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Dynamic Reduced Normalized Gaussian Network Method
for Topology Optimization of Electromagnetic Devices
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!Graduate School of Engineering, Kyoto University, Kyoto 615-8530, Japan
ZDepartment of Electrical Engineering, Faculty of Engineering, Khon Kaen University, Khon Kaen, Thailand
3Data-Driven Interdisciplinary Research Emergence Department (D-RED), Hokkaido University, Sapporo, Japan

This paper proposes an efficient method to represent topology using fewer variables by combining the normalized Gaussian network
with a truncated eigendecomposition. In this method, new orthogonal basis functions are derived from the original Gaussian functions,
allowing the main features of the topology to be captured compactly. Since the bases are orthogonal after decomposition, we also
introduce a strategy to dynamically increase the number of basis functions during optimization, ensuring that each newly added
basis does not interfere with the existing ones. By progressively adding bases, the topology evolves from a coarse representation to

a more refined structure, which helps reduce optimization time and avoid getting trapped in poor local solutions.

Index Terms—Topology optimization, Gaussian basis functions, eigendecomposition.

I. INTRODUCTION

OPOLOGY OPTIMIZATION (TO) [1], [2] has been

widely used to design novel structures beyond con-
ventional parameter optimization, contributing significantly
to the improvement of electromagnetic device performance.
TO methods can be broadly classified into two categories:
gradient-based and stochastic (or gradient-free) methods.
Gradient-based methods, such as the level-set [3] and density-
based [4] formulations, offer fast convergence and can handle
a large number of design variables efficiently. However, they
often face difficulties in nonlinear or non-differentiable prob-
lems and are prone to local minima.

Stochastic methods, such as the ON/OFF method [3], treat
each element’s material state as a discrete variable evolved by
stochastic algorithms such as evolutionary strategies. These
gradient-free approaches offer strong global search capability
but become inefficient as the number of design variables
increases. To reduce variables and obtain smoother topologies,
the material distribution is represented as a weighted sum of
basis functions [4], [5]. The normalized Gaussian network
(NGnet) [5], which employs Gaussian basis functions, has
demonstrated robust performance in electromagnetic design
[6].As an extension of NGnet, the kernel ridge regression
(KRR) formulation [7] enhances the representational flexibility
of the material field, yet still relies on a fixed and high-
dimensional set of bases, which often leads to small spu-
rious features. To address the dimensionality issue, Luo [8]
proposed the material-field series-expansion (MFSE) method,
which applies eigendecomposition of the Gaussian kernel to
construct reduced basis functions in a density-based frame-
work. Although this approach effectively decreases the number
of variables, it still retains several hundred variables after
reduction and relies on gradient-based optimization, limiting
its global search capability and flexibility.
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Inspired by this idea, we incorporate eigendecomposition
into the NGnet framework and propose the reduced NGnet
method, which approximates the NG bases by truncating the
kernel matrix and retaining only the dominant modes. Further-
more, the dynamic reduced NGnet (DR-NGnet) method begins
with a very low-dimensional basis and gradually increases the
number of bases during optimization. This dynamic stochastic
framework maintains the efficiency and the global search
ability of NGnet. Two strategies for dimensional expansion
are considered: a fixed-schedule strategy and a convergence-
based adaptive strategy. This dynamic framework makes the
optimization move smoothly from coarse to fine, keeping
a good balance between efficiency and result quality while
avoiding early convergence.

II. METHOD
A. Reduced NGnet representation

In the conventional NGnet method, we define the shape
function y(x) as a linear combination of NG basis functions:

N
y(x) = Zwigi(%ui), 1
=1

where the parameters are defined as follows:

e NN: number of NG bases;

o w; € [—1,1]: weight coefficient of the i-th NG basis;

e d: spatial dimension (e.g., 2D or 3D);

o x € R%: sampling point position vector;

o u; € R% center of the i-th NG basis.

Each NG basis function g;(x,u;) is computed by normal-
izing the original Gaussian function over all basis centers,
ensuring that the sum of all basis functions equals one at each
point x:

> Gl wy)

where the original Gaussian function G(x,u;) is given by:

gi(, u;) 2

1 1
G(z,u;) = Wexp (—W | — ui2) , 3



where o denotes the standard deviation of the Gaussian, and
|| - || represents the Euclidean norm.

Each element ., is assigned a material by the sign of y(x.),
where positive and negative values indicate different materials:

{material 1 (y(xze) >0)
(y(ze) < 0).

