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Abstract

Honda, Prelli and Yamazaki define multi-microlocalizations of subanalytic sheaves to extend
and unify various types of theories of specializations and microlocalizations. This article aims
to further develop the theory.

Chapter 1 aims to further extend the theory of multi-microlocalizations of subanalytic sheaves
by exploring advanced topics. One is a stalk formula for multi-microlocalized Hom functors
and we compute some examples in multi-microlocal settings. Secondly we construct the Sato
triangle in the context of multi-microlocal analysis. Ultimately we get the Sato triangle for the
multi-microlocalized Hom functors.

In Chapter 2, we define the notions of strong regularity of subanalytic sheaves, and prove an
estimate of supports and microsupports of multi-microlocalizations for strongly regular suban-
alytic sheaves. We apply the results to the subanalytic sheaves of Whitney and temperate holo-
morphic solutions of regular D-modules. We prove initial value problems for multi-microlocal
objects such as a solution sheaves of Majima’s strongly asymptotically developable functions.
We establish division theorems with coefficients of temperate and Whitney multi-microfunctions

for regular H-modules. Ultimately, we show multi-microlocal Bochner’s tube theorem.

'Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan.
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Introduction

Important analytical objects such as asymptotically developable functions and temperate distri-
butions do not form classical sheaves, therefore conventional methods of [TZ] cannot be applied
directly. New concepts such as ind-sheaves and subanalytic sheaves have been introduced and
studied to handle these objects [[[3, 20]. In [R], Honda, Prelli and Yamazaki constructed the the-
ory of multi-microlocalizations of subanalytic sheaves along a certain family of submanifolds.
This unifies various types of specializations and microlocalizations [25, 8] which extend the
theory. Their framework allows us to handle multi-microlocal objects with growth conditions
such as a sheaf of Majima’s asymptotically developable functions functorially (see [IX, 5]). This
paper aims to further extend the theory by exploring advanced topics.

This article consists of two parts. The following is an overview of each part.

In Chapter 1, our objectives are to develop tools in multi-microlocal analysis of subanalytic
sheaves. We derive a stalk formula for multi-microlocalized Hom functors in general multi-
microlocal cases for subanalytic sheaves and also establish Sato triangle within the framework
of multi-microlocal analysis. Note that Chapter 1 is a modified version of the paper [23].

Chapter 1 is organized as follows: In Section [, we assume knowledge of the derived
category of sheaves and summarize the basic concepts and definitions related to sheaves on
subanalytic sites and multi-microlocal analysis as explained in [20], [22] and [R]. Also we
would like to give supplementary facts which follow immediately from the past results but could
not be found in the literature. These subsections provide a foundation for the rest of the paper,
which builds upon this material to explore more advanced topics and ideas.

In Section [, we derive a stalk formula for multi-microlocalized Hom functors in general
multi-microlocal cases for subanalytic sheaves. A significant challenge in obtaining a stalk for-
mula for subanalytic sheaves is the absence of a microlocal cut-off functor. We circumvent this
issue by considering constructible sheaves as the first argument of the Hom-functors. In the
following section we prepare some lemmas to obtain more explicit formula for an easy com-
putation in particular multi-microlocal settings. Finally we compute some examples in specific
multi-microlocal settings. As is well known in the classical theory, a stalk formula is crucial
for the microlocal analysis of sheaves (see [[2]). We believe that the stalk formula for multi-
microlocalized Hom functors proved in this paper will be instrumental in the future.

In Section 3, our objective is to establish Sato triangle within the framework of multi-
microlocal analysis. To achieve this, we first prepare Uchida triangle in subanalytic sheaf theory.
Next we need to multi-microlocalize Uchida triangle in subanalytic sheaf theory. The next step
involves multi-microlocalizing Uchida triangle, which poses a challenge because proper direct

image functors do not generally map conic subanalytic sheaves to conic subanalytic sheaves.



