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We study finite-size-induced topological phenomena in unconventional superconductors. Specifi-
cally, we focus on a thin film with a persistent spin texture, fabricated on a high-Tc cuprate dxy-wave
superconductors. In two-dimensional dxy-wave superconductors, flat-band Andreev bound states
appear at the edges. As the system narrows, these bound states acquire an energy gap due to finite-
size hybridization and spin-orbit coupling of the persistent spin texture. This induced gap gives rise
to the emergence of a topological phase, characterized by an exceptionally large one-dimensional
winding number that scales with the film width. We demonstrate the appearance of highly degen-
erate zero-energy states, leading to anomalous perfect charge transport in dirty superconducting
junctions.

Introduction and outline. Topological phases of mat-
ter, characterized by nontrivial topological invariants as-
sociated with gapped band structures, have been a cen-
tral focus of condensed matter physics. A hallmark of
these phases, as dictated by the bulk-boundary corre-
spondence, is the emergence of exotic boundary states.
The intrinsic stability of these states holds promise for
future applications in quantum technologies [1–5]. The
topological invariant of gapped band structures is deter-
mined primarily by two factors: the dimensionality and
the symmetry of the systems [6]. The relationship be-
tween topological properties and dimensionality is of par-
ticular importance in quasi-(d− 1)-dimensional systems,
where the size of a d-dimensional system is reduced along
one direction. In such systems, topological properties can
undergo marked changes as the system approaches the
dimensional crossover regime [7, 8].

A representative example is found in quasi-two-
dimensional thin films of topological insulators. In three-
dimensional topological insulators, Dirac surface states
appear as a consequence of a Z2 topological invariant.
In quasi-two-dimensional systems, finite-size effects in-
duce hybridization between the Dirac surface states on
the top and bottom surfaces, leading to two-dimensional
(2D) topological insulators [7, 9–11], depending on the
parity of the number of stacked 2D layers [12, 13]. These
coupled Dirac surface states can be further engineered
by additional perturbations. For instance, applying an
exchange potential opens a gap in the Dirac spectrum
and stabilizes a topological phase characterized by the
Chern number [14], while an extended s-wave pairing
potential can induce a Z2 topological superconducting
phase [15, 16].

Despite the extensive study of topological phases orig-
inating from Dirac surface states [14, 16–28], topologi-
cal phases driven by Andreev bound states (ABSs) of
superconductors (SCs) remain poorly understood. A
known case involves topological phases originating from
gapped Caroli-de Gennes-Matricon bound states in vor-
tex cores [29–39], which result from the phase winding

around a vortex rather than a finite-size effect. Although
topological superconducting phases under finite-size ef-
fects have been studied [8, 40, 41], they do not concern
the energy gaps of surface ABSs. Therefore, supercon-
ducting analogs of topological phases induced by finite-
size effects remain largely unexplored.

The main purpose of this paper is to uncover finite-
size-induced topological phenomena of superconducting
systems. We consider a thin film exhibiting a persis-
tent spin texture (PST) [42–55], fabricated on a high-
Tc cuprate dxy-wave SC [see Fig. 1(a)]. Specifically, we
assume that a unidirectional spin-orbit coupling (SOC),
which is responsible for the formation of the PST [42–
55], and a proximity-induced dxy-wave pair potential co-
exist in the thin film. A 2D dxy-wave SC is a prototyp-
ical nodal topological SC, hosting flat-band ABSs at its
edges [56–60] [see Fig. 1(b)]. Reducing the system size
in one direction induces finite-size effects, resulting in
a characteristic energy dispersion in the ABS spectrum,
where multiple band crossings occur at zero energy [see
Fig. 1(c)]. Furthermore, introducing the unidirectional
SOC of the PST opens a full energy gap in the ABS
spectrum [see Fig. 1(d)]. The resulting gapped quasi-one-
dimensional (Q1D) system falls into the chiral symmetry
class (class AIII) of the Altland-Zirnbauer (AZ) classifi-
cation [6]. This class allows a Z topological invariant in
one dimension, namely a one-dimensional (1D) winding
number. This winding number can take unusually large
values, which almost coincides with the number of the
propagating channels in the Q1D system [see Fig. 2(a)].
The appearance of highly degenerate zero-energy edge
states (ZESs), associated with this exceptionally large
winding number, is confirmed [see Fig. 2(b)]. We demon-
strate that these ZESs lead to prominent zero-bias con-
ductance quantization in dirty normal-metal–SC (NM–
SC) junctions (see Fig. 5). This disorder-independent
perfect charge transport is analogous to the anomalous
proximity effects of 2D spin-triplet px-wave SCs that host
flat-band Majorana bound states [61–71].