For a more compact formulation, we define the vector of NG
basis functions at point x as:
T

k(z) = [kjl(m)’ ka(z), ) kN(:E)] ) (%)

where k;(x) = g;(x,u;), and the weight vector is defined as:

M, = “)

material 2

T
w = I:wlv w2, ..., 'lUN} (6)
Then the shape function can be written as an inner product:
y(x) = k(x) w. (7
For n sampling points 1, o, ..., x,, we construct the basis
matrix:
]Cl (a:l) kN(azl)
R k1 (z2) kn(x2)
G = e RN (8)
k1 (xn) kn(xn)

so that the vector of shape function values at all sampling
points can be expressed as:

y = Guw. )

To further reduce the dimensionality and extract the most
significant modes, we construct the kernel matrix:

K =G"G e RV*NV, (10)

which is symmetric and positive semi-definite.
We then perform eigendecomposition of K to construct a
set of orthogonal basis functions:

K=VAVT, (11)

where A = diag(\q, ..., An) contains the eigenvalues sorted
in descending order, and V = [vy,...,vy] are the cor-
responding orthonormal eigenvectors. To construct a set of
reduced basis function, we select the first 7 dominant modes:

A’m :diag()‘la"'a)"m)a (12)
Vo= [v1, ..., vnl. (13)
Then the shape function can be expressed as:
y(z) = GV ALV, w, (14)
or equivalently:
y(x)~ Y cigi(x), (m<N) (15)
i=1
where
N
pi(@) ~ > ki(@)Vi. (16)

j=1

Here, o, (x) defines the i-th orthogonal basis function (here-
after referred to as an “orthogonal basis” to distinguish it from
the original NG basis), and V;; represents the ¢-th component
of the j-th eigenvector, i.e., V;; = [v;];. The coefficients ¢; are
the weights corresponding to the orthogonal bases ; (), and
these weights are treated as the optimization variables, each
taking values in the range [—1, 1]. When selecting the first m
bases, only m optimization variables are required, reducing
the dimensionality compared to the full space of IV variables.

In a 100 x 100 mm square region, 100 NG bases with
o = 7 mm are uniformly distributed. Here, these parameter
settings are chosen simply to illustrate the effectiveness of the
proposed method. Then, 100 orthogonal bases are obtained
by performing eigendecomposition of the kernel matrix. Fig.
1 shows the eigenvalues in descending order, where the
dominant modes capture most of the variance. Fig. 2 illustrates
the first and last five orthogonal bases, corresponding to
the largest and smallest eigenvalues. The dominant modes
exhibit smooth, global patterns, while the higher-order modes
capture localized, oscillatory details. Fig. 3 compares topology
representations using different numbers of retained orthogonal
bases m. Larger m includes more fine details, whereas smaller
m emphasizes global features. If this property is utilized
during optimization by dynamically adjusting m to evolve the
topology from coarse to fine, it can simplify the optimization
problem and improve convergence.
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Fig. 1: Eigenvalues sorted in descending order.
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Fig. 2: Top five and last five dominant reduced orthogonal
basis functions.
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Fig. 3: Topologies under different orthogonal bases.



B. Dynamic reduced NGnet method

The reduced NGnet basis functions (orthogonal bases) have
the potential to reduce the dimensionality in optimization. We
refer to this method, which optimizes using a fixed m, as the
reduced NGnet method (R-NGnet). The optimal dimension
m depends on the complexity of the specific optimization
problem: too small m may result in insufficient representation
and convergence to a local optimum, whereas too large m
diminishes the benefits of dimensionality reduction. There-
fore, it is challenging to determine a fixed m that balances
optimization speed and quality.

To address this issue, we propose dynamically increasing the
number of retained bases m during optimization, starting from
a coarse, low-dimensional space and progressively refining
in a higher-dimensional one. We refer to this approach as
DR-NGnet. Formally, the optimization starts with an initial
dimension mg. At certain generations, the dimension m is
increased by Am through the addition of new bases:

(o) = {m(g1)+Am,
7 g -,

if g € GSX{SHd?
(17)
otherwise.

where g denotes the generation indeX, and Gexeng represents
the set of generations where the dimension is increased.