We address this difficulty by proving several lemmas, ultimately leading to the formulation of
Sato triangle for the phom functor in multi-microlocalizations. We conclude this section with a
simple example in a multi-microlocal setting to illustrate the theoretical developments. Experts
recognize Uchida triangle and Sato triangle as fundamental tools for the microlocal analysis of
sheaves. They are particularly suited for solving microlocal Cauchy problems, boundary value
problems and various other issues. Our results extend these concepts within the theory of multi-
microlocalizations, opening up possibilities for addressing problems in more general settings.

We now explain the background of Chapter 2. The notion of microsupport for ind-sheaves
was defined in [I4]. And its functorial properties was studied in [IY]. In [22], Prelli obtained an
estimate of supports of microlocalizations for subanalytic sheaves by means of the microsupport
in terms of Kashiwara and Schapira [I4]. After some study we found that it is necessary to
strengthen the microlocal conditions to find the estimate of supports (or microsupports) of multi-
microlocalizations for subanalytic sheaves. In this article, we introduce the possible solutions
to find an estimate of supports and microsupport of multi-microlocalizations for subanalytic
sheaves.

One of the possible solutions is introducing the notion of stronger regularity than that of
Kashiwara and Schapira’s notion introduced in [I4]. In [19], Martins proved that the regularity
of ind-sheaves in the sense of [[4] has a nice relation with regular -modules along an invo-
lutive submanifold in the sense of Kashiwara and Oshima [IT]. We found that strengthening
the regularity is still valid to have the natural relation with the regular -modules. Applying
this fact, we deduce some properties of multi-microlocal analytic objects including a Majima’s
strongly asymptotically developable solution of regular 9D-modules. Let us mention many au-
thors studied temperate and Whitney solution to regular 9-modules [[[6, 9] using Andronikof’s
T Hom and Colin’s ®.

With the estimations in hand, we prove inverse image and multi-microlocalization theo-
rem. Ultimately, we obtain division theorems with coefficients of temperate and Whitney multi-
microfunctions for regular D-modules. As an application, we show Bochner’s tube theorem
for solution sheaves of strongly asymptotically developable functions. This is multi-microlocal
counterparts of the results obtained in [I], [B], [28]. Let us mention the related papers [26], [27]
of this topic.

Chapter 2 is organized as follows: In Section I1l, we introduce the notion of strong regularity
and study its fundamental properties. We show a partial Abelian property of strong regularity.
We discuss various solutions to regular -modules in the sense of [I1] satisfy strong regularity.

In Section 2, we obtain a formula for estimations of microsupports of multi-microlocalizations.
We begin by an estimate of the supports and consider some easy consequence of the results. And

we prove the microsupport estimate using the techniques developed in [T4]. As a simple appli-



cation we show the microlocal isomorphism of subanalytic sheaves under a non-characteristic
condition.

In Section I3, restricting ourselves in the case of normal crossing type, we prove inverse and
multi-microlocalization theorems. This is a multi-microlocal generalization of the [I2, Theorem
6.7.1]. The multi-conic structure of multi-microlocalizations plays a crucial role. Namely, [R]’s
multi-normal cones behave different from the [[I7]’s classical normal cone. At first we discuss
the inverse and multi-microlocalization theorem of classical sheaf case. Secondly, we apply the
result in Section 72 to prove the theorem in the case of strongly regular subanalytic sheaf.

In Section 274, we give an application to -modules theory in multi-microlocal analysis.
By making use of the triangle obtained in Chapter 1, we first prove the initial value problem
for multi-microlocal objects including Majima’s strongly asymptotically developable solutions
to D-modules regular along an involutive subbundle. Lastly our goal is to obtain division theo-
rems with coeflicients of temperate and Whitney multi-microfunctions for regular -modules.
This is thought of an initial value problem for temperate and Whitney multi-microfunctions for
regular D-modules. In particular, by applying the division theorem we obtain multi-microlocal

Bochner’s tube theorem.



Chapter 1

The stalk formula for multi-microlocal
Hom functors and the multi-microlocal
Sato triangle

1.1 Preliminaries.

In this section we recall some basic notions. References are made to [20] , [2Z] and [3]
for the theory of sheaves on subanalytic sites, and [R], [B] and [6] for the theory of multi-

microlocalizations.