High-Tc cuprates are employed as the parent SC due
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FIG. 1. (a) Schematic of the system under consideration, where the unidirectional SOC potential of the PST and the proximity-
induced dxy-wave pair potential coexist in the thin film. [(b)–(c)] Energy spectra as a function of kx for (b) (W,λ) = (800a, 0),
(c) (W,λ) = (30a, 0), and (d) (W,λ) = (30a, 0.5t), with an open boundary condition applied in the y direction. As shown in
(d), the energy spectrum of the ABS exhibits a gap, Eg, resulting from the finite-size hybridization and unidirectional SOC.

to their large superconducting gap [79, 80], which im-
plies that the induced energy gap in ABSs will be suf-
ficiently large for experimental observation. The PST
was originally discovered in zinc-blende semiconductor
quantum wells [43, 44]. More recently, the formation of
the PST has been predicted in a variety of 2D mate-
rials, including wurtzite-structured semiconductors [45],
ferroelectric semiconductors [46–52], monolayer transi-
tion metal dichalcogenides [53, 54], and group IV-V com-
pounds [55], enabling the experimental realization of the
proposed system. Consequently, we propose an intrigu-
ing route for exploring novel topological superconducting
phases driven by gapped ABSs.

Emergence of zero-energy states. We describe the
present system using a 2D tight-binding model on a
square lattice. A lattice site is indicated by a vector
r = jx + my, where |x| = |y| = a. We apply a pe-
riodic boundary condition in the x direction, while an
open boundary condition is applied in the y direction;
the thin film is placed on 1 ≤ m ≤ M , with W = Ma
representing the width of the system. The Bogoliubov–de
Gennes (BdG) Hamiltonian reads

H =
1

2

∑
kx

C†
kx
Hkx

Ckx
,

C†
kx

= [c†kx,↑, c
†
kx,↓, c

T
−kx,↑, c

T
−kx,↓],

ckx,s = [ckx,1,s, ckx,2,s, · · · , ckx,M,s]
T,

Hkx = ξkx ⊗ τz + Λ⊗ sz −∆kx ⊗ sy ⊗ τy,

ξkx
= −2t cos(kxa)− µ+ 4t− tA+,

Λ =
iλ

2
A−, ∆kx

=
i∆

2
sin(kxa)A−,

(1)

where A± is the (M ×M) matrices with

(A±)ij =

 1 for i = j + 1
±1 for i = j − 1
0 otherwise

, (2)

ckx,m,s is an annihilation operator of an electron at y =
ma with momentum kx and spin s (=↑, ↓), t denotes
the nearest-neighbor hopping integral, µ is the chemical
potential, λ represents the strength of the unidirectional
SOC forming the PST, and ∆ denotes the proximity-
induced spin-singlet dxy-wave pair potential [72–78]. τν
and sν for ν = x, y, z denote the Pauli matrices in Nambu
and spin spaces, respectively. When we apply a periodic
boundary condition in both x and y directions, the BdG
Hamiltonian is rewritten as Hk = ξkτz + λ sin(kya)sz −
∆ksy ⊗ τy, with ξk = −2t cos(kxa) − 2t cos(kya) − µ +

4t and ∆k = ∆sin(kxa) sin(kya). The PST inherently
guarantees spin-rotational symmetry [43, 44]:

[Rz,Hkx
] = 0, Rz = isz ⊗ τz, (3)

where Rz describes the spin rotation along the z axis.
Therefore, we can decompose the Hamiltonian into two
subsectors, each corresponding to a different eigenvalue
of Rz:

H =
1

2

∑
kx,s

C†
kx,s

Hkx,sCkx,s,

C†
kx,s

= [c†kx,s
, cT−kx,s̄],

Hkx,s =

[
ξkx

+ σsΛ σs∆kx

σs∆kx
−ξkx

− σsΛ

]
,

(4)

where s̄ represents the opposite spin of s, and σs =
+1(−1) for s =↑ (↓). In the absence of the SOC (i.e.,
λ = 0), the block component Hkx,s belongs to class CI of
the AZ classification:

THkx,sT
−1 = H−kx,s, T = K,

CHkx,sC
−1 = −H−kx,s, C = τyK,

ΓHkx,sΓ
−1 = −Hkx,s, Γ = τy,

(5)

where K denotes the complex conjugation operator, and
the symmetry operators satisfy T 2 = 1, C2 = −1, and
Γ2 = 1. However, in the presence of the SOC (i.e.,
λ ̸= 0), the block component Hkx,s falls into class AIII,
preserving only the chiral symmetry Γ. According to the
AZ classification [6], a fully gapped energy spectrum of
Hkx,s allows us to define the 1D winding number:

N1D =
i

4π

∑
s=↑,↓

∫
dkxTr[ΓH

−1
kx,s

∂kxHkx,s] ∈ Z, (6)

where the trace is taken over both the Nambu space and
the lattice sites along the y direction. The unidirectional
SOC is essential for defining the 1D winding number N1D,
as generic SOCs such as Rashba SOC break spin-rotation
symmetry. In this case, the Q1D systems are in class
DIII, and the AZ classification changes from Z to Z2.
Figures 1(b)–1(d) present the energy eigenvalues of