We employ the Covariance Matrix Adaptation Evolution
Strategy (CMA-ES) to perform the optimization. CMA-ES
has been widely recognized for its global search ability in
multimodal and non-convex optimization problems, due to its
adaptive covariance update and cumulative step-size adaptation
[9], which makes it suitable for solving TO problems. Fig. 4
illustrates the dimension expansion process, where the red
points indicate the newly added individuals. The yellow dashed
circle represents the sampling range in the current generation
(m dimensions). After expanding by Am, the red ellipse
denotes the sampling range in the m+ Am dimensional space.
Red star-shaped points indicate the newly added individuals,
while black ones correspond to the previous individuals.

The distribution of the individuals in the next generation
is governed by the CMA-ES covariance matrix C, which is
accordingly extended as:

(18)

(m)
C(m+Am): C 0 ’
0 I

where C(™) € R™*™ is the current covariance matrix, and
I € RA™XAM s the identity matrix, with ones on the diagonal
and zeros elsewhere. A scaling factor can be applied to I to
adjust the initial covariance of the new dimensions.

After the covariance extension, the new individuals are
sampled according to the updated covariance matrix C, with
small random perturbations:

Tnew ~ N (0, (0.10,)?), (19)

where o4 denotes the current global step-size of CMA-ES. The
perturbation is approximately 10% of the current value of oy,
though this value can be adjusted depending on the problem.
Deciding when to expand the dimensionality is an important
issue. We evaluate two strategies: a fixed schedule, which

Dimension: m+ Am

* *
Expand by
. . *
Am dimensions
* *
*, *
* *
* *: ~
*
* *
*
* *

* : Added individuals

Dimension: m -
* : Current individuals

Fig. 4: Dynamic dimensionality expansion.

increases the number of modes at fixed iteration intervals, and
an adaptive schedule, which responds to the convergence of
the objective. Fig. 5 illustrates two different strategies. In the
fixed schedule strategy, the dimension is increased by Am
after every fixed interval of Ag generations. In contrast, the
adaptive schedule triggers the expansion by Am only when
the improvement rate of the best objective value over the past
five generations falls below <. In both strategies, the maximum
dimension is constrained by the total number of NG bases
before reduction, N, which we refer to as the full dimension.

Fixed-schedule DR-NGnet Adaptive DR-NGnet

N PRI N /‘ o
my+ iAm| PYR / Mot EAm - o
= v ]
.2 f : .2
2 my+ 2Am 006 | é myt+ 2Am| il
2 !
£ ' E :
Q mgtAm|-ee-e a8 mytAmf - TITYYYT S
xpnso f Expasion ‘
myl-e e myl-ee---e
: | Ag, re Mg
: : g 153 g
e j s ) e =8 S8
Generation Generation

Fig. 5: Two different strategies for dimension expansion.

The strategy for the adaptive schedule of the DR-NGnet
method is shown in Fig. 6. Notably, we use the percentage
decrease of the best objective value over the most recent five
generations as the criterion:

mean (A fy_4.4) <&, (20)

where g denotes the generation index. When this value falls be-
low a predefined threshold, a dimension expansion is triggered.
In the following tests, we set this threshold to 10%. However,
after each expansion, a 3-generation cooling-down buffer of
generations is imposed to allow the new dimensions time to
evolve, preventing the next expansion from being triggered
before the added dimensions can take effect.

The feasibility of this dynamic scheme relies on the orthogo-
nality of the reduced basis functions. Under the discrete inner
product defined on the sampling points, the reduced modes
satisfy

(i # 4),
which ensures that newly added modes do not overlap with
the already-optimized ones. As a result, the optimization can

(@i, ©j) =0 210
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Fig. 6: Flowchart of the DR-NGnet method with adaptive
dimension expansion.

continue smoothly after each dimension expansion without
disturbing the previously explored search directions. In the
conventional NGnet method, dynamic dimension extension
requires reconfiguring the distribution and sizes of the NG
bases at each expansion step. This can disrupt the continuity
of the topology. Moreover, the exploration history in the lower-
dimensional space cannot be effectively carried over to the new
higher-dimensional space. Therefore, the ability to perform
dynamic dimension expansion is a unique advantage of the
reduced NGnet method.

