

ue7 E ck u27uk _cfv

and hence we have a = Y 7'_, (ug, a)Truk.

SM1.2. Positive Semi-definiteness. A self-adjoint matrix A € R™*"™ is called
positive semi-definite if (a, Aa) > 0 for a € R™ and positive definite if (a, Aa)_ > 0
for a« € R™\ {0}. Similarly, A is called negative semi-definite if —A is positive semi-
definite and negative definite if — A is positive definite. The definiteness are equivalent
to those of B := I~ 2 AIl2 by

(SM1.1) (a,Ad)_ =a'TI" ' Aa = o II"2BI 2a =b" Bb,
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where b = II-2a. Since A and B have the same eigenvalues, A is positive (resp. neg-
ative) semi-definite if and only if its eigenvalues are non-negative (resp. non-positive)
and is positive (resp. negative) definite if and only if its eigenvalues are positive (resp.
negative).

Let A € R™*"™ be a positive semi-definite matrix with eigendecomposition UAU 1.
The square root of A € R™*™ is defined as A = UA%U‘l, which is the unique
positive semi-definite matrix whose square is A. If A is positive definite, so is Az,

For self-adjoint A, B € R"*™ let A < B mean that B— A is positive semi-definite.
The binary relation < forms a partial order on the self-adjoint matrices compatible
with addition, called the Lowner order. As with the usual case of symmetric matrices,
the Lowner order satisfies the following properties.

e For nonsingular self-adjoint matrices A, B, if A < B, then B~! < A1,

e A < B implies P*AP < P*BP for any P € R™"*"™,

SM1.3. Coordinate Subspaces. Since the metric II"! is dinagonal, we can
consider the “subspace” of R" indexed by I C [n]. Let R! be the vector space having
coordinates indexed by I C [n]. We call RT a coordinate subspace of R™, defined
as follows. The space R’ is naturally regarded as a metric vector space equipped
with metric H;l, where II; := diag(n;). Slightly abusing notations, we also denote
(a,b) =a ;b and ||a||, = +/{a,a) for a,b € R

For I,J C [n], let R?*/ denote the set of matrices whose rows and columns are
indexed by I and J, respectively. The adjoint matriz of A € RT*/ is the matrix
A* € R7*! such that (a, Ab),_ = (A*a,b)_for all a € R! and b € R’, and is explicitly
written as A* = IT; ATTI; ' in the same argument as (SM1.1). The adjoint operation is
involutive, i.e., (A*)* = A. For A € RI*!" and B € RI"X!" with I,1',1” C [n], it holds
that (AB)* = B*A*. In particular, A*A is self-adjoint, and is positive semi-defiinte
by (a, A*Aa)_ = (Aa, Aa)_ = ||Aal> > 0 for any a € R”.

For A, B € R™*" with A = B* and I, J C [n], we have

Apy=(B"),, =[BT, =T, (Byy) ;" = (By)".

Accordingly, if A is self-adjoint, then A;; and A;; are adjoint to each other. In
particular, principal submatrices A;; and their inverses Al_ll, if they exist, are self-
adjoint. Similarly, every principal submatrix of a positive semi-definite matrix is
positive semi-definite as well.

SM1.4. Matrix Norm. Let I,J C [n] and A € RI*/. The matriz norm, or
the operator norm, of A is defined by

A
(SM1.2) Al == max [Aal = | Aall,
a€RY:al, =1 ack/\{o} |la|,
Note that different norms are used in the numerator and the denominator in (SM1.2)
_1 ~1 o1
unless I = J. Letting b:=1I;”a and B :=1II; > AIl5, we have

18]l

Al = max =4/p(BTB),
14l =, %0, o, — VP

where p(-) denotes the spectral radius. Indeed, the spectral radii of BT B and A*A
are the same by

p(BTB) = p(II; AL AIL} ) = p(II,

Nl
<
h
=

SIS

) = p(A74),
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Algorithm SM1 RCMC method by Sumiya et al. [SM10, SM11]

Input: a rate constant matrix K € R™*" with stationary distribution = € A?, an
initial value p € A,,, and an end time tpax € R>g

Output: ¢t ¢t . e R>o and ¢, ¢, eR”

