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This paper introduces novel hybridization of parameter optimization (PO) and topology optimization (TO) methods. The proposed 

method is applied to the optimization of a permanent magnet motor. The magnet shape and topology of the flux barrier of the rotor core 
are optimized by performing PO and TO simultaneously. In the optimization, automatic mesh generation is adopted to improve the 
resolution of the shape representation. It is shown that the increase in the average torque resulting from the proposed hybrid optimization 
is larger than that obtained by the conventional TO in which only the topology of the flux barrier is optimized. The decomposition of the 
total torque to the magnet and reluctance torques suggests that the reluctance torque is effectively generated in the rotor optimized by 
the proposed method. 
 
 

Index Terms— Automatic mesh generation, genetic algorithm, parameter optimization, permanent magnet motors, topology 
optimization.   
 

I. INTRODUCTION 

hape optimization is an important technique for improving 
the efficiency of permanent magnet (PM) motors. Shape 

optimization conventionally uses either parameter optimization 
(PO) or topology optimization (TO) method. PO is useful when 
optimizing user-defined design variables such as size, position, 
angle, and number of parts. The advantage of PO lies in the fact 
that the shape of a material, for example, PM, can be 
parameterized considering the actual possibility in 
manufacturing. TO [1]–[5] is useful when it is difficult to 
parameterize the shape or assume the topology as in the case of 
flux barriers. Because of the nature of TO, it can lead to a novel 
design that has never been reported. 

In this paper, we propose a new optimization method that 
combines the PO and TO methods. Although the proposed 
method is general, we restrict ourselves to the design of PM 
motors. We apply PO to the design of PMs to make the shape 
meet the manufacturing constraints, whereas we adopt TO to 
design the flux barrier. In TO, the normalized Gaussian network 
(NGnet) is used to represent the material distribution. This 
means that the material distribution is parameterized by the 
weights of the NGnet. Owing to this property, the problem is 
reduced to a PO problem, which is solved by the genetic 
algorithm (GA) with a global search. It might be difficult to 
apply this parametrization approach to gradient-based methods 
such as the level set method and density method. 

The proposed hybrid optimization method is applied to the 
multi-objective optimization problem of an interior permanent 

magnet (IPM) motor where the average torque is maximized 
while the torque ripple is minimized. The proposed method was 
compared with the conventional TO method. Moreover, the 
IPM motors with the U- and V-shaped magnets are optimized 
using the proposed method to verify its feasibility. 

II. HYBRID OPTIMIZATION METHOD 

A. Parameter optimization 

PO is widely performed in industries to optimize user-
defined design variables, such as size, position, angle, and 
number of parts. For example, let us consider the shape 
optimization of a magnet in an IPM motor, which is represented 
by five parameters: width 𝑑௪ , thickness 𝑑௧ , curvature 𝜅 ,  
direction of the magnet 𝒏 = (𝑛௫, 𝑛௬), and center position 𝒄 =

൫𝑐௫ , 𝑐௬൯ as shown in Fig. 1. In numerous cases, there would be 
restrictions in the magnet shape due to the constraints arising 
from volume, manufacturing, and cost. Using the parameter 
representation, we can readily introduce these constraints to the 
optimization. Therefore, PO has this advantage for the 
optimization of magnet shape in comparison with TO.  

B. Topology optimization 

In contrast to the shape optimization of magnets, we 
encounter situations where it is difficult to define the design 
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Fig. 1. Parametrization of PM 
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variables for the shape or assume the topology as in the case of 
the flux barriers in the IPM motors. The shape optimization of 
the flux barriers requires topological changes such as 
generation and annihilation of holes and free deformation of 
material boundaries. For this purpose, TO should be employed 
because of its flexibility in shape representation. In TO, there 
are several methods for representing and evolving the topology, 
for example the gradient method using level set function [1], 
[2], density method [3], and metaheuristic method based on the 
NGnet on/off method [4], [5]. In this study, we employ the 
metaheuristic method based on the NGnet method because it is 
compatible with PO. 