1.1.1 Theory of subanalytic sheaves.

X will be a real analytic manifold and & a field. We assume all manifolds are analytic, finite-
dimensional and countable at infinity. Denote by Op(Xs,) (resp. Op°(Xy,)) the category of
open (resp. relatively compact open) subanalytic subsets of X. One endows Op(X;,) with the
following topology: Cov(U) C Op(Xy,) is a covering of U € Op(Xj,) if for any compact subset
K of X there exists a finite subset S of Cov(U) such that K N Jyeg, V = KN U. We will call
X4 the subanalytic site. Let Mod(ky,, ) denote the category of sheaves on X,.

Let Modg..(kx) be the abelian category of R-constructible sheaves on X, and consider its
subcategory Mody, (kx) consisting of sheaves whose support is compact. Denote p : X — X,

the natural morphism of sites. p, : Mod(kx) — Mod(ky,,) is fully faithful and left exact.

Notation 1.1.1. Since the functor p, is fully faithful and exact on Modg. (kx) we identify
Modg..(kx) with the image in Mod(kyx,). When there is no risk of confusion we will write
F instead of p. F, for F € Modg..(kx).



Let X, Y be two real analytic manifolds, and let f : X — Y be a real analytic map. We get
external operations f, and f~! which are always defined for sheaves on Grothendieck topologies.
Let Z be a locally closed subanalytic set. As in classical sheaf theory we may define I'z and (-)z.
We may define the functor of proper direct image f, for subanalytic sheaves. If f is proper on
supp(F) then f. F' ~ fy1F, in this case fy commutes with p,.

We denote by D(kyx ) the derived category of Mod(kyx,, ) and its full subcategory consisting
of bounded (resp. bounded below, resp. bounded above) complexes is denoted by D’ (kx_) (resp.
D™ (kx,,), resp. D™ (kx,,)). As usual we denote by le{-c(kX) (resp. Dfé_c(ka)) the full subcategory
of DP(ky) (resp. Db (kx,,)) consisting of objects with R-constructible cohomology. We would
like to state the result which immediately follows from [0, Proposition 2.4.8].

Proposition 1.1.2. Let F € D" (ky,), and let f : X — Y be a closed embedding. Then
Rfif~'F ~ Fy.

Remark 1.1.3. Unlike the classical case, this isomorphism does not hold for an open embedding

in general.

The functor Rfy; admits a right adjoint, denoted by f'. A similar consequence as in [[3,

Proposition 5.3.8] follows as shown below.

Proposition 1.1.4. Let G € D’(kx_), F € D*(kx,,). There is a natural isomorphism f' R# 2 (G, F) ~
R (f7'G, f'F).

1.1.2 Multi-microlocalization.

Lett;: E; > Z (1 < i < {) be vector bundles over Z, and let E7 be the dual bundle of E;. We de-
note by A; and V; the Fourier-Sato transformations and the inverse Fourier-Sato transformations
on E; respectively. Moreover we denote AT and V' the Fourier-Sato and the inverse Fourier-Sato
transformation on E; respectively. Set E := E| >Z< . '>Z<Eg and E* := E] >Z< X >Z<E; Lett: E—>Z
be the canonical projection. Set P} := {(n,£) € E; >Z< E;*;(n,&) <0}

P =P/ X---XP, P :=EXE"\P
zZ 7z Z

and denote by p} : P — E and p) : P’ — E” the canonical projections respectively. Set
Pi:=1{(.¢) € Ei X E;; (.€) 2 O}

P:=Py X - XPp,P P =EXE"\P
z  Z Z

and denote by p}' : P — E and pJ : P — E* the canonical projections respectively. Let F and

G be multi-conic objects on E and E*, respectively. Then we set for short Ag (resp. V) the



compostion of the Fourier-Sato transformations A; on E; (resp. the composition of the inverse
Fourier-Sato transformations V7) for eachi € {1,..., ¢}.

Following [K], we recall the notion of multi-microlocalization of sheaves. Let X be a real
analytic manifold with dim X = n, and let y = {M|, ..., M,} be a family of closed submanifolds
in X. We set, for N € y and p € N,

NR,(N) :={M; € y;p € M;,N ¢ M;and M; ¢ N}.