1: Output (9 :=0 and ¢(© =p

2 SO 0, T« [n], QO « I,, p© «p, KO K
3: fork=1,2,... do
4
5

Take (i(k),j(k)) € argmax{Ki(f_l) | (i,7) € T, x Tk=1) j £ j}
jfk)i?k)
6:  if t*) > ¢, then
7 . break
8: Sk .— g(k=1) {j k)} and T*) .= k=1 \ {j(k)}
o 0F) =0V +oWEIVETY (GeT® jem]) oo™ s (SM2.1)
10: pE ) _p(k 1) +J(k)Kl(jk(k)1)p§I:k)1) (i e TH)
o r.

11: Output t*) and ¢®) = Z p(k) y_J

Z Q(k)ﬂ.

i€T ) £=1>"%i¢ il
(k—1) (k) g (k—1) 7-(k—1)
12: KZ.(J’.“) = Ry *o K”(; )1K R (i,j € T®)
| 1+o0MK: py )

meaning that ||A|. = /p(4*A) = \/p(AA*). In particular, if I = J and A is
self-adjoint, ||A||.. = p(A) holds.

SM2. RCMC Method in the Original Form. In this section, we describe
the RCMC method in the original form given by Sumiya et al. [SM10] and discuss
the correspondence between the original and our formulations.

SM2.1. Original Description. Algorithm SMI1 describes the original proce-
dure of the RCMC method presented in [SM11]. As with Algorithm 1, given a rate
constant matrix K € R™*", an initial value p € R", and the end time tmax € R>g as
input, Algorithm SM1 outputs a sequence of reals 0 = t(0 < t(1) < @) < ... < ¢
and vectors ¢(©, ¢V, ... € R" such that ¢'*) approximates the solution a:(t(k)) of the
master equation (1.1) with initial value z(0) = p.

Algorithm SM1 keeps a growing set S**) C [n] and its complement T*) = [n]\ S*)
as Algorithm 1. Algorithm SM1 additionally updates two matrices K ®) € RT"'xT®
Q) ¢ RT(MXTZ and a vector p¥) € RT" . In the original description, states in S(*)
are called “steady” or “contracted,” and states in T*) are called super-states in a
sense that each super-state i € T(®) is regarded as a “mixture” with some portions of
the original states in [n]. The matrix K(*) is a rate constant matrix' on the super-
states, whose (i,7) entry is the rate constant from super-state j to super-state i for
i # j. The (i,7) entry of Q) represents the contribution of original state j to super-
state 7. The ith component of p(¥) represents the current approximate population of
super-state i, where “population” in this context means the same thing as quantity

'We will prove in Lemma SM2.1 that K(*) is indeed a rate constant matrix in the sense that it
satisfies (RCM1)—-(RCM3). This fact is, however, rather nontrivial at this point.
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or probability.

Algorithm SMI initializes S(© as the empty set, K(9) as a given rate constant
matrix K, Q) as the identity matrix, and p(®) as a given initial vector p. In each
kth iteration, Algorithm SMI1 first finds a maximum off-diagonal K((k) (l) of K-1

with i(®), i) ¢ T*=1 If the current time t*), which is calculated as the inverse
of KZ.((]Z;;()M, is larger than tpay, the algorithm halts. Otherwise, j*) is recognized as

a new steady state and moved from T to S. The algorithm then updates Q*) p()
¢®, and K*®) according to the equations given in Lines 9-12. These formulas are
intuitively explained in [SM9, SM11] as follows: state j*) is “distributed” to every

remaining super-state i € T*+t1 with the ratio of a(k)K(k(k)l), where

1

(SM2.1) ok = — —
(k=1)

Yier K O]

The update formulas of Q*) and p(®) at Lines 9 and 10 represent this distribution.
Line 11 converts the super-states’ population p(*) at time ¢t*) into that of the original
states, where the formula is derived under the assumption that the ingredient states
in every super-state are in equilibrium. Finally, at Line 12, the QSSA update with
a bipartition {{j(k)},T(k)} of T*=1) (see Section 2.3) as well as the division by
1+ oK;ﬁ;jl) are applied to the rate constant matrix K*~1). This division is similar

to the formula used in the lumping [SM7, SM13] to change the stationary distribution
associated with the rate constant matrix.

