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This paper introduces a novel method for synthesis of the equivalent circuit of an electromagnetic system described
by a homogenized FE equation via model order reduction. The homogenization method replaces fine-structured ma-
terial such as multi-turn coils, soft magnetic composite and laminated iron sheets with uniform material with complex
permeability. The present method reduces the FE equation including the complex permeability to a circuit equation for
small variables which can be solved with small computational cost. The present method is effective for time-domain
analysis and makes it possible to consider magnetic saturations.
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1. Introduction

In electric machines and devices, fine-structured materials
such as silicon steel sheets, winding coils, soft magnetic com-
posite (SMC) are widely used to reduce eddy currents. Al-
though the use of these materials reduces eddy current losses,
they cannot be ignored when the power supply includes high
frequency components whose skin depth is smaller than the
fine structures. The evaluation of these losses requires large
computational costs when applying the conventional finite
element method (FEM) to the analysis of systems including
fine-structured materials. This comes from the fact that the
number of unknowns greatly increases when fine elements
which are sufficiently smaller than the skin depth are gener-
ated.

It has been shown effective to apply the homogenization
method to overcome the above-mentioned difficulty V. In
this method, the fine-structured material is modeled by a uni-
form homogenized material with a complex permeability. Its
real part represents the permeability whereas the imaginary
part represents the eddy current loss. Since we do not have
to discretize the homogenized material into fine elements, the
number of unknowns can be greatly reduced. Thus, the ho-
mogenized FE analysis can work much faster than the con-
ventional one. Although the homogenization method, which
is formulated in frequency domain, is useful to reduce the
computational cost, time-domain analysis still needs large
computational cost when the convolution integral including
the complex permeability that is a function of frequency is
simply adopted.

To tackle this problem, we propose here a new method
which modifies the FE equation including the complex per-
meability to the reduced order equation. The reduced order
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equation corresponds to the equivalent circuit which can eas-
ily be analyzed not only in the frequency domain but also in
the time domain. Moreover, the circuit can include the mag-
netic nonlinearity due to the core saturation.

This paper is organized as follows. In section 2, the pro-
posed method that reduces the homogenized FE equation to
an equivalent circuit is formulated. The magnetic nonlinear-
ity is considered in the equivalent circuit. In section 3, the
proposed method is applied to the analysis of a reactor includ-
ing a multi-turn coil. The limitation of the proposed method
is also addressed in this section.

2. Formulation

2.1 Circuit Representation of Complex Permeability

There has been proposed three ways to obtain the macro-
scopic complex permeability (f): the semi-analytical method
using the extended Ollendorft formula ®, unit cell approach
(1), (4), curve fitting method ©. In this paper, we employ the
semi-analytical method because it is easy to obtain the cir-
cuit representation of the complex permeability. The unit cell
approach can also be employed for the proposed method be-
cause the Cauer representation of the complex permeability is
obtained from the FE equation of the unit cell without using
diamagnetic constant of the conductor ®.

In the semi-analytical method, the complex permeability (&
for cylindrical, spherical and planar conductors is obtained in
a closed form by solving the Maxwell equations. Assuming
that such elementary-shaped conductors aggregate into a do-
main at filling ratio n, then the homogenized complex perme-
ability (f) is obtained from the extended Ollendorff formula
given by

NG = 1)
1+ N =, — 1)

where 1y, N denote the vacuum permeability and diamag-
netic constant of the elementary conductor.

When we consider the time domain analysis, it is useful
to use the Cauer representation of the complex permeability

) =po |1+
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because we can readily take the nonlinearity into account © .
For this reason, we adopt the Cauer representation to derive
the equivalent circuit from the homogenized FE equation.
It is pointed out that the macroscopic permeability obtained
from Eq. (1) is approximated to the rational function, which
is transformed to a continued fraction by the Euclidean algo-
rithm in Ref. (6).

In this paper, we use the following notation to express the
continued fraction.

