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On progress of Miyanishi conjecture

Takumi Asano

Abstract

We counsider conditions when endomorphisms of varieties become au-
tomorphisms. For example, there is a remarkable theorem, called Ax-
Grothendieck theorem, which states that any injective endomorphism of
a variety is bijective. Over an algebraically closed field of characteristic
zero, bijectivity of endomorphisms of varieties implies that the endomor-
phisms are automorphisms, thus Ax-Grothendieck theorem gives one of
the conditions we consider. There is also a conjecture, called Miyanishi
conjecture, which claims that for any endomorphism of a variety over an
algebraically closed field of characteristic zero, if it is injective outside a
closed subset of codimension at least 2, then it is an automorphism. We
have studied this conjecture, and published some papers. In this thesis,
we describe our published results, and add some new results which are
related to those. Note that our early works contain some wrong proofs
and miss some assumptions, however we fix those in this thesis. One of
our approaches is using birational geometry, and nobody seems to have
ever used it for Miyanishi conjecture. We obtain some conditions when
Miyanishi conjecture holds, which are arising from the perspective of min-
imal model program. Another of our approaches is an application of the
work by I. Biswas and N. Das. Recently, I. Biswas and N. Das proved
that any endomorphism which satisfies the conditions of Miyanishi con-
jecture induces an automorphism of the smooth locus of the variety with
some conditions. We apply this result to analyze the endomorphisms in
Miyanishi conjecture, and obtain the result describing relations between
the exceptional locus of endomorphisms and the singular loci of varieties.
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1 Introduction

We consider conditions when endomorphisms of varieties become automor-
phisms. There is a remarkable theorem by J. Ax, called Ax-Grothendieck the-
orem, proved in [3].

Theorem 1.1 ([3, Theorem]). Let A and B be schemes such that A is of finite
type over B. For any endomorphism ¢ of A over B, if ¢ is injective, then ¢ is
bijective.

The following generalization of Theorem 1.1 is conjectured by M. Miyanishi
in [9].

Conjecture 1.2 (Miyanishi conjecture, [9]). Let ¢ : X — X be an endomor-
phism of a variety X over an algebraically closed field of characteristic zero, and
let' Y be a closed subset of X which is of codimension at least 2. If ¢ is injective
on X \Y, then ¢ is an automorphism.

There are some known cases as described in Section 2.2, for example affine,
complete, and smooth cases. One of our approaches to Conjecture 1.2 is using
birational geometry, and nobody seems to have ever used birational geometric
approaches. Birational geometry gives some new results, and we have treated
those in [1][2]. Also, we use the results of [5] to analyze endomorphisms as in
Conjecture 1.2. In this thesis, we describe the results in [1][2], and add some
new results which are related to those. Note that our early works [1][2] contain
some wrong proofs and miss some assumptions, however we fix those in this
thesis. There are four main theorems. Three of these are obtained by birational
geometric approaches, and the other is an application of [5].

Here are our main theorems. Theorem 1.4, 1.6 are new results not appearing
in [1][2], Theorem 1.3 is the correction of a part of [2, Proposition 3.2], and
Theorem 1.5 generalizes and fixes a part of [2, Theorem 1.7].

Theorem 1.3. Let X be a Q-factorial normal projective variety, and X a
nonempty open subset of X with codim(X \ X) > 2. Assume that X is Fano,
that is, the canonical divisor K+ of X is anti-ample. If X has log terminal
singularities, then Conjecture 1.2 holds for X. Moreover, ¢ in Conjecture 1.2
induces an automorphism of X.

Theorem 1.4. Let X be a Q-factorial normal projective variety and suppose it
is a minimal model. Let X be a nonempty open subset of X. Then, Conjecture
1.2 holds for X.



Theorem 1.5. Let X be a Q-factorial normal projective variety and suppose
—=can -~

that there is the canonical model X birational to X. Let X be a nonempty

open subset of X. Then, Conjecture 1.2 holds for X

Theorem 1.6. Let ¢ : X — X be an endomorphism of a normal variety X
andY a closed subset of X. Assume that ¢ is injective on X \'Y, codimY > 2,
and one of the followings holds.

(1) ¢ is surjective,
(2) X is Q-factorial,
(3) X is locally a complete intersection.

Then, birational transform by ¢ gives a permutation of irreducible compo-
nents of Sing(X) preserving codimension.

2 Preliminaries

2.1 Notations

We work over an algebraically closed field k of characteristic zero. Vari-
cties mean separated integral schemes of finite type over k, and curves mean
1-dimensional varieties. In this subsection, we clarify some terminologies and
notations.

In Section 3, we consider Conjecture 1.2 for quasi-projective varieties X
which are open dense subsets of some projective varieties X. Then, we may
regard endomorphisms of X as birational self-maps of X.

Definition 2.1. Let X be a projective variety. Birational self-maps of X are
called birational automorphisms of X. Birational automorphisms of X form a
group Bir(X), called the birational automorphism group of X. Automorphisms
of X also form a group Aut(X), called the automorphism group of X.

When we consider birational maps, the maps need not to be defined on
closed subsets. However, in some sense, we can map some closed subsets to
closed subsets.

Definition 2.2. Let f : X --+ Y be a birational map of projective varieties, and
A an irreducible closed subset of X. If f is an isomorphism on some dense open
subsets A" of A, then we call the closure of f(A") in'Y the birational transform
of A by f, and it is denoted by f.(A). Note that f.(A) is independent of a
choice of A'. If f is merely defined on some dense open subsets A’ of A, then
we call the closure of f(A’) in'Y the proper image of A by f. The proper image
of A by f is also independent of a choice of A’.

Remark 2.3. In Definition 2.2, let f be a birational morphism of projective
varieties. If dim f(A) = dim A, then the birational transform and the proper



image of A by f are f(A), and it coincides with the support of the push-forward
of A by f as cycles. Note that the push-forward of A by f as cycles is usually
denoted by f«(A). On the other hand, if dim f(A) < dim A, then the birational
transform of A by f is not defined, the proper image is f(A), and the push-
forward as cycles is zero.

Birational transform and proper image by birational maps is not defined
for closed subsets contained in the indeterminacy loci. However, we can define
push-forward and pull-back for numerical classes of 1-cycles, and Weil divisors
by birational maps of Q-factorial normal varieties. To see this, we begin by
defining push-forward of divisors and pull-back of numerical classes of 1-cycles
by birational morphisms from normal varieties to Q-factorial normal varieties.

Definition 2.4. Let f : X — Y be a birational morphism of normal varieties
with Y Q-factorial. Since we assume that'Y is Q-factorial, we can extend push-
forward of Weil divisors to Cartier Q-divisors and Cartier R-divisors so that
the push-forwards are the same sort of divisors as the original divisors.

For any curve C on'Y, we define the pull-back f*[C] of its numerical class
[C] by f so that the following holds.

For any [D] € N5&(X), ([D], f*[C]) = ([£.D.[C]),

where NS(X) is the Néron-Severi group of X, and NSg(X) = NS(X)®R. We
extend this definition linearly for any 1-cycle, Q-1-cycle, and R-1-cycle.

Definition 2.5. Let f : X --» Y be a birational map of Q-factorial normal
projective varieties. Take a resolution of indeterminacy (X, p,q) of f, that is,
X is a smooth projective variety, p and q are birational proper morphisms which
satisfy q = f op as birational maps.