Hkx,s as a function of kx, which are obtained by diagonal-
izing Hkx,s numerically. The parameters are set as µ = t
and ∆ = 0.2t. The superconducting coherence length
is evaluated as ξ = 1/{πartanh(∆/2t)} ∼ 3.17a. Note
that the energy eigenvalues of Hkx,↑ and those of Hkx,↓
are completely overlapped due to Kramers degeneracy.
In Fig. 1(b), we plot the energy eigenvalues with λ = 0,
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where the system width is sufficiently larger than the su-
perconducting coherence length, W = 800a ∼ 252ξ. In
this regime, the flat-band ABSs are clearly visible at zero
energy. In Fig. 1(c) we show the energy eigenvalues with
λ = 0 in a narrower system with W = 30a ∼ 9.46ξ.
The finite-size effects lead to hybridization between the
ABSs localized at y/a = 1 and y/a = W/a, resulting in
the breakdown of the flat-band structure. Nevertheless,
multiple band crossings persist at zero energy. As de-
tailed in Appendix A, these band crossings are protected
by inversion symmetry [81, 82], which holds only in the
absence of the SOC (i.e., λ = 0). Consequently, intro-
ducing the unidirectional SOC is expected to open a full
energy gap in the ABS spectrum. This is indeed observed
in Fig. 1(d), where the SOC is introduced with λ = 0.5t.
Since Hkx,s now describes the gapped systems in class
AIII, the 1D winding number N1D in Eq. (6) becomes
well defined.

In Fig. 2(a) the 1D winding number N1D is plotted as
a function of the system width W , with λ = 0.5t. The
results show that N1D increases with W and reaches val-
ues substantially larger than unity. For instance, at W =
30a ∼ 9.46ξ, the winding number reaches N1D = 20. The
dotted line denotes the number of the propagating chan-
nels Nc = 2nc, where nc is the largest integer satisfying

µ > 2t{1− cos
(

ncπ
W+1

)
}. The factor of 2 reflects spin de-

generacy. Notably, N1D closely tracks Nc, and the under-
lying mechanism is discussed later. The bulk-boundary
correspondence guarantees the presence of N1Dthin film
degenerate ZESs at the system edge. In Fig. 2(b), we
show the energy eigenvalues under open boundary con-
ditions in both x and y directions, where the system is
placed on 1 ≤ j ≤ L/a. We choose W = 30a ∼ 9.46ξ
and L = 600a ∼ 189.27ξ. The colored (white) dots indi-
cate the result for λ = 0.5t (λ = 0); each dot represents
a twofold-degenerate state caused by Kramers degener-
acy. In the absence of SOC, the energy spectrum remains
gapless. When SOC is present, 2N1D ZESs appear inside
the finite energy gap Eg, where the factor of 2 arises from
both edges in the x direction. Under the present param-
eters, the system hosts 40 ZESs. The winding number is
limited by the number of Fermi points in the 1D Brillouin
zone [60], which typically results in small values. In con-
trast, the proposed Q1D system exhibits multiple band
crossings due to the finite-size effect and consequently
supports an exceptionally large number of the topologi-
cally protected ZESs. The winding number remains well
defined as long as the system preserves the chiral symme-
try given by Eq. (5). Consequently, the ZESs retain their
high degree of degeneracy even in the presence of pertur-
bations that respect this symmetry, such as nonmagnetic
disorder.

We examine the size of the induced energy gap, Eg, as
also indicated in Fig. 1(d). In Fig. 3, Eg is plotted as a
function of the system width W . The solid and dashed
lines correspond to λ = 0.5t and λ = t, respectively.
As W increases, the induced gap Eg exhibits oscillatory
decay, with larger values of λ yielding larger gaps. We

(a)

(b)

FIG. 2. (a) 1D winding number, N1D, as a function W , with
dotted line representing the number of the propagating chan-
nels Nc. (b) Energy spectrum under open boundary condi-
tions in both x and y directions, where the colored (white)
dots indicate the result for λ = 0.5t (λ = 0). Each dot cor-
responds to twofold-degenerate states due to Kramars degen-
eracy. For λ = 0.5t, we clearly observe the emergence of
N1D-fold-degenerate ZESs.

now adopt Bi2Sr2CaCu2O8 as the parent SC, which has
a large superconducting gap, ∆ ∼ 30 meV [79, 80]. With
its in-plane lattice constant a ∼ 5.4 Å, the supercon-
ducting coherent length is estimated as ξ ∼ 1.71 nm. As
an example, when W = 64a ∼ 20.21ξ ∼ 34.6 nm and
λa = ta = 5∆a ∼ 810 meVÅ, the resulting induced gap
is Eg = 0.044∆ ∼ 1.3 meV, which remains sufficiently
large for experimental observation. Moreover, compati-
ble or even stronger SOCs, reaching several eV Å, have
been theoretically predicted in various 2D systems with
a PST (see, for example, Refs. [54, 55]). Thus, while a
more microscopic evaluation of Eg remains as an crucial
future task, these results suggest that topological phases
protected by the induced gap of ABSs could be experi-
mentally accessible.