X =ay+ T = [ag;ay,ap,az]. -+

1
a + —
as
Using this expression, the relative complex permeability {f,)

represented by the continued fraction can be written as

1 1 1 1
U P 3)

a; +

) > )
SK1 K2

i) ~ [0 — L

Ko Kog-2 SKag-1
where Yk, € R, s = jw, and j, w are the imaginary unit and an-
gular frequency. An example of Eq. (3) will be given later. In
this representation, kj is equivalent to the mangetostatic per-
meability of the homogenization domain because (i,) — ko
in the low frequency limit. Since the continued fraction is
equivalent to the impedance of a Cauer circuit, s{f,) can be
represented by the Cauer circuit shown in Fig. 1.

2.2 Circuit Representation of Homogenized FE Equa-
tion Let us consider the analysis domain Q including the
homogenized-material region Qy,, as shown in Fig. 2. We as-
sume that there are only materials with linear magnetic prop-
erty in Q. This assumption will be relaxed later. The magne-
tostatic field equation is written as

rotyrotA - Jext ................................

where v, A, J,,, are the magnetic reluctivity which is the re-
ciprocal of the permeability, vector potential, and external
current density, respectively. Here, it is notified that v = (/1)’1
in Q. FE discretization of Eq. (4) results in Eq. (5)

Kx = b[ ...................................... (Sa)
(K)” = f rot Ni - vrot NldQ .................. (Sb)
Q
(b)l = le de ............................. (SC)
Q

where K e C™", b e R", x € C", j = Jex/I € R", and I, N;
are the input current and the interpolation function defined
on finite elements, respectively. The component x; of x is the
line integral of magnetic vector potential along the i-th edge
of finite elements. We can see that coefficient matrix K is a
function of the complex permeability, that is, K = K({it)).
Using Eq. (3), the relative complex reluctivity can be written
as

)y = (™!
~ [ 1 11 1 1 ]
Ko  ski K2 Kag—a  SKag-1
1 1 1 1 1
=_+|:0;_7_7”'7 b :|
Ko SK1 K2 Kag-2 SK24-1
1
= — 4+ g(s) ................................ (6)
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Fig. 1. Circuit representation of s{(t)
I
=
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Fig.2. Analysis domain Q including a homogenized-
material region

where we define

9 9 9
SK1 K2 K2g—2 SKpg-1

Note that g(s) vanishes in the low frequency limit. By insert-
ing Eq. (6) into Eq. (5), we obtain Eq. (7)

(Kl + g(s)Kz)x — bI’ .......................... (7a)
K =f rot N; - vrot N; dQ
Q\Q, ’
1
+ f rot N[. - —— 10t Nj dQ ............. (7b)
(o MoKo
1
K2 — f rotN[. PR roth dQ, ................. (7c)
Q Ho

where Q\Qy, denotes the region where Qy, is excluded from
Q.

The first term of Eq. (7a) represents the magnetostatic term
because g(s) vanishes in the low frequency limit. Then, we
derive the impedance of the system to obtain the equivalent
circuit. Since the complex power can be expressed as

P= %LA.J:M({Q = %VI*, ................... (8)
the terminal voltage can be written as

VZSLA'j*dQ=SbTx' ...................... 9)
Elimination of x from Egs. (7) and (9) results in

7 = ; =sbT (K + g()K) b (10)

where Z is the input impedance of the system. Before we
derive the circuit representation of Eq. (10), we consider the
following transfer function

H(s) = bT(K; +TKy) 1bevvvvvvvee

where 7 is a complex number. We can obtain the continued
fraction approximation of Eq. (11) by applying the Cauer via
Lanczos (CVL)® or Padé via Lanczos (PVL)® method to
Eq. (11). Thus, we have

111 1 1
,/l(),T/h’/lz’ ’/lzp_z’T/lzp_l '

H(s)~|0
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It means that Eq. (12) is now represented by the Cauer circuit
including 7. By taking 7 = g(s), Z can be written as

_lo: 1 s 1 1 s
Tsdo” gD s T sAopon” g($)Aapor |

This expansion is valid because g(s) is a complex number.
As a result, Z can be represented by the Cauer circuit in-
cluding function g(s). From the definition of g(s), the term
s/g(s)A,+1 can be expressed as

s 1 |1 1 1 11

T e e
8() A1 Aousr [K1 SK2 K3

9 b .
SK2q—2 Kg-1

Since Eq.(14) corresponds to a continued fraction, it can
also be represented by the Cauer circuit. Therefore, the
impedance Z is now represented by the equivalent circuit
shown in Fig. 3. We can see that the equivalent circuit has a
hierarchical structure that is composed of the Cauer circuits.