(1) For any Weil prime divisor D on X, we define its push-forward by f
as fuD = q.p*D. We extend this definition linearly for any Weil Q-
divisor, Cartier divisor, Cartier Q-divisor, and Cartier R-divisor so that
the resultant is the same sort of divisors as D.

(2) For any Weil prime divisor D on'Y, we define its pull-back by f as f# D =
(f~ YD = p.q*D. We extend this definition as (1).

(8) For any numerical class of curves [C] on X, we define its push-forward by
f as f4[C] = ¢.p*[C]. We extend this definition linearly for any numerical
class of 1-cycle, Q-1-cycle, and R-1-cycle.

(4) For any numerical class of curves [C] on'Y, we define its pull-back by f
as f#[C] = (f1)4[C] = p.q*[C]. We extend this definition as (3).

There are some important properties of push-forward and pull-back of 1-
cycles and divisors by birational maps of Q-factorial normal projective varieties.

Proposition 2.6. Let f: X --» Y be a birational map of Q-factorial normal
projective varieties. The followings hold.



(1) Push-forward and pull-back of 1-cycles and divisors by f are independent
of the choice of a resolution of indeterminacy of f.

(2) fg on NSg(X) is the dual map of f# on N1(Y), that is, projection for-
mula holds. Similarly, f4 on N1(X) is the dual map of f#* on NSg(Y).
Note that N1(X) is the R-vector space generated by numerical classes of
1-cycles on X.

Proof. (1) For two resolutions of indeterminacy of f, we can take another reso-

lution of indeterminacy of f which dominates two given resolutions. Precisely,
if we have the following commutative diagrams

then we can take ()Z'g,pg,qg) with P : )2'3 — )~(1 and Q : )?3 — )N(Q which makes
the following diagram commute.

SOARN

By this diagram, for any Weil divisor D on X, we have

(q1)«(p1)"D = (q1)« P« P*(p1)*D = (g3)+(p3)* D.

This implies that the definition of push-forwards of Weil divisors by birational
maps is independent of the choice of a resolution of indeterminacy of f. The
other assertions are similar.

(2) Let (X,p,q) be a resolution of indeterminacy of f. For any [D] €
NSg(X), [C] € N1(Y), we have

(f#[D),[C]) = (q.p"[D], [C]) = (p*[D], ¢*[C)) = (ID],p«q*[C]) = ([D], F#1C)).

This implies that projection formula holds, and the other assertions are similar.

a

Remark 2.7. Push-forwards of numerical classes of 1-cycles and divisors by
birational maps are not generalizations of birational transforms of ones by bira-
tional maps. In fact, let D be a Weil prime divisor on X which is not contracted
by f. Note that f is defined on some dense open subsets of D since X is normal.
Then, we can also consider the birational transform f.(D) of D by f. f«(D)



is also a Weil prime divisor, however fu(D) may have other components aris-
ing from exceptional prime divisors of =1, thus these may not coincide. This
phenomenon can also occur for push-forwards of numerical classes of 1-cycles.

By Remark 2.7, we also see that effectiveness of numerical classes of 1-
cycles is not preserved by push-forward by birational maps, and it is similar
for divisors. The following propositions give us conditions when effectiveness of
numerical class of 1-cycles is preserved by push-forward by birational maps.

Proposition 2.8. Let f: X --» Y be a birational map of Q-factorial normal
projective varieties, and (X, p,q) a resolution of indeterminacy of f. For any
curve C on X, if C is not contained in p(Ex(p)), then p*[C] is effective. Hence,
f1C) is effective.

Proof. We may assume that p is a composite of successive blowups with smooth
centers. We prove the assertion by induction on the number of blowups.

When p is a single blowup, we consider a Q-1-cycle A = p;1C—((D1,p;1C)/
(D1, E1))Ey on X, where D, is the exceptional divisor of the blowup, and E is
an exceptional curve of the blowup. This cycle is effective and intersects with
D, trivially. For any [D] € NSg(X), since p*p.[D] — [D] is in the kernel of p,,
it is some multiple of [D;]. Thus, we have

(D) [A]) = (p"p+[D], [A]) = (p«[D], p+[A]) = (p«[D], [C]).

This implies that [4] is equal to p*[C], and hence p*[C] is effective.

When the number of blowups is 2, we take an exceptional curve E; of the
first blowup so that it is not contained in the second blowup center. Then, we
can prove the assertion by the above argument. By repeating this argument,
we can prove the assertion for general cases. O

Proposition 2.9. Let f: X -— Y be a birational map of Q-factorial normal
projective varieties, and (X,p,q) a resolution of indeterminacy of f. For any
curve C on X, if C is not contained in the indeterminacy locus of f, then fu[C]
is effective.

Proof. We may assume that p is a composite of successive blowups with smooth
centers. We construct a 1-cycle on X which generates the numerical class p*[C].

For the first blowup p; : X1 — X, let C be a curve on X; which satisfies
p1(Cy) = C, and set d; = deg(Cy/C). We consider a Q-l-cycle A; = Cy/
dv — ((D1,Ch)/(Dy, E1)d1)Ey on X, where Dy is the exceptional divisor of pi,
and Fj is an exceptional curve of p;. This cycle intersects with D; trivially,
thus [A;1] = (p1)*[C] as in the proof of Proposition. Note that we may take E;
so that p1 (F1) is not contained in the indeterminacy locus of f if p; (D) is not.

For the second blowup ps : Xo — Xy, let Cy be a curve on X5 which
satisfies po(C2) = C1, and set do = deg(C2/C1). We may assume that E
is not contained in the center of p;. We consider a Q-l-cycle Ay = Cy/
dy + (p2); " Er = ((D2,C2)/(D2, Ez)da + (D, (p1); ' E1)/(D2, E2))Es on X,
where D is the exceptional divisor of ps, and Fs is an exceptional curve of



p2. This cycle intersects with Ds trivially, thus [As] = (p1)*[A1] as in the proof
of Proposition. Note that we may take Es so that (p1 ops)(F2) is not contained
in the indeterminacy locus of f if (pg o p1)(D3) is not.

By repeating this construction, we finally obtain a 1-cycle A on X of the
form C/d+a1E2 +-- —{—anEn, where C is a curve on X which satisfies p(C’)
d = deg(C/C), n is the number of blowups, a; is a rational number, and E
is the birational transform of E; on X fori = 1,2,...,n. By construction,
[A] = p*[C], and a; can be negative only if C' is contained in (p; o - - - o p1 ) (E;).
Thus, if a; is negative then p(El) is not contained in the indeterminacy locus of
f, hence ¢, E; =0 by ¢ = f o p. Therefore, we deduce fx[C] = q.p*[C] = ¢ [Z]
is effective. O

On considering effectiveness of push-forwards of Weil prime divisors by bira-
tional maps, we should compare the set of p-exceptional prime divisors with the
set of g-exceptional prime divisors. There is an important notion introduced in
[12], called rational contractions. C. Casagrande gives a useful characterization
of rational contractions in [6] as follows.

Proposition 2.10 ([6, Remark 2.2]). Let f : X --» Y be a birational map of
normal projective varieties with X Q-factorial. Since f is birational, we have
nonempty open subsets U C X and V CY such that f induces an isomorphism
between U and V. We also take a resolution of indeterminacy (X,p,q) of f.
Then, the followings are equivalent.

(1) f is a rational contraction,
(2) codim(Y \ V) > 2,
(8) every p-exceptional prime divisor is also q-exceptional.

Since we will only use (2) and (3) in Proposition 2.10, we do not mention
the definition of rational contractions.