Effective theory. To obtain an intuitive understanding
of the numerical results, we derive a low-energy effec-
tive Hamiltonian. For this purpose we consider the BdG
equation in the continuum limit:

Hs(kx, y)ψs(kx, y) = Eψs(kx, y), (7)
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FIG. 3. Induced energy gap, Eg, as a function of the system
width, W , where the solid (dashed) line shows the result for
λ = 0.5t (λ = t).

with

Hs(kx, y) = Hdxy
s (kx, y) +Hλ

s (y),

Hdxy
s (kx, y) =

[
ξ(kx, y) σs∆(kx, y)

σs∆(kx, y) −ξ(kx, y)

]
,

Hλ
s (y) = σs

[
Λ(y) 0
0 −Λ(y)

]
,

ξ(kx, y) = − ℏ2

2m
∂2y − µ̃, µ̃ = µ− ℏ2k2x

2m
,

∆(kx, y) = −i ∆̃
kF

∂y, ∆̃ =
∆kx
kF

, Λ(y) = −iλ̃∂y,

(8)

where ta2 = ℏ2/(2m), λa = λ̃, and kF =
√
2mµ/ℏ de-

notes the Fermi wave number. We first explore the wave
functions of the ABSs in the absence of the SOC, satis-
fying

Hdxy
s (kx, y)ψ

±
s (kx, y) = ±ϵs(kx)ψ±

s (kx, y), (9)

where ±ϵs(kx) represents the energy eigenvalues of the
ABSs, as also illustrated in Fig. 4(a). While obtaining
ϵs(kx) and ψ

±
s (kx, y) across the entire range of kx is chal-

lenging, as detailed in Appendix B, we can analytically
solve the BdG equation at momenta where zero-energy

band crossings occur: H
dxy
s (kn, y)ψ

±
s (kn, y) = 0. Specif-

ically, the zero-energy band crossings occur at momenta

kn = sgn[n]

√√√√ k2F − q2n

1 +
(

∆
2µ

)2 ,

n = ±1,±2, · · · ,±nc,

(10)

with the corresponding zero-energy wave functions

ψ±
s (kn, y) =

{
e∓iπ

4 φ±
s (kn, y) for |n| ∈ odd

e∓iπ
4 φ∓

s (kn, y) for |n| ∈ even
,

φ±
s (kn, y) =

1

2

[
ϕs,+(kn, y)± ϕs,−(kn, y)

i {ϕs,+(kn, y)∓ ϕs,−(kn, y)}

]
,

ϕs,±(kn, y) = ckn,s,± sin(qny)e
±σsκny,

qn =
nπ

W
, κn =

∆

2µ
kn, ckn,s,± =

√
2Xn

W
e∓σsκnW

Xn =
κnW

sinh(κnW )

{
1 +

(
∆

2µ

)2
k2n
q2n

}
,

(11)

where nc in the continuum limit is given by nc =
[WkF /π]G, with [· · · ]G representing the Gauss symbol,
which takes the integer part of the argument. A de-
tailed derivation for Eq. (11) is provided in Appendix B.
Notably, the total number of zero-energy band cross-
ings coincides with the number of propagating channels,
Nc = 2nc [see Fig. 4(a)]. To proceed with our analysis,
we treat the SOC, Hλ

s (y), as a perturbation and con-
struct the low-energy effective Hamiltonian as follows:

Heff
s (kx) =

[
A++ A+−
A−+ A−−

]
+O(λ2),

Aηη′ =

∫
dy {ψη

s (kx, y)}
†
Hs(kx, y)ψ

η′

s (kx, y),

(12)

where Aηη = ηϵs(kx). In the vicinity of kx = kn, we
obtain, Heff

s (kn + δk) = Heff
n,s(δk) +O(δk2), with

Heff
n,s(δk) =



[
vnδk mn

mn −vnδk

]
for |n| ∈ odd

[
−vnδk −mn

−mn vnδk

]
for |n| ∈ even

,

vn =
ℏ2kn
m

{
1 +

(
∆

2µ

)2
}
Xn, mn = λ̃κnXn,

(13)

where mn represents the mass term that opens the en-
ergy gap in the ABS spectrum, as depicted in Fig. 4(b).
A detailed derivation for Eq. (13) is provided in Ap-
pendix B. The low-energy effective Hamiltonian preserves
chiral symmetry:

γHeff
s (kx)γ

−1 = −Heff
s (kx), γ =

[
0 −i
i 0

]
, (14)

which allows us to define the winding number:

N eff
1D =

i

4π

∑
s

∫
dkxTr[γ{Heff

s (kx)}−1∂kx
Heff

s (kx)].