III. OPTIMIZATION RESULTS
A. Optimization problem: shield problem

A magnetic shield problem as shown in Fig. 7a is used to
test the proposed method. The 2D geometry in the xy-plane
is axisymmetric about the y-axis and also mirror-symmetric
about the horizontal midline (x-axis). The objective is to
determine shield shapes that minimize the magnetic energy
in the target region while using the smallest shield iron:

E S
f B Eref * S’r’ef7
where E is the magnetic energy in the target region, and S is
the area of the shielding iron. E.ot = 1 nJ and Syer = 29 cm?
are normalized constants. 96 NG bases are uniformly deployed
in the design region, and ¢ = 7 mm. Here, 0 = 7 mm
is the standard deviation of the NG basis function, defining
the spatial extent of its significant influence. The circle with
a radius of 7 mm in Fig. 7 illustrates this effective range.
The number of 96 NG bases is empirically determined as a
balance between shape diversity and optimization complexity;
using more NG bases could lead to higher computational
difficulty. The B-H characteristics of the material used for
shield modeling are shown in Fig. 7b. The E value for

(22)

each topology was evaluated using the finite element method
(FEM), with the number of mesh elements typically ranging
from 7,000 to 10,000.
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(a) Magnetic shield problem. (b) B-H curve.

Fig. 7: Design model and the B-H curve of the shield material.

B. DR-NGnet method with fixed schedule

We compared the optimization performance of the tradi-
tional NGnet method and the proposed DR-NGnet method
with a fixed expansion schedule. For the DR-NGnet method,
we used 96 uniformly distributed NG basis functions as shown
in the left panel of Fig. 8. The initial dimension my is set to
16 and is extended by Am = 5 every two generations until
it reaches the total number of bases, 96. For the traditional
NGnet method, we performed optimization using both 96 and
21 NG bases, as shown in Fig. 8. The choice of 21 NG bases
was intended to demonstrate the optimization performance of
the conventional NGnet method when using a similarly small
number of variables as in the DR-NGnet method. Since it is
not possible to continuously vary the number of NG bases
while covering the entire design domain, we selected 21 basis
functions for comparison. For all three methods, we employ
CMA-ES to solve the shield problem, evaluating 17 candidate
solutions at each iteration and performing 5 independent runs,
each with 100 iterations.

¥ umm)
my

0 20 40 60 80 100 0 20 40 60 80 100
x (mm) x (mm)

Fig. 8: Two base settings: (a) 96 NG bases (¢ = 7 mm); (b)
21 NG bases (o0 = 15 mm).

Fig. 9 compares the evolution histories of the traditional
NGnet and the proposed DR-NGnet methods. The DR-NGnet,
starting from a lower dimension (my = 16) than the 96-basis
NGnet, shows a faster initial decrease in the objective function
and earlier convergence in all five runs. The 21-basis NGnet
also converges quickly at first due to its lower dimensionality,
but two of the five runs get trapped in local optima. Fig. 10
illustrates the worst-case topologies of the three methods. In
their worst cases, both the 96D traditional NGnet and the DR-
NGnet converged to a two-layer shielding structure, whereas



the 21D traditional NGnet converged to a local optimum, a
single-layer structure, which fails to fully shield the target
region and results in higher magnetic energy.

Fig. 11a and Fig. 11b show the evolution of the best
topologies of each generation for the DR-NGnet with fixed
schedule and NGnet methods, respectively. We only present
the iteration process up to the 40th generation, since beyond
this point both methods mainly perform local refinements on
the two-layer shielding structure without significant changes.
DR-NGnet starts with a simple structure and adds details as
the dimension increases, while NGnet produces a complex
structure from the beginning.

1500
@) —— NGnet(96 bascs)

— ' NGnet(21 bases)

—— DR-NGnet(fixed schedule)
1000

Objective Value
I
2
8

0 10 20 30 40 50 60 70 80
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Average Objective ValueZ

—— NGnet(96 bascs)
==+ NGnet(21 bases)
—— DR-NGnet(fixed schedule)

800 1

600 1

400 4

2004
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Fig. 9: Optimization histories of the DR-NGnet (fixed sched-
ule) and NGnet methods: (a) all five runs; (b) average histories.

NGnet (96 bases) DR-NGnet (fixed schedule) NGnet (21 bases)

Fig. 10: Comparison of worst-case optimal topologies between
the DR-NGnet (fixed schedule) and NGnet methods.

(b) NGnet (96 bases)

(a) DR-NGnet (fixed schedule)

Fig. 11: Evolution of the topology during the optimization
process using the DR-NGnet (fixed schedule) and NGnet (96
bases) methods.