Remark 2.11. In the settings of Proposition 2.10, we note that X also gives a
resolution of f~! Y --» X. By the equivalence of (2) and (3) in Proposition
2.10, if codim(X \ U) > 2 and codim(Y \ V) > 2, then the set of p-exceptional
prime divisors coincides with the set of q-exceptional prime divisors.

By using the notion of rational contractions, we have the following proposi-
tion on effectiveness of push-forwards of Weil prime divisors by birational maps.

Proposition 2.12. Let f: X --» Y be a birational map of Q-factorial normal
projective varieties. If f is a rational contraction, then for any Weil prime
divisor D of X, fux[D] is effective.

Proof. Let ()~( ,P,q) be a resolution of indeterminacy of f. Since f is a rational
contraction, p-exceptional prime divisors are also g-exceptional by Proposition
2.10 (3). This implies fxD = q.p*D = ¢.p; ' D as p*D is the sum of p; ! D and
some p-exceptional divisor. Hence, the assertion holds. O



Next, we recall outcomes of minimal model program(MMP, in short). We
may obtain minimal models, the canonical model, or Mori fiber spaces by MMP.
See [16] for minimal model program.

Definition 2.13 ([16, Definition 3.50]). Let f : X --» X’ be a birational map
of Q-factorial normal projective varieties. We consider the following conditions.

(1) X has log canonical singularities,

(2) X has log terminal singularities,

(3) f~! contracts no divisors,

(4) The canonical class Kx: of X' is nef,

(5) Kx is ample,

(6) for any f-exceptional prime divisor D, we have a(X, D) < a(X', D),
(7) for any f-exceptional prime divisor D, we have a(X, D) < a(X’, D),

where a(X, D) is the discrepancy of D over X.
If (2), (3), (4), (7) are satisfied, then we call X' a minimal model of X.
If (1), (3), (5), (6) are satisfied, then we call X' the canonical model of X.

Definition 2.14. Let f : X — S be a contraction of an extremal ray of a
Q-factorial normal projective variety X. We say X is a Mori fiber space over
S if dim X > dim S. Moreover, if Bir(X) = Aut(X) holds, then we call X a
birationally superrigid Mori fiber space.

Definition 2.15. Let X be a Q-factorial normal projective variety. We say X
is a Fano variety if the anti-canonical class —Kx of X is ample. Note that, in
Definition 2.14, if dim S = 0, then X is a Fano variety.

Minimal models and canonical models have uniqueness in some sense as
follows.

Proposition 2.16 ([16, Theorem 3.52]). Let X be a Q-factorial normal projec-
tive variety.

(1) Let f: X --» X' and g : X --» X" be two minimal models of X. Then,
X’ and X" are isomorphic in codimension 1, that is, the set of exceptional
prime divisors of f coincides with that of g.

(2) Canonical models of X are isomorphic to each other.



2.2 Known results

S. Kaliman showed that Conjecture 1.2 is true in the case that X is affine or
complete in [13], and N. Das showed that Conjecture 1.2 is true in other several
cases, especially when X is smooth, in [7].

S. Kaliman used the following two useful lemmas in [13].

Lemma 2.17 ([13, Lemma 2]). If Conjecture 1.2 is true for normal varieties,
then it is true for all varieties X.

Lemma 2.18 ([13, Lemma 3]). Let Z = X \ (X \Y). Then, Z is a closed
subset of X and dimY =dim Z if Z # ().

N. Das used the following lemma in [7].

Lemma 2.19 ([7, Lemma 2.1)). Any endomorphism which satisfies the condi-
tions of Congecture 1.2 is birational.

Remark 2.20. Actually, the proof of Lemma 2.19 in [7] implies that any in-
jective dominant morphism of varieties over k is birational.

Due to Remark 2.20, in many situations, we can use a variant of Zariski’s
main theorem as follows.

Theorem 2.21 ([17, §9, Original form]). Let f : X — Y be a birational mor-
phism of varieties. If f has finite fibers and Y is normal, then f is an open
embedding.

Combining Remark 2.20 and Theorem 2.21, we have the following proposi-
tion.

Proposition 2.22 ([1, Proposition 1.11]). Let f : X — Y be a bijective mor-
phism of varieties. If X is normal, then f is an isomorphism.

Proof. By Remark 2.20, f is birational. Thus, by Theorem 2.21, f is an open
embedding. Since f is bijective, the image of f is Y, hence, f is an isomorphism.
|

Since we may assume that X is normal by Lemma 2.17, it is enough to show
that ¢ is injective by Theorem 1.1 and Proposition 2.22. Moreover, by Theorem
2.21, we may prove that there does not exist any curve contracted by ¢.

In [5], I. Biswas and N. Das showed that any endomorphism as in Conjecture
1.2 induces an automorphism of the smooth locus under a certain condition as
follows.

Theorem 2.23 ([5, Theorem 1.3]). Let ¢ : X — X be an endomorphism of a
normal variety X, and let' Y be a closed subset of X. We take a positive integer
¢ such that codimY > ¢, and set W = X \ Sing X. Assume that ¢ is injective
on X \'Y, and one of the followings holds.

(1) ¢ =2, and ¢ is surjective,



(2) ¢c=2, and X is Q-factorial,
(8) ¢ =2, and X is locally a complete intersection,
(4) c=3.
Then, we have (W) C W, and p|w : W — W is an isomorphism.

To prove Conjecture 1.2, we can replace the endomorphisms with some iter-
ate as follows.

Lemma 2.24 ([1, Lemma 3.2]). We use the same notation in Conjecture 1.2.
For any positive integer m, let Y,, =Y Up 1 (Y)U---U (™ H~Y(Y). Then,
©™ is injective on X \ Yy, and codimY,, > 2. In particular, we may replace ¢
with ™ to prove Conjecture 1.2.

Proof. Since ¢ is injective on X\ Y and codim Y > 2, the claims are obvious. O

3 Birational geometric argument

In this section, we consider Conjecture 1.2 for quasi-projective varieties X.
Since quasi-projective varieties have projective varieties as ambient spaces, say
X for X, we can use properties of X.

3.1 The conditions on pull-backs of the canonical divisors

Take X and X as above, and let Y be a closed subset of X of codimension
at least 2, and ¢ an endomorphism of X. Assume that ¢ is injective on X \ Y.
We may regard ¢ as a birational automorphism @ of X. Also assume X has a
sequence of divisorial contractions X = Xog — X1 — - — X.. Let f; be the
morphism from X to X, for any i € {0,1,...,n}. In these settings, we consider
the following conditions.

(1) For some resolutions of indeterminacy (X, p, ¢) of @, we havc(fiop)*Kyi =
(fioq)*Kx, in NSg(X) for any i € {0,1,...,n}.

(t")There exists a resolutions of indeterminacy ()? ,p,q) of @ such that for
any ¢ and prime divisor £ on X which is both (f; o p)-exceptional and (f; o q)-
exceptional, the coefficient of E in (f; o p)*Kyi coincides with that in (f; o
q)*Kyl .

In some arguments in [1][2], we used () or ({') without mention, however
we should not have done so since this may not hold. In this thesis, we assume
(1) or (f') properly and fix arguments in [1][2] which contain something wrong.

Proposition 3.1. If () holds for ¢, then (T) also holds for any iterate of .

10



Proof. We prove that if (1) holds for ¢, then (1) also holds for ¢?. It is similar
for general iterates. _

Take a resolution of indeterminacy (X,p,q) of $ which makes (f) hold for
. We also take a resolution of indeterminacy (X’,p’,q') of g lop: X --» X,
that is, we have the following commutative diagram for any 4.