(15)

On the basis of Ref. [60], we can compute N eff
1D using only

the Hamiltonian in the vicinity of kx = kn:

N eff
1D =

1

2

∑
s

nc∑
n=−nc

sgn[vn]sgn[mn], (16)
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(a)

(b)

FIG. 4. Schematic of the energy spectra of the ABSs for (a)

λ̃ = 0 and for (b) λ̃ ̸= 0, described by the effective Hamilto-
nian in Eq. (13).

where the detailed derivation of Eq. (16) is provided in
Appendix C. Applying this formula, we eventually obtain

N eff
1D = Nc, (17)

which shows excellent agreement with the numerical re-
sult shown in Fig. 2(a). Consequently, our effective the-
ory confirms that the nontrivial topology of the present
systems indeed originates from the energy gap of the
ABSs.

Anomalous proximity effect. Finally, we describe
anomalous charge transport induced by the N1D-fold-
degenerate ZESs. We consider a junction consisting of
three segments: a ballistic NM segment for −∞ ≤ j < 1,
a dirty NM segment for 1 ≤ j ≤ LD/a, and a SC segment
for LD/a < j ≤ ∞. For numerical calculations, the BdG
Hamiltonian in Eq. (1) is reformulated in a real-space
basis by performing a Fourier transformation along the
x direction: ckx,m,s → cr,s. The proximity-induced pair
potential is assumed to exist only in the SC segment, i.e.,
j > LD/a. For the dirty NM segment, we introduce a
nonmagnetic random on-site potential:

HD =

LD/a∑
j=1

∑
m,s

vrc
†
r,scr,s, (18)

where vr is given randomly in the range −vimp/2 ≤
vr ≤ vimp/2. We calculate the differential conductance at

(a) (b)

FIG. 5. (a) Zero-bias conductance as a function of the length
of the dirty NM segment, LD, with the colored (white) dots
representing the result for λ = 0.5t (λ = 0). (b) Conductance
spectra at LD = 400a, with the solid (dashed) line represent-
ing the result for λ = 0.5t (λ = 0). For the finite-size-induced
topological phase, (i.e., λ = 0.5t), we observe zero-bias con-
ductance quantization at (2e2/h)N1D, independent of LD.

zero temperature on the basis of the Blonder–Tinkham–
Klapwijk formalism [83]:

G(eV ) =
e2

h

∑
ζ,η

[
δζ,η −

∣∣reeζ,η∣∣2 + ∣∣rheζ,η∣∣2]
E=eV

, (19)

where reeζ,η and rheζ,η denote a normal and an Andreev re-
flection coefficient at energy E, respectively. The indices
ζ and η correspond to the outgoing and incoming chan-
nels. These reflection coefficients are calculated using
recursive Green’s function techniques [84, 85]. For nu-
merical calculations, the parameters are fixed as µ = t,
∆ = 0.2t, vimp = 0.5t, and W = 30a. The conductance
is averaged over 5 × 103 samples with different random
potential configurations.
In Fig. 5(a), we plot the differential conductance at

zero bias as a function of the length of the dirty NM seg-
ment. The colored (white) dots correspond to λ = 0.5t
(λ = 0). In the absence of SOC, the zero-bias conduc-
tance decreases monotonically with increasing LD. In
contrast, for λ = 0.5t, the zero-bias conductance remains
perfectly quantized, independent of LD:

G(0) =
2e2

h
×N1D =

2e2

h
×Nc, (20)

where N1D = 20 for the given parameters. Moreover,
the conductance spectrum for λ = 0.5t exhibits a promi-
nent zero-bias peak, as shown in Fig. 5(b). This per-
fect conductance quantization suggests that the N1D-
fold-degenerate ZESs, initially localized at the junction
interface, penetrate into the dirty NM segment while re-
taining their high degree of degeneracy. Therefore, they
form perfect transmission channels within the dirty NM-
SC junction [64, 65]. This unusual superconducting prox-
imity effect, accompanied by the penetration of topologi-
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cally protected ZESs, is analogous to the anomalous prox-
imity effect observed in 2D nodal px-wave SCs [61, 62].
As a result, we propose a striking perfect charge trans-
port that clearly manifests the presence of highly degen-
erate ZESs.

Discussion. In Appendix D, we also confirm that
highly degenerate ZESs can appear in the bilayer Hamil-
tonian, where the first and second layers describe a non-
superconducting quasi-one-dimensional thin film with
unidirectional spin–orbit coupling and a dxy-wave su-
perconductor without intrinsic spin–orbit coupling, re-
spectively [86]. This result supports our analysis in the
main text, where the proximity-induced dxy-wave pair
potential in the quasi-one-dimensional thin film is intro-
duced phenomenologically. Proximity effects from high-
Tc cuprate superconductors to various two-dimensional
materials—such as semiconductor quantum wells [87],
graphene [88–90], and MoS2 [91]—have been demon-
strated experimentally. However, whether the induced
pairing preserves the original d-wave symmetry remains
unclear, as interface roughness often leads to an effective
s-wave symmetry instead [92, 93]. A detailed assessment
of d-wave proximity pairing in the present system would
require a more microscopic analysis of a heterostructure
combining a high-Tc cuprate superconductor with a PST
material, potentially including an intermediate layer to
mitigate interface roughness or lattice mismatch. We
regard such a microscopic investigation as a crucial fu-
ture task. In addition, exploring alternative platforms for
realizing finite-size topological phases driven by gapped
ABSs is an important direction for future work.