In the NGnet method, the material distribution is represented 
by the zero-valued contour of the NGnet 𝜑(𝒙, 𝒘)  which is 
given by 

 

𝜑(𝒙, 𝒘) = ෍ 𝑤௜𝑏௜(𝒙)

௡౤ౝ

௜ୀଵ

 (1a) 

𝑏௜(𝒙) =
𝐺(𝒙; 𝝁௜, Σ)

∑ 𝐺(𝒙; 𝝁௝, Σ)
௡౤ౝ

௝ୀଵ

 (1b) 

𝐺(𝒙; 𝝁௜, Σ) = exp ቆ−
1

2
(𝒙 − 𝝁௜)

ୃΣିଵ(𝒙 − 𝝁௜)ቇ (1c) 

 
where 𝒙, 𝒘, 𝑏௜ and  𝑛୬୥  denote the position in the Cartesian 

coordinate system ℝௗ, weighting vector in ℝ௡౤ౝ composed of 
𝑤௜, 𝑖 = 1,2, … , 𝑛୬୥, the i-th normalized Gaussian function and 
their number, respectively. The Gaussian 𝐺(𝒙; 𝝁௜, Σ)  is 
parameterized by the centroid 𝝁௜ ∈ ℝௗ and covariance matrix 
Σ ∈ ℝௗ×ௗ  which are defined a priori in the design region. 
Because we consider the two-dimensional optimization 
problem in this paper, 𝑑 is set to 2, and Σ = diag[𝜎ଶ, 𝜎ଶ]. The 
Gaussians are arranged with mutual distance of the standard 
deviation 𝜎 . The NGnet 𝜑(𝒙, 𝒘)  is defined by the linear 
combination of the normalized Gaussians, which is expected to 
represent arbitrary functions if 𝑛୬୥ is sufficiently large. The 
distribution of the material attribute 𝐴(𝒙, 𝒘) = {iron, air}  is 
determined from 
 

 𝐴(𝒙, 𝒘) = ቄ
magnetic steel

air
            

if φ(𝒙, 𝒘) ≥ 0
𝑒𝑙𝑠𝑒

.   (2) 

 
The material distribution 𝐴(𝒙, 𝒘) is dependent on the weights 
𝒘, which are chosen as the design variables for the NGnet-
based TO. Notably, the material distribution is parameterized 
by 𝒘 that has 𝑛୬୥ degree of freedoms. Owing to this property 
of the NGnet method, we can reduce our problem to a PO 
problem with respect to 𝒘 and the magnet-shape parameters, of 
which the gene is composed in GA with global search. 

C. Improving resolution of shape representation 

In the previous studies on NGnet-based TO [5], the 
distribution of the material attribute 𝐴(𝒙, 𝒘) was evaluated for 
each element in a fixed finite element mesh. This method is 
called the on/off method, and it does not require mesh 
generation. However, it produces jagged shapes that are not 

favorable for manufacturing. Although we can improve the 
resolution of the shape representation by increasing the number 
of finite elements, it increases the computational time of the 
finite element analysis (FEA). To avoid this problem, we 
perform mesh generation for the new magnet configuration. 
The mesh generation is performed by an open source software 
(https://github.com/MmgTools/mmg) that implements the 
‘implicit domain meshing’ proposed in [6]. In the implicit 
domain meshing, we input a base mesh and values of a ‘level 
set’ function on its vertices, and we obtain a new mesh that has 
material boundaries corresponding to the zero-valued contour 
of the input level set function, as shown in Fig. 2. The values of 
the shape function 𝜑(𝒙, 𝒘) are input as a level set function. In 
the optimization, we also create shape function 𝑠(𝒙, 𝒑) which 
expresses the shape of the magnet by the zero-valued contour 
and generates a new mesh that contains magnets. The average 
time to perform the mesh generation is approximately a few 
seconds, which is much shorter than that for performing FEA 
for magnetostatic analysis. This approach also reduces the 
computing time for the optimization because we have to make 
fine discretization to avoid the jagged shapes when we use the 
fixed mesh. 