Let us consider the following conditions for y.

H1 Each M; € y is connected and the submanifolds are mutually distinct, i.e., M; # M for
R
H2 For any N € y and p € N with NR,(N) # 0, we have

R

MENR,(N)

+T,N = T,X.

If y satisfies the condition H2, then for any p € X, there exist a neighborhood V of p in X, a
system of local coordinates (x, ..., x,) in V and a family of subsets {Ij}f.:1 of theset{1,2,...,n}

for which the following conditions hold.
1. Either [ C I;,I; C [y or [ N 1; = O holds (k, j € {1,2,...,(}).
2. A submanifold M; € y with p € M;(j = 1,2,...,¢) is defined by {x; = 0;i € [;}in V.

We set, for N € y,

LNy = () M;.

NEM;

Here ¢, (N) := X for convention if there exists no j with N & M;. When there is no risk of

confusion, we write for short (V). We also assume the condition
H3 M; # «(M;) forany j€{1,2,...,{}.

In local coordinates let I, ..., I, C {1,...,¢€} such that M; = {x; = 0;k € I;}. Note that the
family y satisfies the conditions H1, H2, and H3 if and only if /1, . . ., I; satisfy the corresponding



conditions

(i) either I; C I, I, < I or I; N I; = O holds for any j # k, (1.1)

(i1) ( U Ik] ¢ I; for any j.

Il
Hence, for any j € {1,2,...,{}, the set
ij1=1j\[U1k] (12)
Ikglj

is not empty by the condition H3. By the conditions H1,H2 and H3, we have for j € {1, ..., {}

=] |k

IkCIj
In particular ;<< I; = Iy u--- 1 Jp. Set for convenience Iy = Iy := {1,...,n}\ U§=1 I;. Then,
in local coordinates, we can write the coordinates (xi, ..., x,;) by
(x(o) P x(g))
where x/) denotes the coordinates (XDier, G =0,....,0).

Under the conditions H1-H3, we may obtain multi-normal deformation along y(see [R, Sec-
tion 1.2] for details). As usual we denote by 7y, : Ty, X — M, the normal bundle. We first
consider a normal deformation SiMl along M (see [, Section 4.1]), i.e. an analytic manifold
)~(M1, a pair of mappings py, : )?Ml - X, 1t : )?Ml — R, and an action of R \ {0} on )?Ml
(xX,r) — X - r such that p]_wll(X\Ml) = X\ M; xR\ {0}, 1;'(c) =~ X for each ¢ # 0 and
tl_l(O) ~ Ty, X. We denote by Q, the open subset of X, m, obtained as the inverse image of R*
by t1. by iq,, the embedding Qu, = Xu,. P, = Pu, © i,y and sy, 2 171(0) = Ty, X < Xy,
the inclusion. We get the commutative diagram

iQMI

S —_—
Ty, X i> Xy, — Qu,

TMI\L \LPA;I/
im Pmy

M — X

Set ﬁMl ={(x1,1t1);t; # 0} and I\F/Tz = (pum, |§M1 )~1M,. Then 2—% is a closed smooth submanifold

of )?Ml. Now we can define the normal deformation along M, M, as )?'Ml,ll,[2 = ()~(Ml )ﬁz .



Then we can define recursively the normal deformation along y as X = (Y Mi,.., MH)AZ' Set
Sy={t1,....t, =0}, M = ﬂle M; and Q, = {t1,...,t, > 0}. Then we have the commutative
diagram

S, —5» X240,

1, A

M X
Let us consider the canonical map TMJ.L(MJ') - M;—>X(=1,---,0), we write for short

~ X TytMj):=Ty (M) X Ta,t(Mp) X ... X Ty, o(Mp).
Sy i Siee m;U(M) w, UM1) X Tag, (M) X . .. X Tag M)

Definition 1.1.5. The multi-specialization along y is the functor

vit: DP(kx,) — DP(ks, ),
w w
F —— s 'Rl p'F.