In summary, we investigate a novel topological super-
conducting phase emerging in a Q1D system, where a
unidirectional SOC potential of a PST coexists with a
dxy-wave pair potential. Finite-size effects lead to hy-
bridization of the flat-band ABSs, resulting in multi-
ple band crossings. Introducing the unidirectional SOC
opens a full energy gap in the ABS spectrum and gives
rise to an exceptionally large winding number, N1D. Nu-
merical calculations demonstrate the emergence of topo-
logically protected N1D-fold-degenerate ZESs at both
ends of the Q1D system. Furthermore, a distinctive
perfect transport phenomenon serves as an unambiguous
signature of these finite-size-induced topological phases.
These findings offer new avenues for studying topological
superconducting phases driven by gapped ABSs.
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Appendix A: Zero-energy Band crossings protected
by inversion symmetry

In this appendix we discuss the relationship between
the zero-energy band crossings in Fig. 1(c) and inversion
symmetry of the Hamiltonian. In the absence of the SOC
potential (i.e., λ = 0), the block component Hkx,s in
Eq. (4) preserves inversion symmetry:

PHkx,sP
−1 = H−kx,s, P =

[
Py 0
0 Py

]
,

(Py)ij =

{
1 for i =M − j + 1
0 otherwise

.

(A1)

This block component also preserves particle-hole-like
symmetry:

CPHkx,sC
−1
P = −H−kx,s,

CP = ΞK, Ξ =

[
0 Py

Py 0

]
,

(A2)

where the operator CP satisfies C2
P = +1. Combining

these symmetries, we find CP -like symmetry as

UCPH
T
kx,sU

−1
CP = −Hkx,s, UCP = ΞP ∗ = τx, (A3)

where (CPP )
2 = UCPU

∗
CP = +1 and hence UT

CP = UCP .
Following Refs. [81, 82], we define a Z2 invariant that
characterizes the zero-energy band crossings in the spec-
trum of Hkx,s at λ = 0. Since UCP is a symmetric ma-
trix, it can be decomposed as UCP = V QV T, where Q
is a diagonal matrix and V is a unitary matrix. We de-

fine Ω =
√
Q

†
V †, where

√
Q is well defined due to the

diagonal nature of Q. Using Ω we rewrite Eq. (A3) as

Ω∗HT
kx,sΩ

T = −ΩHkx,sΩ
†. (A4)

As a result, we find that the transformed Hamiltonian,
H̃kx,s = ΩHkx,sΩ

†, becomes an antisymmetric matrix:

H̃T
kx,s = −H̃kx,s. (A5)

The antisymmetric nature of H̃kx,s allows us to define a
Z2 invariant using its Pfaffian:

(−1)ν = sgn
[
Pf(H̃k′,s)Pf(H̃k′′,s)

]
(A6)

where k′ and k′′ are two arbitrary momenta. When ν =
1 mod 2, there is an odd number of zero-energy band
crossings between k′ and k′′ [81, 82]. Thus, the presence
of zero-energy band crossings in the present system is
protected by a nontrivial Z2 invariant:

sgn
[
Pf(H̃kn+δk,s)Pf(H̃kn−δk,s)

]
= −1 (A7)
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where kn denotes the momenta at which zero-energy
band crossing occurs and δk ≪ 1. These band cross-
ings can only be removed by perturbations that break
the CP -like symmetry in Eq. (A3). In our model, such
symmetry breaking is achieved by introducing the SOC
term (i.e., λ ̸= 0), which inherently breaks the inversion
symmetry in Eq. (A1).

Appendix B: Low-energy effective Hamiltonian

We derive an effective Hamiltonian in Eq. (13). We
begin with the BdG equation in Eq. (7). Using chiral
symmetry,

ΓHs(kx, y)Γ
−1 = −Hs(kx, y), Γ =

[
0 −i
i 0

]
, (B1)

we transform the Hamiltonian into the chiral basis for
later convenience:

UΓHs(kx, y)U
†
Γ = Qs(kx, y) = Qdxy

s (kx, y) +Qλ
s (y),

UΓ =
1√
2

[
1 −i
i −1

]
,

Qdxy
s (kx, y) =

[
0 q

dxy
s (kx, y)

{qdxy
s (kx, y)}† 0

]
,

qdxy
s (kx, y) = −iξ(kx, y)− σs∆(kx, y),

Qλ
s (y) =

[
0 −iσsΛ(y)

iσsΛ(y) 0

]
. (B2)

We first examine zero-energy states in the absence of
the SOC (i.e., λ = 0):

Qdxy
s (kx, y)

[
ϕs,+(kx, y)

0

]
= 0,

Qdxy
s (kx, y)

[
0

ϕs,−(kx, y)

]
= 0,

(B3)

where ϕs,±(kx, y) satisfies

{±iξ(kx, y)− σs∆(kx, y)}ϕs,±(kx, y) = 0. (B4)

A general solution takes the form

ϕs,±(kx, y) = (aeiqy + be−iqy)e±σsκ̃y,

q =

√
k̃2F − κ̃2, k̃F =

√
2mµ̃

ℏ
, κ̃ =

m∆̃

ℏ2kF
.