X/
X X
/ X / \
P G N R — > X
lfz J«fl lfz
X; X; X;
Then, we have
(fiopop)'Kx, = (1) (fiop)" Kx, = ()" (ficq) Kx, = (¢')"(fiop)" K%,
= (¢)(ficq)"Kx, = (ficqoq) Kx,
in NSg(X’). Thus, (1) holds for (2. |

Remark 3.2. Note that (1) is stronger than ('), and (1) is closed under itera-
tion of ¢ as Proposition 3.1, while (') does not seem closed under iteration of
. Thus, when we use (1), we may assume (') for an appropriate iterate of ¢
according to the situation.

Proposition 3.3. Suppose that X, is one of the followings.
(1) A minimal model,
(2) a canonical model,

(8) a birationally superrigid Mori fiber space.
Then, (fnop)* K%, = (faoq)*Kx, in NS(X), a part of (1), holds.
Proof. Let @,, be the birational automorphism of X,, induced by 3.

(1) By [14, Theorem 1], %, factors into the composition of flops. See [14,

Theorem 1] for definition of flops, and the definition makes the assertion hold.

(2)(3) Since @, is an automorphism automatically, we have
(fnop)* Kx, = (faop) (®,)" Kz, = (@,0fnop)' Kz, = (fnoq)" Kx,

in NSg(X). O

11



Here, we explain an example where (1) seems to hold. We consider one of
the cases in Proposition 3.3, and try to prove () by induction on n. For n = 0,
the assertion is a special case of Proposition 3.3. Assume that (f) holds for
n — 1, in particular, we assume (f1 op)* K%, = (f10¢)"K%, in NSg(X). Let
FE; be the exceptional prime divisor of fi. Then, we have

(fiop)' Kz, =p" (/1) Kx, =p"(Kx — a(E1, X1)),

(ficq)" K%, =q¢ (/1) Kx, = ¢ (Kx — a(E1, X1))

in NSR()N(). Thus, if p* Ey = ¢*E1, then p* K% = ¢* K. Also assume codim(X \
X) > 2. Then, by Proposition 2.16(1) for the minimal model case, or the
birational automorphism of X, induced by % being an automorphism for the
canonical model case and the birationally superrigid Mori fiber space case, we
have that @ acts the set of exceptional prime divisors of f, as a permutation.
Since the set of exceptional prime divisors of f, is a finite set, we may assume
©,F1 = Fp by replacing @ with some iterate. Then, p*F; = ¢*F; seems to
hold, however we have not been able to show that yet.

3.2 An easy case

By using push-forward of 1-cycles by birational maps, we easily obtain the
following result.

Proposition 3.4. Let X be a Q-factorial normal projective variety, X a nonempty
open subset of X, Y a closed subset of X of codimension at least 2, and ¢ an
endomorphism of X. If ¢ is injective on X \'Y, then there does not exist any
curve C on'Y such that C is also closed in X and o(C) is a point.

Proof. Suppose such a C' exists. We regard ¢ as a birational automorphism @ of
X. We consider the push-forward of [C] by . By the proof of Proposition 2.9,
we see that ¢4 [C] is zero. This and projection formula imply that C' intersects
with pull-backs of any divisors by P trivially. We also know that C' does not
meet divisors in X \ X, and pull-backs of prime divisors by % are of the form
D + E, where D is a prime divisor meeting X or 0, F is a divisor contained in
X \ X. Since any divisor meeting X appears in pull-backs of some divisors by
©, we deduce that C intersects with any divisors trivially. This contradicts that
X is projective. O

3.3 For outcomes of MMP

As seen in Section 2.1, there are three types of outcomes of MMP, minimal
models, canonical models, and Mori fiber spaces. Since canonical models and
birationally superrigid Mori fiber spaces have only automorphisms as birational
automorphisms, we have the following proposition.
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Proposition 3.5 (Proposition 3.1, [2]). Let X be a complete variety, and X be
a nonempty open subset of X. If Bir(X) = Aut(X) holds, then Conjecture 1.2
holds for X.

In particular, Conjecture 1.2 holds for X which is a nonempty open subset
of a canonical model, or a birationally superrigid Mori fiber space.

Proof. We may regard the endomorphism ¢ of X as a birational automorphism
© of X. By assumption, any birational automorphism of X is an automorphism
of X, thus % is an automorphism of X. In particular, ¢ is an automorphism of

X. a

A typical type of Mori fiber spaces is Fano varieties. Since Fano varieties
are (Q-factorial, we can use a very powerful tool, intersection theory.

Proposition 3.6 (The correction of [1, Theorem 1.3]). Let X be a Q-factorial
normal projective variety, and X a nonempty open subset of X with codim(X \
X) > 2. If the canonical divisor K~ of X is ample or anti-ample, then Conjec-
ture 1.2 holds for X under (}).

In particular, Conjecture 1.2 holds for X which is an open subset of a Fano
variety with the condition codim(X \ X) > 2 under (1).

Proof. We take a resolution of indeterminacy ()Z',p, q) of B. Suppose that ¢ is
not an automorphism. Then, there is a curve C' on X such that ¢(C) is a point.
Let C be the closure of C' in X, and C' be a curve on X such that p(C) = C.
Note that q(é’) is a point. By (f), we have p* K+ = ¢* K+ in NSR()?). Then,
we have

0= (Kx,¢.C) = (¢" K%, C) = (p" K5, C) = (Kx.p.C) = deg(C/C) (K, C).

Since deg((tV /C) is a positive integer, we have (K C) = 0, however this con-
tradicts that K is ample or anti-ample. O

Remark 3.7. We can consider Proposition 3.6 without (1). If Kx is ample,
then X often becomes a canonical model, thus we may apply Proposition 3.5.
For the case that K+ is anti-ample, we can prove one of our main theorems as
follows.

Theorem 3.8. Let X be a Q-factorial normal projective variety, and X a
nonempty open subset of X with codim(X \ X) > 2. Assume that X is Fano,
that is, the canonical divisor K+ of X is anti-ample. If X has log terminal
singularities, then Conjecture 1.2 holds for X. Moreover, ¢ in Conjecture 1.2
induces an automorphism of X .

Proof. By [4, Corollary 1.3.2], X is a Mori dream space. Then, we have a
bijection between the set of rational contractions of X and the set of faces of
Nef(X), the cone of nef divisors on X. Precisely, for any rational contraction
f:X --» X’ of X, we have a face f#(Nef(X’)) of Nef(X). In particular, for

two distinct rational contractions f : X --+ X’ and g : X --» X", the interior
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of f#(Nef(X’)) does not meet the interior of g# (Nef(X")). See [6, Section 3]
for this fact and Mori dream spaces. Note that for two rational contractions
f:X --»X'and g: X --» X", f is identified with g if there is an isomorphism
h: X" — X" such that g = hof. We may regard p as a birational automorphism
% of X. By Proposition 2.10 and the assumption codim(X \ X) > 2, 7 is a
rational contraction. Moreover, we have *(—Rv) = —Kx and —K+ is in the
interior of Nef(X) = (ids)#Nef(X) since it is ample. Then, the interior of
(ids)#Nef(X) intersect with the interior of 3% Nef(X). Thus, we have ids = @
as rational contractions, that is, there is an isomorphism h : X — X such
that = h oidy. Hence, P is an automorphism of X. In particular, ¢ is an
automorphism of X. O

For birational automorphisms of minimal models, there is an important re-
sult in [14], which states that birational automorphisms of minimal models are
factored into sequences of flops. By using this result, we obtain one of our main
theorems as follows.