We also define the functor v, = p‘lv)s(" : Db (kx,) — Db (ks )

LetS ; be the dual vector bundle of § :
S; = T;,IIL(Ml) Xx -+ Xx T;lgL(M[)'
Definition 1.1.6. The multi-microlocalization along y is the functor

Y

xsa

s DP(ky,,) —> DP(ks
w w

F —— vy (F)"x,

We set u,, 1= p‘lu;“ s DP(kx ) — Db(ks;).

sa

Now we are going to restate a stalk formula for multi-microlocalization proved in [R, The-
orem 2.11]. As the problem is local, we may assume that X = R"” and ¢ = 0 with coordinates
(x1,...,x,), and that there exists a subset I (k = 1,2,...,¢)in {1,2,...,n} with the conditions
(M) (i),(ii)) such that each submanifold My is given by {x = (x1,...,x,) € R";x; = 0 ({ € Iy)}.
Recall that [, was defined by () and that we set M = NgMy and ny = ﬂik. Then locally we

have

X=MX(Ny XNyX---XNg)=MXN, (1.3)

10



where Ny is R™* with coordinates x®) = (x,-)ieik. Set, fork € {1,...,{},

J = {jE{l,...,f},]j_C_Ik},
S ={jell,....t,1; 2 It} (1.4)
JJ(\’k = {jE{l,...,f},IjﬂIk = 0}.

Let p = py x---Xpe = (;D,...,60) ¢ Ty (M) Xx -+ Xx Ty «(My) and consider the

following conic subset in N

XD =0, (e Ju U,
yi =G0 xP o XDy e N| XD e RY, (€ Jup), . (1.5)
(XD, 0y >0, (j=k)

Theorem 1.1.7. Letp = py X --- X pr = (q; D, ..., é0) e Sy and let F € DP(kx,,). Then we

have

H*(u, F), ~ li_r)an;(U; F).
G,U

Here U is an open subanalytic neighborhood of q in X and G is a closed subanalytic subset in the
form M X Zli:l Gy with Gy being a closed subanalytic convex cone in N satisfying Gy \ {0} C 4,
where yy is defined in (IL3).

In [R, Theorem 4.1], the authors proved the existence of Uchida’s triangle ([28, Appendix
Al) in the context of multi-microlocal analysis. In this paper we are going to show that it holds

for sheaves on subanalytic sites as well.

Theorem 1.1.8. Let F € Di)R“f)[(kEm)' There exists a natural isomorphism
T'RTyF = Rp1.py(F™),
and the natural morphism F — T'RtF is embedded to the following distinguished triangle:

F —— t'RtyF —— Rp1.RUp-(py(Fe)) —L

Next we explain the notion of the ghom in multi-microlocalizations (see [6]). Let y satisfy
the conditions H1-H3. Let A be an ¢ X £ matrix by

1, (el)
Clj,' = .
0, (i¢l).

11



We call A an associated matrix with y. X? = X x X and Ay c X? denotes its diagonal, i.e.,
Ax = {(x,y) € X*; x = y}.
Define the ambient space X of the universal family as

X=x*%x---x X2

Define the universal family ¥y = {1\711, .. ,Mg} of closed submanifolds in X in the following

manner: Each M| has a form
MJ':Z]'] XZJQX"'XngCX,

where Zj; C X 2 is either X2 or Ay determined by the rules:

X2, (aj =0),
ij = ik )
Ax, (aj =1).

For the universal family ), we may consider the multi-normal deformation ()(/\2)7’)7 of (X?)¢ along

¥ and the multi-microlocalization p%“ (see [B] for details.). And we have
S%: T°X x---xXT*X.

Definition 1.1.9 (Multi-microlocal Hom functors). Let Fy,...,F, and G be in DP X5a). We

define the functor
phomX(Fy, ..., F; G) = ,L%”(R%”m(pgl(ﬂ K- ® Fp), piRiaG))

and we set the functor

phom(F1, ..., F; G) = p~' phom* (Fy, ..., F; G),

where

X[<P1 )’(: P2>Xg<iA X
- iA:XHXKisdeﬁnedbyxeXe (x,x,...,x) € X¢,
— p1: (X»f = X' is the canonical projection (x1,y1) X - -+ X (x¢,v¢) = (x1,..., x¢) and

— p2 1 (X2)! = X% s the canonical projection (x1,y1) X -+ X (x¢, y¢) = (V15 .., Ve).