2.3 Consideration of Magnetic Nonlinearity  In this
subsection, the magnetic nonlinearity due to the magnetic sat-
uration in a magnetic core is introduced into the Cauer equiv-
alent circuit based on the method described in Ref. (6).

It can be seen from the structure of the circuit that the cur-
rents which flow in the higher stages of the equivalent circuit
vanish in the low frequency limit. Thus, the currents only
flow in the inductor of the first stage. It means that the pri-
mal inductor at the first stage represents the magnetostatic
property of the system. Based on this physical interpretation
of the equivalent circuit, the pre-computed current-flux prop-
erty is introduced to the primal inductor to express magnetic
saturation, as shown in Fig.4. The property is obtained by
solving the nonlinear static Maxwell equations in advance.

It is remarked that this method is valid when the following

L g-1
stages

p stages

Fig. 3.
equation

Circuit representation of the homogenized FE

Flux

O O
Replace
SAy =—>

Current /

Property of nonlinear inductor

Fig.4. Introduction of the nonlinear saturation property
to the inductor of the first stage of the equivalent circuit
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two assumptions hold for the equivalent circuit.

(i) The induced eddy currents give little effects to the

magnetic field in a sense that the main flux is well gov-
erned by the magnetostatic Maxwell equation.
The circuit parameters in the higher stages which rep-
resent the eddy current effect do not change by the
nonlinear saturation. This assumption is valid when
the magnetic field distribution and skin depth have lit-
tle changes due to the magnetic saturation.

(i)

3. Numerical Results

3.1 Equivalent Circuit of Reactor with Multi-turn
Coil Let us consider the reactor including the multi-turn
coil, shown in Fig. 5, whose specification is summarized in
Table 1. The macroscopic complex permeability (i) which
represents the proximity effect in the homogenized material
of the multi- turn coil is obtained from Eq. (1) where  is
given by Ref. (2)

J1(2) . s
= ,  Wwith z=a+jwou.
H “zJ; (2) Yook

where J,(z) is the Bessel function of the n-th order. The
macroscopic permeability can be expressed in the form of
Eq. (3) by using the following expansion:

2@ _ 2._5 z .z
L |7 4 6 8’ '

Thus, the FE equation of the homogenized reactor can be
written in the form of Eq. (7). According to Ref. (2), the ter-
minal voltage of the homogenized reactor is given as

RpczJo(2)
2J1(z)

where V), Vi denote the voltages relevant to the proximity
and skin effects, and Rpc is the DC resistance of the coil. The
impedance with respect to the proximity effect Z, = V,,/I can
be written in Eq. (10) whereas the impedance with respect to
the skin effect Zg = V/I can also be expressed by the Cauer
circuit by using Eq. (16). Therefore, the whole impedance
Z,+Z; is represented by the equivalent circuit shown in Fig. 6.

V:Vp+VS:sz.j*dQ+ | ST (17)
Qy

la

~

Ho

- Magnetic material
~ | #r =950

B}

I Q
b (w
Air gap Uy 2

Bxn=0

Fig.5. Reactor model including the homogenized-
material region

Table 1. Specification of multi-turn coil
Shape of conductor Cylindrical wire
Radius a 0.175[mm]

Filling ratio n 0.601

5.76 x 107 [S/m]
Uo = 41 x 1077 [A/m]
50

Series-connection

Conductivity o
Permeability p
Turn number

Connection of winding
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As shown in Fig.7, the current-flux characteristic is ob-
tained by solving the static nonlinear Maxwell equation. In
the computation of this characteristic, the magnetic core is
assumed to be NL40S. The nonlinearity is considered in the
equivalent circuit by endowing the primal inductor sdy with
the computed current-flux characteristic.