SM2.2. Reformulation. In this section, we reformulate Algorithm SM1 to ob-
tain Algorithm 1 of Type A. Let r be the number of iterations of Algorithm SM1, i.e.,
t) < tiax for k € [r] and tF) > ¢, for k=7 + 1.

LEMMA SM2.1. For k=0,...,r, the following statements hold.

(1) If k > 1, then we have K((k> o # 0 and ok) = W

RONO)

(2) Kgm g is nonsingular and it holds that K = D® diag(s*)), where
(SM2.2) DW= Koypo — KTw)s(k)K;é)S(mKs<k>T<k>

is the Schur complement of Kqwygw in K and FONS Rgi)k) is some positive
vector.

Proof. We show the claims by induction on the number k of iterations. When k =
0, the claims trivially hold with s = 1,,. Suppose that the claims are true for k—1 and
consider the case of k € [r]. Set S = S®), T =T® and j = j*). By the induction
hypothesis, we have K(*—1) = p—1) diag(s(kfl)), which is a rate constant matrix
(i.e. (RCM1)—=(RCM3) are satisfied) with stationary distribution <(,f_1)> ,
Si ieT(k—1)

where 7 is the stationary distribution associated with K.
We first show (1). By the definition of r, Ki((i)_jl) is non-zero, which implies

K{;™Y # 0from (RCM1) and (RCM2). We have o(®) = — s by (SM2.1) and (RCM?2).
JJ
We next show (2). Since S = S*~Y U {j}, Kgsg is nonsingular if and only if
(k-1
k D # 0, which is true by D(k D~ K v 7# 0. The update formula of K®) at

J
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Line 12 can be expressed as

-1
K® = (K(Tki,fl) + U(k)K;@fl)K](-?*l))diag(l; + g(k)K](’%*l))

k—1) p-(k—1 k—1)\ ~1
- K(k_l)—iK;j K diag 1T—7KJ('T )
o K& TogkD

Jj Jj
(k—1) (k—1) (k—1)\ 1
D~y 7D} D}
_ (k—1) Tj iT : (k=1)\ 3: T JT
— (DTT - 7D(-If_l) ) dlag(sT )dlag <1T — D(.k._l)> )
17 JJ

where we used the induction hypothesis K*—1 = pk-1) diag(s(k’l)) in the last

_ DD plk=1)
equality. Here, DgCT n_ % is nothing but D). Therefore, letting sz(-k) =
i
Sk=1)

(kll) (k—1)
1-D (Y /D55

for i € T, we obtain the desired form of K. ]

As a corollary of Lemma SM2.1, we obtain r < rank K. In addition, r = rank K
if tmax is sufficiently large. Since D®) is a rate constant matrix, so is K*).
Next, we give explicit formulas of Q) and p(¥).

LEMMA SM2.2. For k=0,...,r, we have

(SM2.3) O = —KrsK3d,
(SM2.4) o — 1,
(SM2.5) p* = QWp = pr — KrsKgps,

where S = S®) qnd T = T®),

Proof. Tt is easy to see that p®*) = Q®)p holds from Lines 9 and 10. Thus, it
suffices to show (SM2.3) and (SM2.4). Set j = j*). Line 9 is expressed in a matrix
form as

(k) _ o(k—1) (k) g (k—1) (k—1)
(SM2.6) Q) = QT[n] + 0V Ky Qj[n] .
By Lemma SM2.1, it holds that

(k—1) (k=1) (k) (k—1)

(SM2.7) e (e s E s B M .
: j h=1) h—1) (k) 1)

Kjj Dj; s Dj;

where s(®) is the vector given in Lemma SM2.1 and D®*~1 is the Schur complement
defined by (SM2.2). Define a matrix E®) € RT*T*™" py

w_ D
(SM28) ETj = 7D(kj—1) ) ETT =Ir.
37

Let E(=F) .= () ... () ¢ RT*"™ From (SM2.6), (SM2.7), and (SM2.8), we have

(SM2.9)
Q) — got-1) _ gk pl-1)k-2) _ . . _ gk gk-1) . g0 _ p(<k)
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Therefore, our goal is to show that Eq(%k) = fKTSKgé and Eq(%k) = 1Ir.