12



1.2 A stalk formula for the multi-microlocal Hom functors

In this section we are going to prove a stalk formula for the multi-microlocal Hom functors. As
the question being local, we may assume X is a vector space R”. Let y be a closed convex cone
with vertex at 0. One denotes by X, the set X endowed with the induced y-topology (see [12,
page.161]), and by ¢, : X — X, the natural continuous map from X (with the usual topology) to
Xy. Set Z(y) :={(x,y) e X X X;y —x € y}.

Lemma 1.2.1. Let F € D%-c(kX) and V be a relatively compact open subanalytic set. For a

closed convex cone y in X, we have

Rp1ii(py' (RpF))zy) = Rpu(85' Ry (FV)),

where p| and p; the first and second projection from X X X to X.

Proof. This follows immediately from [0, Proposition 2.2.1], [0, Proposition 1.3.3], [0,
Proposition 1.3.2] and [I2, Proposition 3.5.4]. In fact,

Rp1u(p3' (RouF)V)zy) =Rp10(Rpo (03 (F)z) (1.6)
~Rp.Rp11(p3" (FV))zy) (1.7)
=Rp.(@® ' Rey-(Fy)).

The isomorphism (Z247J) follows since F' is constructible. The isomorphism (I2) follows since

p1 is proper on supp(p; ' (Fv))z(y). o
¢

Theorem 1.2.2. Let p = py X - x pp = (¢: €D, ..., 60) e T* X xx ---xx T*X. Gy,...,G¢ €

Ob(DY_.(kx)) and F € Ob(D"(ky,,)) we have

H (ghomy(Rp.G1.Rp.Ga....Ro.Ge: F))

. i — — _ ¢
~lim HI(RT(3 V: R (i Ro. Ry (8 Gow). F)

Vy
=lim H (RT (U R oo (Rp.(iy 65 Rty (G1 B -+ B GO)uost). F)))
U”y
where ¥ = Vi + --- + y; € X!, each i is a closed conic subanalytic proper convex subset of

Yy =0,(jeJgU i),
yi = (y(l)’ ... ’y([)) e Xt Y eRY, (j € Jop),
G0, 60y <0,(j = k)

13



and U ranges through the family of open subanalytic neighborhoods of q. V runs through a
family of open subanalytic neighborhoods of ix(q) in X°.

Proof. As the question being local, we may assume X is a vector space R” and ¢ = 0 with
coordinates (x, ..., x,). Clearly (I'3) becomes X% = Xt x Xt Set

Y =0,( € Ja U ),
Sei=40W, -,y e xt YD eR™, (j € Jup),
G0, &0y > 0,(j = k)

We propose the following identification ¢.

X x xt ¢ s X0 x x?
w w (1.8)

(X1 e s X3 V15 0) > (XD oo s X5 X1 = Y15 o5 X2 — Y0)
We have the following claim.

Claim 1.2.3. Let G be a closed subanalytic subset in the form X’ x Z,le Gy with G being a
closed subanalytic proper convex cone in X’ satisfying Gy \ {0} C ;. Then for each such G there

exists a closed conic subanalytic proper convex subset ¥ \ {0} C —dx = yx such that

Gy (Z®).
where y =y + 92+ -+ ¥y and
Z(y) := {(xl,xz,...,x,g;yl,yg,...,yg) eX! XX (1 —x1,...,y0—x0) € 5/}.
Moreover for such ¥ we may find a closed subanalytic subset G’ = X¢ x Zi:l G, with G, being

a closed subanalytic proper convex cone in X¢ satisfying G, \ {0} C 6 so that o' (Z®#) cG.