D. Optimization flow diagram 

Let 𝒑, 𝒘 be the magnet-shape parameters and weights of the 
NGnet, respectively. We can express the optimization problem 

 
Fig. 2. Flow of implicit domain meshing 

 
Fig. 3 Flow diagram of proposed optimization using NSGA-II  
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as follows: 
 
maximize 𝑓௜(𝒑, 𝒘), sub. to 𝑔௜(𝒑, 𝒘) ≥ 0, 𝑖 = 1,2, …. (3) 

 
This problem is solved by the GA. To treat the multi-objective 
function, we employ non-dominated sorting genetic algorithms 
(NSGA) -II [7]. The optimization flow diagram of the proposed 
method is shown in Fig. 3. The individual 𝑗 has the data 𝒑௝, 𝒘௝  
and the mesh generation is performed by the implicit domain 
meshing before FEA. However, the mesh generation sometimes 
fails due to unrealizable material distribution, for example a 
very thin magnetic-core region. Also, we sometimes have 
unacceptably flat finite elements. In these cases, we do not 
perform FEA for the individual and neglect it by setting a death 
penalty on the objective functions 𝑓௜൫𝒑௝, 𝒘௝൯, 𝑖 = 1,2, …. 

III. OPTIMIZATION RESULTS 

A. Comparison with conventional motors 

We consider the hybrid optimization of the rotor of the IPM 
motor shown in Fig. 4, in which 60 Gaussian functions, and 𝜎 =
0.002,  are uniformly deployed. In this problem, the magnet 
curvature 0 < 𝑝ଵ = 𝜅 ≤ 100  and flux barriers are optimized 
(Model P1). For comparison, we perform the conventional TO 
of the flux barriers in the rotor that includes a fixed plane 
magnet. The optimization problem is defined by 
 

maximize 𝑓ଵ(𝒑, 𝒘) = 𝑇ୟ୴୥ − (𝑛ୡ୭୬୬ୣୡ୲ − 1) (4a) 
minimize 𝑓ଶ(𝒑, 𝒘) = 𝑇୫ୟ୶ − 𝑇୫୧୬ + (𝑛ୡ୭୬୬ୣୡ୲ − 1) (4b) 

 
where 𝑇ୟ୴୥  is the average torque, 𝑇୫ୟ୶, and 𝑇୫୧୬ are the 

maximum and minimum torque values, respectively, and 
𝑛ୡ୭୬୬ୣୡ୲ denotes the number of connected magnetic cores. The 
second term of both equations in (4) is introduced to avoid 
separation of the magnetic core. The settings for the 
optimization and FEA are summarized in Table I. Note that the 
number of the genes is 60, and 61 in the conventional TO, 
hybrid optimization, respectively.  

The resultant Pareto fronts and typical rotors, marked by A, 
and B, are shown in Fig. 5. Rotors A and B are obtained by the 
conventional TO and proposed hybrid optimization, 
respectively. Numerous solutions on the Pareto front which 
have larger average torque are found to have a thin magnetic 
core between the air gap and flux barrier. Rotor B has a 
relatively thick magnetic core. The time variation of torque and 
decomposition of the average torque into the magnet 𝑇୫ୟ୥ and 
the reluctance 𝑇୰ୣ୪  torques are plotted in Fig. 6. The two 
components are computed by 

𝑇୫ୟ୥ = 𝑝Φୟ𝑖୯ (5a) 

𝑇୰ୣ୪ = 𝑝൫𝐿ୢ − 𝐿୯൯𝑖ୢ𝑖୯ (5b) 
where 𝑝, Φୟ, 𝐿ୢ, 𝐿୯, 𝑖ୢ, 𝑖୯ are the number of the pole pairs, 
magnet flux, d-axis inductance, q-axis inductance, d-axis 
current, and q-axis current, respectively [8]. The values of 
Φୟ, 𝐿ୢ, 𝐿୯are summarized in TABLE II. The average torques of 
Rotors A and B are 1.80 and 1.87 Nm, and the ripples are 0.34 

 
Fig. 4. IPM motor. Red circles represent the Gaussian functions  

TABLE I 
PARAMETERS FOR FEA* AND NSGA-II 

Number of genes 60 ,61 
Number of population 360 

Number of individuals 𝑘 120 
Number of generations 700 

Speed [rpm] 1800 
Current phase angle [degree] 20 

Current amplitude [A] 3.0 
Number of poles 4 
Number of turns 35 

Residual flux density [T] 1.4 
Magnetic steel sheet 50A400 

Thickness [mm] 65 
*In-house software is used for FEA 

 
Fig. 5. Pareto-fronts obtained by the conventional TO and hybrid 
optimization, and typical rotors A, B. 