(B5)

Applying the boundary condition ϕs,±(kx, 0) = 0, we ob-
tain

ϕs,±(kx, y) = c sin(qy)e±σsκ̃y. (B6)

Moreover, the boundary condition, ϕs,±(kx,W ) ∝
sin(qW ) = 0, leads to

q = qn =
nπ

W
, n = ±1,±2, · · · . (B7)

From q =
√
k̃2F − κ̃2, we find the momenta at which zero-

energy states exist:

kx = kn = sgn[n]

√√√√ k2F − q2n

1 +
(

∆
2µ

)2 . (B8)

Since kn must be real, the integer number n is restricted
to

n = ±1,±2, · · · ,±nc, (B9)

where nc = [WkF /π]G represents the number of propa-
gating channels per spin. From the normalization condi-
tion

∫ W

0

dyϕ∗s,±(kx, y)ϕs,±(kx, y) = 1, (B10)

we obtain

ϕs,±(kn, y) = ckn,s,± sin(qny)e
±σsκny,

ckn,s,± =

√
2Xn

W
e∓σsκnW ,

Xn =
κnW

sinh(κnW )

{
1 +

(
∆

2µ

)2
k2n
q2n

}
.

(B11)

Since ϕs,+(kn, y) and ϕs,−(kn, y) are degenerate, we
can construct alternative expressions for the zero-energy
states by taking linear combinations of these functions.
Here, we construct the wave function of the zero-energy
states, ψ̃±

s (kn, y) =
∑

a=± c±,aϕs,a(kn, y), to satisfy



8

∫ W

0

dy
{
ψ̃±
s (kn, y)

}†
Qdxy

s (kn + δk, y)ψ̃±
s (kn, y) = ±ϵs(kn + δk), (B12)

ϵs(kn + δk) =

 sgn[n]|vn|δk +O(δk2) for |n| ∈ odd

−sgn[n]|vn|δk +O(δk2) for |n| ∈ even
, (B13)

where ±ϵs(kx) denotes the energy eigenvalues of the
ABSs. Equation (B13) means that ϵs(kx) forms a con-
tinuous spectrum with respect to kx, as illustrated in
Fig. 4(a). This is achieved by the wave function

ψ̃±
s (kn, y) =

{
e∓iπ

4 φ̃±
s (kn, y) for |n| ∈ odd

e∓iπ
4 φ̃∓

s (kn, y) for |n| ∈ even
,

φ̃±
s (kn, y) =

1√
2

[
ϕs,+(kn, y)

±iϕs,−(kn, y)

]
,

(B14)

where we specifically obtain

vn =
ℏ2kn
m

{
1 +

(
∆

2µ

)2
}
Xn. (B15)

In the main text, we discuss the wave function in the

original basis:

ψ±
s (kn, y) = U†

Γψ̃
±
s (kn, y). (B16)

To proceed with our analysis, we treat the SOC,
Hλ

s (y), as a perturbation and construct the low-energy
effective Hamiltonian as follows:

Heff
s (kx) =

[
A++ A+−
A−+ A−−

]
+O(λ2),

Aηη′ =

∫ W

0

dy {ψη
s (kx, y)}

†
Hs(kx, y)ψ

η′

s (kx, y),

(B17)

where ψ±
s (kx, y) represents the wave function of the ABSs

at λ = 0, and Aηη = ηϵs(kx). In the vicinity of kx = kn,
we obtain

Heff
s (kn + δk) =

∫ W

0

dy


{
ψ̃+
s (kn, y)

}†
Qs(kn + δk, y)ψ̃+

s (kn, y)
{
ψ̃+
s (kn, y)

}†
Qs(kn + δk, y)ψ̃−

s (kn, y){
ψ̃−
s (kn, y)

}†
Qs(kn + δk, y)ψ̃+

s (kn, y)
{
ψ̃−
s (kn, y)

}†
Qs(kn + δk, y)ψ̃−

s (kn, y)

+O(δk2)

=Heff
n,s(δk) +O(δk2), (B18)

with

Heff
n,s(δk) =



[
vnδk mn

mn −vnδk

]
for |n| ∈ odd

[
−vnδk −mn

−mn vnδk

]
for |n| ∈ even

,

mn = λ̃κnXn,

(B19)

which is equivalent to Eq. (13) in the main text.