We show E(TSTk) = Ir by induction on k. When k£ = 0, we have B0 =

T©)T(0)
E(=0) = [ trivially. Suppose that ESP = Ipm holds for some k. Then, we have

T (k)T (k)
(Sk+1) _ p(k+1) (<k)
ET(k+1)T(k+1) - ET(k+1)T(7€)ET(k)T(k+1)
_ p(k+1) (<k) (k+1) (<k)
(SM2.10) = ET(k+1)T(k+1)ET(k+1)T(k+1) + ET<k+1)j(k)Ej<k)T<k+l> :
k41 <k <k ,, . .
By E(T(k+2)T(k+1) = E;@ll)T(kH) = Ipe+1) and E;@))T(kﬂ) =0T, (SM2.10) is identity.

We next show Eéwgsk) =—-KrsK gg Recall the procedure of the LU decomposition

on K = D), In its first iteration, we eliminate the first column (after the permutation
for pivoting) by using the top-left entry as follows:

1 o’
(SM2.11)  LWPTKP = <* 71)> . where LM = [ DY
0 D ~ 5O I

5(1)5(1)

where P is a permutation matrix and * denotes some matrix. Ignoring the first row
in (SM2.11), we get

(E(I)K) (n]T ) = 07 (E(l)K)T(DT(l) = D(l)'
Similarly, in the next iteration, we have
(E(z)E(l)K) [n]T(® — 0, (E(Q)E(l)K)T('Z)T(?) =D®).
For general k, we obtain
0 = (BEVEK), = BN Kss + B Krs,
DY = (BME) . = B Kr + B K
Therefore, b EEP = Ir, we get EER = —KpsKZL as required. 0
Y L g TS SS

By Lemma SM2.2, the matrix Q) turns out to be the same as  defined in (3.11).
Note that (SM2.3), (SM2.4), and (SM2.5) do not depend on the vector s(¥), which

represents the effect of division by 1 + U(k)K](.f,;jl) at Line 12, due to the reduction

;k) in (SM2.7). Since the output ¢*) is determined from p®*), Q%) and r, the
division does not affect ¢*) except for the selection of j*) at Line 4.
Finally, we establish the following lemma, which states that the original RCMC

method is essentially equivalent to the improved one of Type A.

of s

THEOREM SM2.3. Let K be a rate constant matriz with a stationary distribution
7 and p € R™ an initial value. Then, it holds that ') = Vp for every k, where V is
the matriz (3.3) of Type A with respect to the bipartition {S(k),T(k)},

Proof. Let S = S®) T = T® and Q = Q). The formula of computing ¢ at
Line 11 can be written as

(SM2.12) ¢ = 1Q diag(Qmr) ' p®).
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We first rewrite the diagonal matrix in (SM2.12). It follows from K7 = 0 that
Kgsng + Kgrmpr =0 and mg = *KE&KSTWT hold. Letting M = QQ* be the matrix
defined by (3.4), we have

Qmr = T — KTSKS_';"/TS =77+ KTSKggKSTWT = M7TT
and
(SM2.13)  diag(Qr) = diag(Mnr) = diag(np M ") = diag(17 MIl7) = Vprlly,

where the self-adjointness of M is used in the third equality of (SM2.13). Substi-
tuting (SM2.5), (SM2.13), and QT = II7'Q*IIy into (SM2.12), we obtain ¢*) =
O VrrQp®) = Vpk) as required. 0

A minor difference between Algorithm SM1 and Algorithm 1 left is the following:
Algorithm SM1 chooses the next steady state j*) by finding a maximum off-diagonal
entry in X *~1 while Algorithm 1 maximizes a diagonal entry of D*~1) in absolute
value. As stated in Lemma SM2.1, the matrices K*~1 and D*~1) are in the relation
KW&=1) = p(k=1) diag(s(k_l)) for some positive vector s*~1). We could not find any
mathematical rationale for multiplying the diagonal matrix to the Schur complement
D® =1 Furthermore, finding a maximum diagonal in absolute value is a widely
used strategy in selecting steady states in QSSA [SM12], while finding a maximum
off-diagonal is not.