 

  
Fig. 6. Time variation of torque (left) and average torque decomposition 
(right) of rotors A, B. 

TABLE II 
MAGNET FLUX AND DQ INDUCTANCES OF IEEJ D-MODEL, ROTORS A, B 

 Φ௔ [Wb] 𝐿ௗ [H] 𝐿௤ [H] 
IEEJ D-model 2.14 × 10ିଵ 1.01 × 10ିଶ 2.68 × 10ିଶ 

Rotor A 2.58 × 10ିଵ 7.42 × 10ିଷ 9.95 × 10ିଷ 
Rotor B 2.53 × 10ିଵ 6.93 × 10ିଷ 2.15 × 10ିଶ 
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and 0.25 Nm, while the normalized ripples are 19% and 13%, 
respectively. 
The decomposition of the total torque suggests that Rotor A 

maximizes the magnet torque 𝑇୫ୟ୥ while Rotor B maximizes 
the total torque by increasing the reluctance torque 𝑇୰ୣ୪. As can 
be seen from TABLE II, Rotor B increases the q-axis 
inductance, which makes it possible to increase the total torque. 
These trends can also be found in the populations in the Pareto 
front obtained by TO and the hybrid optimization.  

B. Optimization of rotor with U-shaped and V-shaped 
magnets 

We optimize the curvature 𝑝ଵ  and distance 𝑝ଶ  from the 
origin of the U-shaped magnet (Model P2) shown in Fig. 7. 
Moreover, we also consider a V-shaped magnet for which we 
change the distance  𝑝ଵ  from the origin and direction of the 
magnets represented by 𝑝ଶ, 𝑝ଷ  (Model P3). The number of 
parameters is 2 in P2 and 3 in P3. The resultant Pareto fronts 
and typical Rotors B to D are shown in Fig. 8. The Pareto front 
for Model P1 and Rotor B are the same as those in Fig. 5. The 
average torque and ripple of Rotors B to D are summarized in 
TABLE III. We also provide the information about the 
minimum thickness of the magnetic core 𝑑୫୧୬ between the air 
gap and flux barrier to consider the feasibility of the optimized 
rotors. If one has a small value of 𝑑୫୧୬ , there would be 
difficulties in manufacturing. Considering the resultant values 
of 𝑑୫୧୬, Rotors B and D would be suitable for manufacturing. 
Although Rotor C has a larger average torque than Rotors B and 
D, the thickness of C must be increased to meet the 
manufacturing condition.  

As in the case of Rotor B, Rotor D also utilizes reluctance 
torque to increase the total torque. Rotor D has a V-shaped 
magnet, which is widely used [9]. 

IV. CONCLUSION 

In this paper, we proposed novel hybridization of the 
parameter and topology optimizations. We applied the 
proposed method to the optimization problem where the shape 
of the magnet and topology of the flux barriers are optimized 
simultaneously. Owing to the proposed method, we have 
optimized motors with different configurations of the magnet 
and flux barrier to achieve an appropriate balance between the 
average torque and ripple. 
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Fig. 7. Parameter settings for Models P1 (left), P2 (center), P3 (right). 

 
Fig. 8. Pareto-fronts (upper) and typical rotors (lower). 

TABLE III 
VALUES OF AVERAGE TORQUE, RIPPLE, 𝑑୑୍୒ OF ROTORS B, C, AND D. 

 𝑇ୟ୴ୣ [Nm] ripple [Nm] 𝑑୫୧୬ [mm] 
Rotor B 1.874 0.251 0.366 
Rotor C 1.904 0.251 0.155 
Rotor D 1.899 0.216 0.308 