Theorem 3.9. Let X be a Q-factorial normal projective variety and suppose it
is a minimal model. Let X be a nonempty open subset of X, Y a closed subset
of X of codimension at least 2, and ¢ an endomorphism of X. If ¢ is injective
on X \'Y, then ¢ is an automorphism of X.

To prove Theorem 3.9, we begin with preparing a lemma and a proposition.

Lemma 3.10. We may regard ¢ as a birational automorphism @ of 7_. Let
(X,p,q) be a resolution of indeterminacy of ¢. For any divisor H on X, we
have (p*a*_lH)‘Pfl(X) = (q*H)|p71(X),

Proof. Let q|;(,1(X) denote the morphism p~!(X) — X induced by q. Note that

on p~1(X), we have ¢ = ¢ o p as morphisms. Thus, we have

(@ H)lp1x) = (i x0) (Hlx) = (9 o plp-r ) (Hlx) = 0l x) " (H]x)
(P10 (@ H)x) = (0% H) =1 (x)-

a

According to the proof of [14, Theorem 1], we can obtain % by running min-
imal model program for (X, D) where D is the birational transform of some
effective ample divisor H on X by 3!, that is, D = g, 'H. Moreover, diviso-
rial contractions cannot appear in this minimal model program since blratlonal
automorphisms of minimal models are isomorphisms in codimension 1.

Proposition 3.11. Let C be a curve on X, and C the closure of C'in X. Then,
we have (D,C) > 0. In particular, we have (K5 + D,C) > 0 since K+ is nef.
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Proof. Let C be a curve on X such that p(C’) C'. By definition of flops in [14],
we have p* K% = ¢*Kw. In addition, we have supp(p*D — ¢*H) Np }(X) =
by Lemma 3.10. Thus, in NSg(X), we have

P i+ D) - g (i + ) = Y oD,

where E runs over the exceptional prime divisors of p not intersecting p~1(X),
and each a(E) is the difference a(E, X, H) — a(E, X, D) between log discrepan-
cies of E. Since %:(X,D) --» (X, H) is obtained by minimal model program,
p*(Kx+D)—gq (K + H) is effective, that is, each a(E) is nonnegative. Fur-
thermore, for each E, we have (E,C) > 0 since C intersects with p~1(X) but
E does not. Thus, we have

0< (p"(Kx+D)-q" (Kg+H),C) = (p"Kx—q"Kx,C)+(D,p.C)— (H,4.C).
Since we have p* K+ = ¢* K+ and H is ample, the above inequality implies

0 < (D, p.C) = deg(C/C)(D,T).
As deg(C/C) is a positive integer, we have (D, C) > 0. |

Proof of Theorem 3.9. Let (X, D) = (Xo, Do) -—-» (X1,D1) ~=+ -+ - (X,,, D,,) =
(X, H) be a minimal model program factoring . For i € {1,2,--- ,n}, g; de-
notes the i-th step of this program. By Proposition 3.11, the exceptional locus
Ex(g1) of g1 does not intersect with X, and similarly, we have Ex(g;) N (gi—1 ©
gi—20-+-0g1)(X) = 0. This implies that ¢ is injective on X. O

3.4 Descent along divisorial contractions

There are two types of birational maps appearing in MMP, divisorial con-
tractions and flips. Divisorial contractions are morphisms and go well with
intersection theory. In this subsection, we extend some results in Section 3.3 to
ones admitting divisorial contractions.

The following is an extension of Proposition 3.6.

Proposition 3.12. Let X be a nonempty open subset of a Q-factorial normal
projective variety X. Suppose that X has canonical singularities and X has
a sequence of divisorial contractions X = X9 — X1 — -+ — Xn. LetY
be a closed subset of X of codimension at least 2, and ¢ an endomorphz’sm of
X. If ¢ is injective on X \'Y and K= s ample or anti-ample, then ¢ is an
automorphism of X under (7).

In particular, Conjecture 1.2 holds for X when X,, is a Fano variety and (1)
holds.

Proof. We may regard ¢ as a birational automorphism % of X. Let ()~( ,p,q) be
a resolution of indeterminacy of @ which makes (1) hold. Assume that ¢ is not
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an automorphism, then there exists a curve C' in X such that C' is contracted
by ¢. Let C be the closure of ' in X, and C a curve in X such that p(C) C.
Note that q*C = 0. Let f; be the morphism X — X, and E; be its exceptional
prime divisor. By (1), we have p* K+ = ¢*K~. Then, we have

0= (K+%,4.C) = (¢"K%,C) = (p" K%, C) = (K¢.p.C) = deg(C/C) (K%, ).

Since deg(C/C) is a positive integer, we have (K%, C) = 0. This implies that f;
does not contract C. Set C'; = f1(C). We also have (f1op)" K%, = (fi0q)"Kx
by (). Since (f1)* K%, = Kx — a(E1,X1)E1, we have

0 = (IX’Y — Q(El,yl)ﬁl, q*5> = (q*(Kyy — a(El, X
(p" (K5 — a(E1, X1)E1), C) = (Kx — a(E1, X,
= deg(C/O)(Kx — a(E1,X1)E1,C).

1)E1),C)
)E1,p.0)

Since deg(C/C) is a positive integer, we have (K — a(E1, X1)E;,C) = 0.
Thus, we have a(E1, X1)(Eq,C) = 0. This implies (K% ,C1) =0

We repeat this operation, and we finally obtain the curve C,, = f,,(C) in X,
where f,, is the morphism X — X,,. By construction, C,, satisfies (Kyn,@) =
0, however this contradicts that K+ is ample or anti-ample.

The following is an extension of Proposition 3.5, and also the correction of
[2, Theorem 1.7]. Note that the proof in [2] is invalid without some additional
conditions like (). However, by observing the proof of [2, Theorem 1.7], we see
that it is enough for making the proof valid to assume a weaker condition than
(1) described later.

Proposition 3.13 (The correction of [2, Theorem 1.7]). Let X be a nonempty
open subset of a Q-factorial normal projective variety X. Suppose that X has
canonical singularities and X has a sequence of divisorial contractions X =
Xo—= X1 — - — X,. Let Y be a closed subset of X of codimension at least
2, and @ an endomorphism of X. If ¢ is injective on X \Y, Bir(X,) = Aut(X,)
holds, and (1") holds for an appropriate iterate of ¢ as described later, then ¢
is an automorphism.

In particular, Conjecture 1.2 holds for X when X, is the canonical model
and (1) holds for an appropriate iterate of ¢ as described later.

We follow [2, Section 3.2]. We set
EPD(f)x = {an exceptional prime divisor E of f | ENX # 0}.

We may regard the endomorphism ¢ of X as a birational automorphism @ of
X. Since we suppose Bir(X,) = Aut(X,), the operation of taking birational
transform by @ acts EPD(f)x as a permutation. Thus, we assume that the
action is trivial by replacing ¢ with some iterate by Lemma 2.24. For any
i =0,1,...,n, let f; be the morphism X — X;. We assume ({') for ¢ after
replacing ¢ to make the action is trivial.
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Let D1,---,D,, be the prime divisors which appear in the irreducible de-
composition of X \ X. Note that if codim(X \ X) is at least 2, then we may
ignore this notation since such a prime divisor does not exist.

We take a resolution of indeterminacy (X, p,q) of  which makes (1) hold.
Note that the set of p-exceptional prime divisors does not necessarily coincide
with the set of g-exceptional prime divisors since % and ! may contract some
divisors which are contained in X \ X. However, we can prove the following
lemmas.