3.2 Validation of Proposed Method To validate the
proposed method, we compare the frequency characteristic
of the impedance obtained by the proposed method with that
obtained by conventional FEM which is applied to the non-
homogenized model. To build the equivalent circuit, the con-
tinued fractions are truncated at p = 5, ¢ = 5, r = 5 by
which it is confirmed that the frequency characteristic is ac-
curately computed due to the fast convergence of the ratio-
nal function in comparison with the Taylor expansion. It is
assumed that the relative permeability of the magnetic mate-
rial y, is 950, the initial permeability of NL40S, and Rpc is
0.679 Q. In Fig. 8, Z obtained by the proposed method and
conventional FEM are plotted against normalized frequency
alé = a+Jowu/2. We can see that the result obtained by
the proposed method is in good agreement with that obtained
by conventional FEM. The discrepancy would be caused by
the existence of the air gap the linkage flux is not uniform
around the air gap, and thus the assumed uniformity in the
field is partially broken there. Note that this discrepancy is
not due to the proposed method but to the homogenization.

We first perform the time-domain analysis of the simple
series circuit of DC resistance and inductance, and proposed
linear equivalent circuit and conventional FEM. The conven-
tional equivalent circuit is composed of DC resistance and
inductance. A source voltage has the pulse width modulation

[ 1 1 1
AK2q-1 Azkaq-1 Azp-1K2q-1
| d

L g-1
stages

Proximity effect —

sA

DC resistance { Rpc

p stages 1

Ksar-1

___“%h—Z%

L y
T

7 stages

Skin effect = SKso

Fig.6. Equivalent circuit of the homogenized reactor
obtained by the proposed method
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0.0025

i
2

E, 0.0015
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0

0 0.2 0.4 0.6

Current [A]
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Fig.7. Current-flux characteristic of the reactor which
is pre-computed by solving the static Maxwell equations
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(PWM) excitation with 200kHz, 5V carrier, as shown in
Fig. 9. The temporal changes in the Joule losses obtained by
the equivalent circuits and conventional FEM are plotted in
Fig. 10. We can see that the proposed circuit can accurately
evaluate the eddy current losses whereas the simple series
circuit cannot represent the eddy current losses. The whole
computational time, which is composed of the construction of
the equivalent circuit and analysis, is 46.2 seconds (CPU: In-
tel Core 17-7700@3.6 GHz, RAM: 8.00 GB) whereas it takes
about 31 hours to perform the conventional FE analysis under

400

B

g% —

/300 g

8 g 50

gZSO £

2200 N

E £25

5150 &2

£ 100 / £ 2

g #/  ---conventional FEM 2

g 50 g X . E 10 — conventional FEM

& L --- Equivalent circuit — Equiva -
0 v 0 -=- Equivalent circuit

0 1 .2 3 4 0 1 2 3 4
Nomalized frequency Nomalized frequency
Fig.8. Frequency characteristic of the impedance Z

plotted against normalized frequency

AT
Lt

Fig.9. PWM excitation with 200kHz, 5V which is
used as a source of system

— Voltage

Voltage [V]
S h b own s o

—conventional FEM

=== Equivalent circuit
—Rde+Lde

0 50 150 200 250

100 Time [us]

Fig. 10. Temporal changes in Joule losses obtained by
the simple series circuit of DC resistance and inductance,
and proposed linear equivalent circuit shown in Fig. 6 and
FEM excited by PWM with 200 kHz, 5V carrier

% —conventional FEM
e --- Equivalent circuit
4 Rdc+Ldc (linear)

50 100 150 200 250

Time [ps]

Fig. 11.
the simple series circuit of DC resistance and linear
inductance, and proposed nonlinear equivalent circuit
shown in Fig. 6 and FEM excited by PWM with 200 kHz,
75V carrier

Temporal changes in Joule losses obtained by
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the same environment.