Appendix C: Winding number of the effective
Hamiltonian

In this Appendix we compute the one-dimensional
winding number of the effective Hamiltonian Heff

n,s(k)
in Eq. (12). By using an appropriate expression of
ψ±
s (kx, y), we can always construct the effective Hamil-

tonian preserving chiral symmetry as

γHeff
s (kx)γ

−1 = −Heff
s (kx), γ =

[
0 −i
i 0

]
, (C1)

which allows us to define the winding number,

N eff
1D =

i

4π

∑
s=↑,↓

∫
dkxTr[γ{Heff

s (kx)}−1∂kxH
eff
s (kx)].

(C2)

The effective Hamiltonian can be generally deformed into
the chiral basis as

UγH
eff
s (kx)U

†
γ =

[
0 qs(kx)

q∗s (kx) 0

]
,

Uγ =
1√
2

[
1 −i
i −1

]
,

(C3)
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FIG. 6. Energy spectrum of the full Hamiltonian, where the
colored (white) dots indicate the result for λ = 0.5t (λ =
0). Each dot corresponds to twofold-degenerate states due to
Kramars degeneracy. For λ = 0.5t, we clearly observe the
emergence of highly degenerate zero-energy states.

where

qs(kn + δk) =

 −ivnδk −mn for |n| ∈ odd

ivnδk +mn for |n| ∈ even
. (C4)

As shown in Ref. [60], the winding number can be further
simplified to:

N eff
1D =

1

2

∑
s=↑,↓

∑
C(kx)=0

sgn[∂kx
C(kx)]sgn[R(kx)],

R(kx) = Re[qs(kx)], C(kx) = Im[qs(kx)],

(C5)

where the summation
∑

C(kx)=0 is taken for kx, satisfying

C(kx) = 0. Using this formula, we eventually obtain

N eff
1D =

1

2

∑
s=↑,↓

nc∑
n=−nc

sgn[vn]sgn[mn] = Nc, (C6)

which is also shown in the main text.

Appendix D: Zero-energy States in a bilayer
Hamiltonian

In this section we confirm that highly degenerate ZESs
can appear in the bilayer Hamiltonian, where the first
and second layers describe a nonsuperconducting quasi-
one-dimensional thin film with unidirectional SOC and a
dxy-wave superconductor without intrinsic SOC, respec-
tively. Specifically, the BdG Hamiltonian on a square
lattice reads

H =Hdxy
+Hpsh +Ht,

Hdxy
=− ts

∑
r∈S

∑
σ=↑,↓

∑
ν=x,y

(c†r+ν,σcr,σ +H.c.) + (4ts − µs)
∑
r,σ

c†r,σcr,σ

+
∆

4

∑
r∈S

{
(c†r+x+y,↑c

†
r,↓ + c†r,↑c

†
r+x+y,↓ − c†r+x−y,↑c

†
r,↓ − c†r,↑c

†
r+x−y,↓) + H.c.

}
,

Hpsh =− tn
∑
r∈N

∑
σ

∑
ν=x,y

(d†r+ν,σdr,σ +H.c.) + (4tn − µn)
∑
r,σ

d†r,σdr,σ

+
iλ

2

∑
r∈N

∑
σ

sσ(d
†
r+y,σdr,σ − d†r,σdr+y,σ)

Ht =− t′
∑
r∈N

∑
σ

(d†r,σcr,σ +H.c.),

(D1)

where cr,σ (dr,σ) is the annihilation operator of an
electron at a site r with spin σ in the dxy-wave su-
perconductor (quasi-one-dimensional wire), and

∑
r∈S

(
∑

r∈N ) represents the summation over the lattice
sites in the superconducting layer (quasi-one-dimensional

wire). The coupling between the dxy-wave superconduc-
tor and quasi-one-dimensional wire is described by Ht.
The dxy-wave superconductor has length 3000 and width
530 in units of lattice spacing. For the dxy-wave su-
perconductor, we apply periodic boundary conditions in
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both x and y direction to eliminate the flat-band ABSs
in the superconducting layer. The quasi-one-dimensional
wire has length 2500 and width 30, with open boundary
conditions applied in both x and y direction. We obtain
the low-energy eigenvalues using the Sakurai–Sugiura
method [86]. In Fig. 6 we show the energy eigenvalues
for ts = tn = t′, µs = µn = 2ts, and ∆ = 0.2ts. The col-
ored (white) dots indicate the result for λ = 0.5t (λ = 0);
each dot represents a twofold-degenerate state caused by

Kramers degeneracy. Since the dxy-wave superconductor
layer is nodal, the energy spectrum of the bilayer Hamil-
tonian does not exhibit a substantial energy gap. Never-
theless, we find that highly degenerate zero-energy states
appear only in the presence of SOC potential, supporting
the results in the main text, where the proximity-induced
dxy-wave pair potential in the quasi-one-dimensional wire
is introduced phenomenologically.
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