Lemma 3.14 ([2, Lemma 3.3]). We set
P = {an exceptional prime divisor of p}\{¢:'D1,--- ,q; 'Dm},

Q = {an exceptional prime divisor of ¢} \ {p;*D1,--- .0z Dm}.
Then, we have P = Q.

Proof. First of all, we explain the definitions of P and Q. If ¥ contracts some
D;, then ¢ must contract p; ' D; since ¢ = B o p. Thus, the set of g-exceptional
prime divisors contains birational transforms by p of prime divisors which are
contracted by . Birational transforms of prime divisors by p cannot be p-
exceptional prime divisors, thus we have defined @) as above, and it is similar
for P.

_Take D € P, and suppose it is not a g-exceptional prime divisor. Then,
q(D) is a prime divisor intersecting with X, thus it is not contracted by 1.
However, this contradicts that Disa p-exceptional prime divisor by p = 3! og.
Since it is clear that D is not a birational transform of prime divisor by p, we

have P C (). Similarly, we have (Q C P. O

Lemma 3.15 ([2, Lemma 3.4]). Let A be the set of B-exceptional prime divisors,
and B be the set of ' -exceptional prime divisors. Then, we have #A=#DB.

Proof. Note that A and B are contained in {D1,---, Dy, }. By ! 0% = idy,

for two distinct elements D,Eof {Dy,---,Dy,} \ A, their birational transforms
2.D and @, F by P are two distinct elements of {D1, -+, D,, }\ B. This implies
#A > #B. Similarly, we have #B > #A. O

For easy notation, we may suppose A = {Dy,---, D;}. Note that if A = (),
then we set [ = 0. Thus, we have

{an exceptional prime divisor of ¢} \ Q = {p;'D1,--- ,p;"D;}.
Also, we can write
{an exceptional prime divisor of p} \ P = {¢;'E1,--- ,q¢. 'E\},

where {Eq,--- ,E;} € {D1,--- ,Dn}.
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By pulling back K5 by p and g, we have the following equalities in the
Néron-Severi group of X.

7
Ky =q'Kx+ Z a(E
j

In these equalities, D; runs over all p-exceptional prime divisors, and E'j runs
over all g-exceptional prime divisors.

Here, we explain about ({'). In general, note that even if some D; equals some
E as closed subsets of X they may differ as divisors over X, thus a(Dl, X) #

(EJ,X) may occur. However, (1') implies that such a thing cannot occur.

By Lemma 3.14 and (}'), we have

!
P'Ex— ¢ Kx=> a(p;'D;. X)p:'D; - > alq;"Ei, X)g; ' D;

j=1 i=1

in NSg(X).

From now on, we suppose that ¢ is not an automorphism. Then, there is a
curve C' on X such that ¢(C) is a point. The following lemmas are essential to
prove Proposition 3.13.

Lemma 3.16 ([2, Proposition 3.5]). Let C be the closure of C in X. Then, we
have (K~,C) > 0.

Proof. Let C be a curve on X such that p(C) = C. Note that ¢(C) is a
point of X. Since we assume that X has canonical singularities, and we have
(p* KX,C) = dcg(C/C)(KX,C) and (g *KX,C) = 0 by projection formula, it
suffices to show (p, 1DJ7C') >0 and (¢, YE;,C) <0 for any i, j € {1, l}

For any j € {1,---,1}, since C' is not contained in D], we have C gZ Dy D
This implies (p;1D;, C) > 0.

For any ¢ € {1,---,l}, since q(é) N E; is empty, we have C' N ¢ 'E; =
(. This implies (¢; "E;, 5) = 0. Note that we need only non-positiveness of
the intersection numbers here, but we need also vanishing of the intersection
numbers later. O

Lemma 3.17 (The correction of [2, Proposition 3.6]). Let_Fl_be the exceptional
prime divisor of f1. If E1 € EPD(f)x, then we have a(E1, X1)(E;,C) < 0.
Proof. By pulling back (f1)" K% = Kz — a(E1,X1)E; by p and g respectively,
we have the following equalities in N Sg(X).

Kg—a(Ey, X1)p, "By = p"(Kx—a(Ey, X1)E, )+Z a(D;, X, —a(Er, X1)E1) D,
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Kz—a(B1,X1)q; 'Br = ¢" (Kx—a(E1, X1)E)+Y_ a(B;, X, —a(E1, X1)E1)E;
J
In these equalities, l~)Z runs over all p-exceptional prime divisors, and Ej runs

over all g-exceptional prime divisors. We have replaced ¢ by some iterate, we
may assume p; ' E = ¢ 'E. By (1), we have

(fiop)"Kx, — (fioq)" Kx, =p"(Kx — (F X1)E1) — ¢ (Kx — a(Ey, X1)E1)
I
= Y a(p;'D;.X,~a(Ey. X1)E1))p Z ,—a(E,X1)E1))¢ ' D;.
j=1 i=1
We know (p*(KY - a(EL,yl)El),a) = Ndeg(é/@)(Ky - a(El,Yl)El,U),
(q*(KY - G(Ehyl)ﬁl)vc) = 07 (p*ilﬁjvc) >0 for any J S {1 Tt al}a and
(g7 E;,C) =0 for any i € {1,---,1}, thus we have

(Ky_a(El’yl)Flﬁa):Za 1DJaX _a(E1771) )(p* 1D370)

Since a(E1, X 1) is nonnegatlve_b _7
2.27] tells us a(p; ' D, X, —a(E1, X
Then, we have

having canonical singularities, [16, Lemma
VE1) > a(p;tD;, X) forany j € {1,---,1}.

(K% —a(E1,X1)E,C) = a(p;'D;, X, —a(E1, X1)E1) (9, ' Dy, 6)

l
> Za(pil L X)(p.'D;.C) = (K+,0).

Thus, we have

(Kry,é) S (Ky— G,(El,Xl)El,é) = (Ky, C) - a(El,Yl)(El,a).
This implies a(FE1, X1)(E1,C) < 0. O

Remark 3.18 (Remark 3.7, [2]). We clarify conditions which we exactly need
for proving Lemma 3.16 and 3.17 except for (1'). In fact, we do not need that @
is defined on a dense open subset of C. What we need for proving Proposition
3.16 are that p(C) q(C) is a point, and B, B~ do not contract any divisors
intersecting X . For pmvmg Proposition 3.17, we also need that the exceptional
prime divisor is invariant for taking birational transform by some iterate of @.

Proof of Proposition 3.13. By Lemma 3.16, C is not contracted by fi, thus we
can take a curve Cy = f1(C) in X1. We show (K% ,C1) > 0.

Let E; be the exceptional prime divisor of f;. If E, is an element of
EPD(f)x, then by pulling back K%, by fi, we have

Kx, = (i)' Kx, +a(E, X1)E
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in NSg(Xo). This implies

deg(C/C1)(K%,,C1) = (Kx,,(f1):0) = ((f1) Kx,,C)
= <Kfo76) - CL(E,Y”(E, 6) >0

by Lemma 3.16 and 3.17. Since deg(C/C}) is a positive integer, we have
(K%,,C1) > 0.

If £, is not an element of EPD(f)x, then by Lemma 3.16 and Remark 3.18,
we can show (K, ,01) > 0.