Next, we perform the nonlinear analysis in time domain
using the proposed equivalent circuit and FEM for the PWM
excitation with 200 kHz, 75 V carrier. In Fig. 11, the temporal
changes in the Joule losses are plotted. We can see the good
correspondence between the results obtained by the proposed
method and FEM. We also can see that both wave forms are
distorted by the saturation in contrast to that obtained by sim-
ple series circuit with linear inductance.

The limitation of the proposed method is that the magnetic

(a) One-eighth model of choke coil

Locts Loct4 Loc13
4 RDCIE ¥

R_DC16 R_DC19

L_bC16
4 RDC20

R_DC17

L_octe
L_oc1o L_bco
R_DC13

R_DC25
R_DC1

L_bc12 Locn

4 RDCI5 +) R.DCH +
A A
L_ocs L_oc7

4 RDCY + RDOCS

R_DC10

LDc4 g Loc3 g Loc2
RDCS  +
MM

R_DC4 ‘l R.DC3 ‘l R_DC2
AW

AW

R_DC12
L_bc24

R_DC24

Loc1s
L_DCs L_DCcs

R_DC7

g N

L_DC23

R_DC6 R_DC23

L_bc17
et

L_DC22

R_DC22

AWM 5
5 5 e

L_oc21
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(b) Proposed equivalent circuit obtained from choke coil shown in (a)

Proposed equivalent circuit

=a LT

| | 2 G
A= []]
o4 I

(c) Buck-boost converter circuit into which the proposed equivalent circuit
is incorporated

Fig.12. One eighth homogenized choke coil and its

equivalent circuit which is incorporated into buck-boost

converter
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nonlinearity of the homogenized material cannot be consid-
ered in the equivalent circuit because the circuit parameters
in Eq. (3) would vary in place to place when magnetic satu-
ration occurs. This effect has to be considered when model-
ing SMC and laminated steel cores. The consideration of the
nonlinearity in the homogenized material is remained for our
future work.

3.3 Analysis using Circuit Simulator Let us con-
sider a one eighth model of a choke coil, as shown in Fig. 12.
Note that it is difficult to analyze the eddy current loss of this
model by the conventional FEM because this 3D model con-
tains fine windings. The material specification is same as the
reactor model which is given in Table 1. The current-flux
characteristic is computed by solving Eq. (4) for the choke
coil to obtain the result shown in Fig. 13. The equivalent
circuit is obtained by applying the proposed method to the
transfer function obtained from the FE equation of the choke
coil.

Since the unknowns of the synthesized equivalent circuit
are much less than that of the original model, the equiv-
alent circuit can easily be incorporated into circuit simula-
tor. In Fig. 12, the synthesized linear and nonlinear circuits
are incorporated into the buck-boost converter. Figure 14
shows the time response of the terminal voltage of the lin-
ear and nonlinear equivalent circuit obtained by the proposed
method. We can see the differences between responses of
the linear and nonlinear equivalent circuit. In addition, we
can compute the eddy current loss from the equivalent circuit.
Therefore, it can be concluded that the proposed method can
accurately compute nonlinear response and eddy current loss

0.003
0.0025

. 0.002

£

E0.0015
»

=

= 0.001

0.0005

0
0 0.2 0.4 0.6

Current [A]

0.8 1

Fig.13. Current-flux characteristic of choke coil which
is pre-computed by solving the static Maxwell equations
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Fig.14. Time response of terminal voltage of linear
and nonlinear equivalent circuits to voltage source V; =
30[V]
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in the power transfer circuits at high speed. This gives useful
information for the design of electric devices considering the
various operating conditions.

4. Conclusion

In this paper, we have proposed a new method to repre-
sent the homogenized FE equation by the equivalent circuit.
Since the size of the equivalent circuit is small, the time-
domain analysis can be performed much faster than conven-
tional FEM. It has been shown that the magnetic saturation
in the core can be analyzed the equivalent circuit without de-
teriorating the computational accuracy with high computing
efficiency.

Although this method is effective for the analysis of the
eddy currents in the multi-turn coil, application of the pro-
posed method to magnetic steels and SMC cores is still diffi-
cult because these materials have magnetic saturations in the
homogenized region. This remains for our future work.
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