SM3. Projection onto Probability Simplex. We present how to compute
the projection proj(w) = argmin{|l¢ — w||, | ¢ € A, }, which appears in the RCMC
method of Type B. The projection algorithm provided below is a slight extension of
an existing one [SM4], which focuses on the case with II = I,,.

Note that the projection can be computed by solving the following problem:

1
minimize §(q —w) I g — w) sujbect to ¢ >0, 1) ¢g=1.

The optimal solution must satisfy the following Karush—-Kuhn—Tucker (KKT) condi-
tion:

(SM3.1) 7 Mg —wi) = Bi—pu=0 for i € [n],
(SM3.2) ¢ >0 for i € [n],
(SM3.3) Bi >0 for i € [n],
(SM3.4) qipi=0 for i € [n],
(SM3.5) S a=1,

i=1

where € R and 1, ..., 8, € R>¢ are the Lagrange multipliers of the equality and
inequality constraints, respectively. Note that the KKT condition is also sufficient for
optimality since the optimization problem satisfies Slater’s condition and consists of
differentiable convex functions (see, e.g., [SM1, Section 5.5.3]). Thus, we below aim
to compute ¢ that satisfies the KKT condition.
Without loss of generality, we assume that w1, ..., w, are sorted to satisfy
7r1_1w1 > e > ﬂglwn.

From (SM3.2), each ¢; satisfies either ¢; = 0 or ¢; > 0, where the latter implies 8; = 0
and 7, 'q; = 7 'w; + p due to (SM3.1) and (SM3.4). Therefore, the above sorting of
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wy, ..., W, leads to

—1 —1 —1 -1
QL= 2 Q> T Q= =T, Gn =0,

where [ is the largest index such that ¢; > 0. Once we find such I, (SM3.5) implies
w= - ZT L% “and the optimal solution ¢ can be written with such u as

LlZ

i for <,
(SM3.6) qj:{wﬂ”ﬂ‘ orJ =

0 for j > I.

In what follows, we show that such [ can be computed as follows:

1 J
W +7Tj721 L i =t >0}.

l:max{je[n] ST

In other words, we can compute [ by checking the sign of ¢; in increasing order of j.
We prove this claim by showing ¢; > 0 for j <l and ¢; <0 for j > [. In the following
analysis, we repetitively use 1 _22:1 w; = 22:1 m;, which is obtained from (SM3.5)
and (SM3.6).

For j =1, we have

For 5 < I, we have

wj+7rj1_%:z:1wi= < Zm-s-l—Zw)

=1Ti 17”
. l
' *Zﬂﬁl—zwi > wi
D im1 T i=1 =j+1
J l l
Tj wy
v L2 IR DT o
i=1 T \ 77 = i=1 i=j+1
Tj
S CONET) DRV SETD g
Zi:lwi =741 i=741
T w; —|—7ru
J j J
= Z Z w; + mipt)
i=1Ti =741

The right-hand side is positive since w; + m;u = ¢; > 0 for ¢ < [.
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Algorithm SM2 7-Norm projection of w € R™ onto A,

1: Sort the components of w to satisfy 7r1_ wy > > twy,
2: Findl':max{je ‘w]+7rjz’71%>0}

27
3= L Z 11w1

4: Output ¢; = max{w; + m;u,0} for i € [n]

For j > I, we have

1—57 w; T - !
wj + 7 Liz1 L= JE 7ri+1—§ w;
J J J - i\
=1" i=1""1 J =1 i=1
- o l j
= jJ —]Em—l—l—gwi— E w;
i=1 ™\ i i=1 i=l+1
J l J
T wj
=T a) M ) w
i=1 T \ " =1 i=1 i=l+1
l l j J
Ty wj wy
=5 o\ p e m Y M Y w
i=1 T \ ™ =1 i=1 iS5 i=1+1
T Wj + Tl d J
= ] J J — 1 E i + E Wi(wfle — 7 twy) |
=17 J i=1 i=l+1
The right-hand side is non-positive since w; + mju = —m;8; < 0 for j > | due to

(SM3.1), (SM3.3), and (SM3.6) and W;le‘ < 7 tw; for j > i by the sorting.
To conclude, the desired projection ¢ can be computed as Algorithm SM2. As for
the computation cost, Line 1 is the dominant part, which takes O(nlogn) time.