Thus, we can take a curve Oy = fo(C) in X5. We repeat this argument
again and again, and finally, we can take a curve C,, = f,,(C) in X,,. Let 3,
be the birational automorphism of X, which satisfies 3, o f = f o . Since
we suppose Bir(X,,) = Aut(X,), %, is actually an automorphism of X, in
particular, it does not contract C,,. Hence, C' is not contracted by 3, o f, but
this contradicts that C is contracted by f o %. O

Although we have considered () or (1), we can prove one of main theorems
as follows which does not need (1), ('), or intersection theoretic argument.

Theorem 3.19. Let X be a Q-factorial normal projective variety and suppose
that there us the canonical model X" birational to X. Let X be a nonempty
open subset of X. Then, Conjecture 1.2 holds for X

Proof. Tt is well-known that Bir(X) = Aut(X ") holds and Aut(X ") is a finite
group. We may regard the endomorphism ¢ of X as a birational automorphism
% of X. Since Bir(X) is a finite group, there exists a positive integer n such that
@" = idx as birational maps. As ¢ is an endomorphism of X, " is defined on
X and agrees with ¢™ on X as morphisms. This implies ¢™ = idx, hence ¢ is

an automorphism of X. O

—Lan

Remark 3.20. Note that we only need Bir(X) being a finite group in the proof
of Theorem 3.19.

3.5 Sequences of divisorial contractions to minimal mod-
els

We consider Conjecture 1.2 under the following settings. Let X be a nonempty
open subset of a Q-factorial normal projective variety X. Suppose that X
has canonical singularities and X has a sequence of divisorial contractions
X=Xy — X1 = - — X, with X,, a minimal model. Let B, be the bi-
rational automorphism of X; induced by % for any i € {0,1,...,n}. We can
imitate the same argument as the proof of Proposition 3.12 or 3.13 with (t) or
(1) respectively. The difference is that the existence of C,, or (Kyn,an) =0
do not yield any contradiction. When any ip; is defined on some nonempty open
subsets of C;, Conjecture 1.2 holds for X by applying Theorem 3.9. Thus, we
consider conditions when 3, is defined on some nonempty open subsets of C;
by using push-forward of numerical classes of 1-cycles by birational maps as
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in Definition 2.5. Note that we do not need to assume (f) or (f') except in
Proposition 3.25.

Lemma 3.21. Let X be a Q-factorial normal projective variety, @ a birational
automorphism of X, R an extremal ray of divisorial type, and E the exceptional
divisor of the contraction of R. Ifp does not contract £, and Py R is an exlremal
ray, then 9, R is of divisorial type.

Proof. The union of birational transforms of general curves in R by @ is dense in
the birational transform of £ by @. Since ¥, R is an extremal ray and generated
by birational transforms of general curves in R, we have that the contraction of
vy R is a divisorial contraction. O

Proposition 3.22. Let X be a Q-factorial normal projective variety with canon-
ical singularities and non-negative Kodaira dimension. Let X be a nonempty
open subset of X, Y a closed subset of X of codimension at least 2, and ¢ an
endomorphism of X. We may regard ¢ as a birational automorphism @ of X.
We suppose that ¢ is injective on X \'Y, and push-forwards of extremal rays
of divisorial type by @ are also extremal if the exceptional divisors of the corre-
sponding contractions meet X. Then, for any extremal ray R of divisorial type,
there exists some positive integer n such that (@4)"R = R if the exceptional
divisor of the contraction of R meets X.

Proof. Let R be an extremal ray such that the exceptional divisor F of the
contraction of R meets X. We regard ¢ as a birational automorphism % of X.
Since P does not contract any prime divisor meeting X, the birational transform
E’ of E is also a prime divisor meeting X. By Lemma 3.21, we see that E' is
the exceptional divisor of the contraction of P4 R. When we take another R,
we obtain another P, R by the injectivity of ¢ on X \ Y. Thus, we obtain an
injective self-map of the set of such extremal rays R. By [10, Corollary 1.2], X
has finitely many extremal rays of divisorial type. In particular, the set of such
extremal rays is a finite set. Hence, there exists some positive integer n such

that (p4)"R = R. g

Proposition 3.23. Let X be a Q-factorial normal projective variety, f: X —
X1 a divisorial contraction corresponding to an extremal ray R with exceptional
prime divisor E, X a nonempty open subset of X, Y a closed subset of X of
codimension at least 2, and @ an endomorphism of X. We may regard ¢ as a
birational automorphism B of X. We suppose that ¢ is injective on X \'Y, and
either E does not meet X or oy R = R. Then, the birational automorphism p;
of X1 induced by @ is defined on f(X).

Proof. If E does not meet X, then the assertion is trivial, thus we may suppose
E meets X and p,R = R. By the proof of Proposition 3.22, o, R = R makes
push-forwards of curves contracted by f by @ defined. By rigidity lemma and
fibers of f being rationally chain connected, it is enough to show that for any
intersecting two curves C7 and C5 in the same fiber of f, these push-forwards
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by © also intersect. Let (X P, q) be a resolution of indeterminacy of ©, and Cl,
Cy be curves on X such that p(Cl) Cy and p(C’g) Cs. Although Oy and Cs
may not intersect, there is a chain of curves contracted by p connecting these
curves. P4 R = R implies this chain is contracted to a point by ¢, thus ¢(C1)

and C~'2) intersect. Therefore, p,C1 and ¢#02 intersect as desired. O

Remark 3.24. In the latter case of Proposition 3.23, we have also shown that
@, is defined on f(E).

Combining Proposition 3.22 and 3.23, we have the following condition as we
consider.

Proposition 3.25. Let X be a nonempty open subset of a Q-factorial normal
projective variety X. Suppose that X has canonical singularities_and X has
a sequence of divisorial contractions X = Xo = X1 — - — Xp with X,
a minimal model. For i € {1,2,...,n}, let fi be the morphism X — X;,
and E; the exceptional divisor of i-th step of the given sequence of divisorial
contractions. For each i, we assume one of the followings.

(1) E; does not meet X; = fi_1(X),

(2) the push-forward of any extremal ray of X, corresponding to some diviso-
rial contraction contracting E; is also extremal.

Moreover, we assume that (1') holds for an appropriate iterate of ¢ as de-
scribed later. Then, Conjecture 1.2 holds for X.

Proof. By Lemma 2.24, Proposition 3.22, we may replace ¢ with some iterate
and assume any extremal ray of X; corresponding to some divisorial contraction
contracting E; is preserved by push-forward by @. After replacing ¢, we assume
(1) holds for . By Proposition 3.23, 3, is defined on a nonempty open subset
of X,, containing £, (X). Then, we can apply Theorem 3.9 and we have that ¢
is an automorphism of X. O

These argument are similar for extremal rays of fiber type and we obtain
results of the same kind except for Proposition 3.25. We describe those without
proof. Note that the corresponding result to [10, Corollary 1.2] is [8, Theorem
A1l

Lemma 3.26. Let X be a Q-factorial normal projective variety, @ a birational
automorphism of X, and R an extremal ray of fiber type. If ©4 R is an extremal
ray, then P, R is of fiber type.

Proposition 3.27. Let X be a Q-factorial normal projective variety with log
terminal singularities. Let X be a nonempty open subset of X, Y a closed subset
of X of codimension at least 2, and ¢ an endomorphism of X. We may regard ¢
as a birational automorphism @ of X. We suppose that ¢ is injective on X \ 'Y,
and push-forwards of extremal rays of fiber type are also extremal. Then, for
any extremal ray R of fiber type, there exists some positive integer n such that

(Py)"R=R.
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Proposition 3.28. Let X be a Q-factorial normal projective variety, f: X —
X1 a contraction of fiber type corresponding to an extremal ray R, X a nonempty
open subset of X, Y a closed subset of X of codimension at least 2, and ¢ an
endomorphism of X. We may regard ¢ as a birational automorphism @ of X.
We suppose that ¢ is injective on X \'Y and p,R = R. Then, there uniquely

exists the birational automorphism B, of X1 induced by @ defined on X ;.