Since different fixed schedules can influence the optimiza-
tion process, we compared the optimization results starting
from dimensions of 8, 16, and 32, respectively, against the R-
NGnet method with the corresponding fixed dimensions of §,
16, and 32, as shown in Fig. 12. The generations at which the
dimensions are expanded are indicated by gray dashed lines.
The R-NGnet method with constant dimensions of 8 and 16

33D 37D 42D 47D 52D 57D 62D 67D 72D 77D 82D §7D 92D
—— DR-NGnet (32D~96D)
==+ R-NGnet (32D)
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600 == R-NGnet (16D)

Objective Value
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Objective Value

0 10 20 30 40 50
Generation

Fig. 12: Comparison of optimization histories between the DR-
NGnet (fixed schedule, and start at 32D, 16D, and 8D) and
R-NGnet (32D, 16D, and 8D).

tends to get trapped in local optima, whereas the DR-NGnet
method mitigates this risk. Furthermore, the objective value
typically decreases after the dimension expansion. Compared
to the traditional NGnet method at both high (96D) and low
(21D) dimensions, the DR-NGnet method strikes a better
balance between optimization efficiency and performance. Its
fast convergence is enabled by the smaller initial search space,
while periodic dimension expansion helps avoid local optima.

Nevertheless, in the fixed-dimension expansion approach,
the timing of the dimension increase is determined a priori
by the user, which might not always be optimal or reliable
under varying conditions. Therefore, in the next section, we
will discuss the results from the adaptive dimension expansion
strategy.

C. DR-NGnet method with adaptive schedule

This section evaluates the optimization performance of the
adaptive dimension-expansion DR-NGnet method. An initial
dimension of m = 8 is used, and it is increased by Am =5
upon each expansion, until reaching the maximum dimension
of 96. Fig. 13 compares the conventional NGnet method with
the DR-NGnet method using fixed and adaptive schedules.
The red and purple lines represent the fixed and adaptive
cases, respectively. Both schedules converged faster than the
conventional NGnet. The DR-NGnet with fixed and adaptive
schedules reached f < 1 at the 39th and 44th generations
on average, respectively, compared with 53rd generations for
NGnet, corresponding to about 26% and 17% reductions
in optimization time. However, the fixed schedule requires
careful tuning of m, which may vary by problem. For instance,
the result here was obtained with m = 32, while smaller values
(m = 16 or m = 8, shown as blue lines in Fig. 12) led to local
optima. The adaptive schedule avoids this issue by starting
from m = 8 and increasing the dimension adaptively. Hence,
the adaptive schedule is more practical and reliable. Fig. 14
shows the dimension expansion timings in three random tests
under the same settings. When the objective value decreases
slowly, expansion is triggered to avoid local optima. The



three independent optimizations used the same parameters
but reached similar optimal solutions through different search
paths, reflecting the stochastic nature of CMA-ES and the
robustness of the proposed method.

Fig. 15 compares the best topologies up to the 80th gener-
ation for five runs of the DR-NGnet (adaptive schedule) and
NGnet methods. DR-NGnet more effectively captured the two-
layer structure and achieved a lower average objective value.

Fig. 16a and Fig. 16b show the topology evolution during
optimization for the DR-NGnet (adaptive schedule) and R-
NGnet (16 bases) methods, respectively. Both methods en-
countered the same local optimum with an objective value
around 150 during the process; however, the DR-NGnet es-
caped it through aggressive dimension expansion, while the
R-NGnet (16 bases) remained trapped.
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Fig. 13: Comparison of optimization results for the DR-NGnet
(fixed/adaptive) and NGnet methods: (a) histories of all five
runs; (b) average histories.
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Fig. 14: Adaptive DR-NGnet optimization histories for three
test cases, with gray lines indicating dimension expansion.

IV. CONCLUSION

We introduced a reduced NGnet method for TO, where or-
thogonal basis functions are obtained through truncated eigen-
decomposition of the kernel matrix. On this basis, we proposed
the DR-NGnet method with dynamic dimension expansion and
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Fig. 15: Comparison of optimal topologies between the DR-
NGnet (adaptive schedule) and NGnet methods.

—— DR-NGaet (adaptive schedule)

o w0 ] o g 0 £ ) £ g £

G Generation

(a) DR-NGnet (adaptive) (b) R-NGnet (16 bases)

Fig. 16: Evolution of the topology during the optimization
process using the DR-NGnet (adaptive schedule) and R-NGnet
(16 bases) methods.

tested two strategies: fixed schedule and adaptive schedule.
The results show that DR-NGnet enables the topology to
evolve from coarse to fine, accelerates convergence, and helps
avoid local optima. Future work will focus on extending this
method to more complex problems, such as multi-material,
three-dimensional, and motor optimizations.
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