SM4. Determining the Optimal Reference Time. In this section, we con-
sider the problem of minimizing

a A
t) = : _ tA - 1— tA
1) mm{ eyt
over t € R>o with a,b € Ryg. In the setting of (4.5), a=p(D) and b = 0(Kgg).

For fixed t € R>g, let ay(N) = —l—et’\ and B; () = —% +1—¢**. Then, a; and
B; are are strictly monotone 1ncreasmg and decreasing, respectively, and they satisfy

, 1 @=0), . -
Jm ar(A) = {0 (t > 0), sim ag(A) = +oo,
/\Emoo BrA) = +oo, Agn—loﬁt(/\) -

Thus, for every ¢t € Rxq, there exists unique A € R such that a;(A\) = 8¢()), and
such A is a unique maximizer of min{ay (), B:(A)}. We denote it by A*(¢). Namely,
A*(t) satisfies

A ()

- _ A" (t) _ A \" _AtAT(t)
(SM4.1) =gt S L=,
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Solving (SM4.1) for "), we get

() - o
(SM4.2) e 5 (}\* @ b + 1).
Thus, f(t) can also be expressed as
1 a A*(t)
(SM4.3) ft) = 5 (— O + 1).

Now )\*( ) is the explicit function obtained by solving an implicit function g(¢, A) =
g = 0 for A\. The function g is sufficiently smooth on R x Ry and it satis-
ﬁes (t, )\ > 0 for all (¢, ) € R>g x Reg. Therefore, there exists open U C R x Reg

w1th ]R>0 xR.o C U such that ag $(t,A) # 0 for all (¢, A) € U. By the implicit function
theorem, A\*(¢) is smooth over t e R>¢ and so is f(t) due to (SM4.3). Differentiat-

ing (SM4.3) by ¢, we get
: 1 a 1),
ft) = 2()\*(15)2 - b)A (t).

Similarly, differentiating (SM4.2) by ¢, we obtain

(SM4.4) (A*(8) + A" ()™ () = §<_ )\)\(t()t) - yb(t)>

and

(SM4.5) N(t) = — A (t)* .
tA*(t) + %( NG + 2 ))e—tA*(t)

Let t* € Rsg be a stationary point of f(t), i.e., f(t*) = 0. By (SM4.4), f(t*) =0
T — = 0. If A7(t7) = 0, it holds that A*(¢") = 0
from (SM4.5), which contradicts A*(¢*) < 0. Thus, W — ¢ = 0 must hold, i.e.,
M\ (t*) = —V/ab. Substituting this into (SM4.2), we get

. 1 ab 1
etm2<a+f+1>

is equivalent to A*(¢*) = 0 or

Vab b 2
and thus
«  In2
Vab’
Finally, by direct calculation, we can check that

ab

2/F+1n2 =
f’(t*>:—“”(t*)+1< ; 2—2>X*(t*>=—“*“*> >0

() =

M)’ 2\ A () A (1)’

Thus, ¢* is a local minimum of f(¢), and is indeed the global minimum since it is the
unique stationary point of f(¢) with ¢t € Rx>¢.
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SM5. Steady-states Selection and M AP Inference for DPPs. The max-
diagonal strategy for steady-states selection in Algorithm 1 is closely related to the
mazimum a posteriori (MAP) inference for determinantal point processes (DPPs) [SM8]
as follows.

If S®) could be chosen independently from S~V the steady-states selection
boiled down to the task of finding a bipartition {S,T} of [n] with |S| = k such that
the error of the RCMC method becomes smaller. Roughly speaking, the results in
Section 4 claim that the accuracy of the RCMC method improves when o(Kgg) is
large and p(D) with D = Kpr — KTSKST;KST is small. Namely, it is desirable to
choose S C [n] with |S| = k such that all the eigenvalues of Kgg and D are large and
small, respectively, in terms of the absolute value.