4 Dimensional argument

In this section, we discuss relations between the exceptional locus of en-
domorphisms and the singular locus of varieties by using Theorem 2.23 and
dimensional argument under settings of Conjecture 1.2.

4.1 A lemma and easy cases

We begin by proving a useful lemma for considering Conjecture 1.2 following
[2, Section 2.1].

Lemma 4.1. Suppose one of the conditions in Theorem 2.23 holds. Then, we
can replace Y to make Y, Z C Sing(X) with the condition that ¢ is injective on
X\Y.

To prove Lemma 4.1, we use the following fact.

Theorem 4.2 ([17, III. 9. Proposition 1]). Let X be a factorial variety, and
f: X" — X be a birational morphism from a variety X'. Then, there exists an
open subset U of X with the following conditions.

(1) flg-ry : J7HU) = U is an isomorphism,

(2) for any irreducible component E of X'\ f~1(U), we have dim E = dim X —
1, and dim f(F) < dim X — 2.

Proof of Lemma 4.1. Let A be the set of x € X such that the irreducible com-
ponent of ¢ '({p(x)}) which contains z is of dimension at least 1. Then,
we have A C Y, A is a closed subset of X by [11, Exercise II. 3.22(d)], and
¢lx\a : X\ A — X has finite fibers. By Theorem 2.21, ¢[x\ 4 is an open
embedding, thus we can replace Y with A.

Now, we apply Theorem 4.2 to ¢|,—1w) : ¢~ (W) — W, where W is the
smooth locus X \ Sing X of X. Since ¢|,-1(y) does not contract any divisor, we
have ¢(Y) C Sing(X) by Theorem 4.2. By Theorem 2.23, we know (W) C W,
thus we have Y C Sing(X). Also, this implies Z C Sing(X). O

By Lemma 4.1, we find it easy to prove Conjecture 1.2 in some cases as
follows.

Proposition 4.3. If one of the followings holds, then Conjecture 1.2 holds for
X.
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(1) dim Sing(X) <0,
(2) dimX <2,
(3) @ is surjective.
Proof. We replace Y with A as in the proof of Lemma 4.1.

(1) By Lemma 4.1, we have dimY < 0. This implies that ¢ has finite fibers,
thus ¢ is an automorphism.

(2) We may assume X is normal by Lemma 2.17. Then, we have codim Sing(X) >
2. Since we suppose dim X < 2, we have dim Sing(X) < 0, thus ¢ is an auto-
morphism by (1).

(3) Since we have replaced Y with A as in the proof of Lemma 4.1, for all y in Y,
0 ({p(y)}) is of dimension at least 1. By the definition of Z and surjectivity
of p, we have p(Y) = Z. If Z is not empty, then we have dimY > dim Z, but
this contradicts Lemma 2.18. O

4.2 On the induced permutation of the irreducible com-
ponents of the singular locus

We extend [2, Theorem 1.4] as follows.

Proposition 4.4. Let ¢ : X — X be an endomorphism of a normal variety X
andY a closed subset of X. Assume that ¢ is injective on X \'Y, codimY > 2,
and one of the followings holds.

(1) ¢ is surjective,
(2) X is Q-factorial,
(8) X is locally a complete intersection.

Then, we can replace Y so that Y C Sing(X), codim Sing(X) < codimY,
and ¢ is injective on X \'Y. Note that Z = X \ o(X \'Y) becomes a subset of

Sing(X).

Proof. By [2, Lemma 2.1], we may assume Y, Z C Sing(X). Let 7 : X — X bea
resolution of singularities of X which is an isomorphism outside Sing(X). Note
that any irreducible component of Sing(X) is the center of some exceptional
prime divisors of m. Since we know codimY = codim Z, it is enough to show
that for any exceptional prime divisor E of 7, if 7(E) is contained in Z, then
we have codimn(E) > codim Sing(X). Let & be the birational automorphism
of X induced by ¢, and @ ! its inverse. Since 3! is defined in codimension 1,
we can consider the birational transform F of E by m o @~ !. Since the inverse
image of Z by ¢ equals Y, we may assume F' C Y. We have

codim 7(F) = codim ¢(F) > codim F' > codim Y = codim Z,
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and two inequalities cannot be equality at the same time. In fact, if codim F' =
codim Y, then F is an irreducible component of Y| thus F is contracted by ¢.
Hence, we have codim7(E) > codim Z > codim Sing(X). a

Proposition 4.4 implies the following corollary.

Corollary 4.5. In the settings of Theorem 2.23, suppose that dim X = 3, and
one of the conditions in Theorem 2.23 holds. Then, Conjecture 1.2 holds for X .

Proof. By Proposition 4.4, we may assume codim Y > 3. This implies dimY <
0 since we consider a threefold X, thus ¢ has finite fibers. Hence ¢ is an
automorphism of X. O

By using the argument in the proof of Proposition 4.4, we have one of our
main results as follows.

Theorem 4.6. Let ¢ : X — X be an endomorphism of a normal variety X
andY a closed subset of X. Assume that ¢ is injective on X \'Y, codimY > 2,
and one of the followings holds.

(1) ¢ is surjective,
(2) X is Q-factorial,
(8) X is locally a complete intersection.

Then, birational transform by ¢ gives a permutation of irreducible compo-
nents of Sing(X) preserving codimension.

Proof. Let S* be the set of the irreducible components of Sing(X) whose el-
ements are of codimension ¢ in X for ¢ € [codim Sing(X), dim X]. Set ¢ =
codim Sing(X).

By Proposition 4.4, we may assume that any element s of S¢ is not contained
in Y. Thus, the birational transform of s by ¢ is defined and an element of S¢
again, and this correspondence is injective. Since S¢ is a finite set, we obtain a
permutation of S¢. B

Next, we consider S¢t!'. Let m : X — X be a resolution of singularities of
X which is an isomorphism outside Sing(X). For any s € S°*!, there exists
an exceptional prime divisor I of m whose center is 5. Let ¢ be the birational
automorphism of X induced by ¢, and ¢! its inverse. Since ! is defined
in codimension 1, we can consider the proper image F of E by mo @~ 1. We
claim that F is an irreducible component of Sing(X). First, note that we know
F C Sing(X) by ¢ inducing an automorphism of X \ Sing(X) by [5, Theorem
1.3]. Second, we have codim F < codims = ¢+ 1. Third, if F' is not an
irreducible component of Sing(X), then there exists an element of S¢ which
contains s. However, we have shown that birational transform of elements of
S¢ by ¢ are defined and elements of S¢ again, thus the proper image of F' by ¢
cannot be s, which is an irreducible component of Sing(X). Hence, we can show
our claim. Moreover, we can also show F € S°TL. Thus, for any s € S°t! we
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can take F' € S°t! whose birational transform by ¢ is s, and this correspondence
is injective. Since St! is a finite set, we obtain a permutation of S¢t!. Note
that we have constructed the correspondence like taking inverse image by ¢,
however the inverse permutation gives the correspondence like taking direct
image by .

Inductively, we can obtain a permutation of S? for all 4. This implies the
assertion. O
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