Since det Kggdet D = det K, using |det Kgg| in place of o(Kgg) and ﬁ, one
can model this task as a problem of finding S C [n] with |S| = k such that |det Kgg]
is maximized, or equivalently, f(S) = In|det Kgg| is the largest. This problem is
known as the mazimum a posteriori (MAP) inference for determinantal point pro-
cesses (DPPs) if K is symmetric positive (negative) semi-definite [SM2, SM8]. Since
K is written as —LII~! with a symmetric positive semi-definite matrix L, it holds
that

(SM5.1) f(S) =Indet Lss — Y Inm;.

€S
The function g(S) := Indet Lgg is known to be submodular, i.e., g(i| X) > g(i|Y)
holds for all Y C [n], X C Y, and i € [n] \'Y, where g(i | S) = g(S U {i}) — g(S5)
for S C [n] and i € [n]. By (SM5.1), f(S) is also submodular, and thus the problem
of maximizing f(S) is a special case of submodular function maximization under a
cardinality constraint.

A standard approach to submodular function maximization with a cardinal-
ity constraint is the greedy algorithm: starting from S(® = (), one chooses j*) €
arg max{ f(j | S(k_l)) ‘ j € [n]\ S} and let Sk) = gk=1)y {j(k)} for k=1,2,....
Indeed, as shown in [SM2], f(j | S(k_l)) coincides with the logarithm of ’D§§71)| by

f(] ‘ S(kil)) =In |det KS(k—l)U{j}’S(k—l)U{j}’ —In |det Ks(k—l)s(k—l)‘

det Ks(kq)u{j},S(k*l)U{j}
det Kgue-1 -1

DD
e T

=1In

meaning that Algorithm 1 is nothing but an implementation of the greedy algorithm
for maximizing f(S). Therefore, the max-diagonal strategy is natural from the view-
point of error analysis as well.

Using the connection between steady-state selection and the greedy algorithm for
submodular function maximization, Hemmi, Iwata, and Oki [SM6] proposed a faster
and numerically stable implementation. Their implementation is based on the lazy
greedy algorithm, a practically efficient variant of the greedy algorithm, combined with
data structures that ensure numerical stability.

SM6. Incremental Update of LU Decomposition for M. Let K € R"*"
be a rate constant matrix and S = S*) and T' = T those defined in Algorithm 1.
In the RCMC method of Type B, we solve a linear system with the coefficient matrix

M® = WM — [ 4 KreKg2Ker,
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where
QW) = (~KrsKgs Ir).

In the discussions below, we show that one can update a Cholesky factor of M *—1
into that of M®*) by performing the rank-one update of a Cholesky decomposition
of a matrix in R”*”. Here, the rank-one update of a Cholesky decomposition of a
positive definite matrix A € R”*T means a task to compute a Cholesky decomposition
of A4 v for given vector v € RT using a Cholesky decomposition of A. Efficient
algorithms that run in O(|T|?) = O(n?) time are available for this problem [SM5].

Let G*) be a Cholesky factor of M®*) with rows and columns indexed by T
and [|T]] = [n — k], respectively. As with the matrix C* in Section 5.1, the adjoint
matrix G*)* means G(k)TH;l. By technical reasons, we assume that the rows of
G™) are ordered as jF+1) j(+2) e one needs to compute the entire sequence
of jM, @ . before calculating the output vectors p™), p(?), ..., which is possible
since j*) can be determined without referencing M(*).

Initially, we can take G(©) = Iz by M(® = T,,. Consider the update at the kth it-
eration. Let E = E®) € RT"XT"™" he the matrix defined by (SM2.8). By (SM2.9),
M®) can be written as

(SM6.1)
M®B) — R — p-DQk-D" g — ppt-D g — pat—D k-1 =

Letting T = T®, j = () and J := {2,...,n — k}, we have

B pE=1) gk=b T _
(SM6.2) EGHY = <D§Tfjl) IT) ( o) a1 | = (U Gg?J 1)>’

arY oGy,
where
(k=1)
vi=GYY - {;71)17;’3*” eR”
77
By (SM6.1) and (SM6.2), it holds that
(SM6.3) M® = (v G (Ggm) = GEIEEDT |

with v* = vTH;l. The equation (SM6.3) means that G*) is obtained as the rank-one

update of Ggfi,_l)(}’gcj_l)* for v. Analyzing numerical stability on the rank-one update

is left for further investigation.
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