In fact, let G be such a conic set. Then there exists Gy \ {0} C 6x. We may find y such that
Gy € —7i and =7, \{0} € —6y. By the identification (IR), ¢~!(Z(7)) = {(x:y) € X' x X‘| -y € 7}.
If (x,y) € Gtheny € Zizl Gy. And y € —¥ thus (x,y) € ¢~'(Z(#)). Finally take a closed suban-
alytic proper convex cone G in X! so that -y C G, and G \ {0} C ¢ for each k. It is easy to
see o 1(Z(¥)) c G = X! x Z,’i: | G, Therefore by Theorem [T°7 and Lemma 271 we obtain
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¢
the chain of isomorphisms (put .ElGi =G R---RGyp)
=

H*uhomy(Rp.G1,Rp.Ga, ..., Rp.G¢; F),
_ ¢ .
= H' (R e (p; ' (Rps 8 Gi), pRinsF))y

{
~ lim H*(RUG(U x V; R (p3 (R B Gi), P RirF))) (1.9)
1=
G,UV

£
= 1lim H*(RT25)(U X Vs R oo (p3' (Rp:. 8 G)). P RiaF)) (1.10)
i
.UV

- 1
«gla

HMRT(U % X: Roeor (5 (Rp. 8 Gz, piRineF)

- 14
slF

HMRT(Us RA o (Rp1(p3 (R, 8 Gidv)zisy), Rine )

- 1
gla

t
HY(RU(iy Us RA oo (i3 Rp1n(py (Row 8 Giv)zy)s F))

i HH (RT3 Us R i Ro. 5 R5. (8 G, ). (1.11)
U

~<1

G runs through a family of closed subanalytic subsets in the form X¢ x Zi:l Gy with Gy, being
a closed subanalytic proper convex cone in X’ satisfying Gy \ {0} € 6, U and V runs through
a family of open subanalytic neighborhoods of ix(g) in X¢. Notice that U is different from the
one in the statement of theorem. The first isomorphism follows from [0, Proposition 1.3.3] and
[22, Proposition 1.3.1]. (C3) follows from Theorem [CT7A. (ILIJ) is a consequence of the claim
3. Finally, Lemma 21 implies the isomorphism (I_I). We have used adjunctions many
times throughout the chain of isomorphisms. |

Lemma 1.2.4. Let y be a closed proper convex cone (with vertex at 0) in a vector space V, G

be a closed convex subset. If y* + G is closed then

¢,'Re,.C = Cparg.

“_ 2

Here we denote by “a” the antipodal map x — —x.

Proof. Let us first prove ¢, 1R¢7*CG+ya 5 Cg4ya. By adjunction, there exists a morphism
¢;1R¢7*CG+W — Cgyya. Then taking a stalk of the cohomology proves the assertion. In fact,
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by [I2, Theorem 3.5.3] for any x € X

lim H*(U: ¢, ' RgyuCaaye) = lim HY(U + : Cp0)
xeU xeU
and since (x+y)NG+y“ is convex when (x+y)NG+y“ # O we have RT' (x+y)NG+y“; Cg1ya) =
C. Thus it is enough to prove if x ¢ G + y“ then (x + y) N G + y* = (. By contradiction, if we
may find g1,g> € yand g3 € G so that x + g; = g3 — g» then x = g3 — g1 — g». This implies
x € G + y* which is a contradiction.
Now we prove the general assertion. We have a morphism Cg,,« — Cg. Therefore by the

first assertion we get a morphism

Coayt = ¢} ' RpyiCiipe — ¢, R$.Co.
Then taking a stalk of the cohomology proves the assertion. In fact, by [T, Theorem 3.5.3]

lim H*(U: ¢, ' R$,.C) = lim H(U +y: Co)
xeU xeU

and since (x+y) NG is convex when (x+y)NG # 0 we have RI'((x+7y)NG; Cg) ~ C. Thus itis
enough to prove if x ¢ G + y“ then (x + y) N G = (. By contradiction, if we may find g; € y and
g2 € Gsothat x+g; = go then x = g, —g1. This implies x € G +y“ which is a contradiction. O

Corollary 1.2.5 (Normal crossing type). Assume X is a vector space. Lety = {D1,...,D¢}

where

Ej =Zj] XZ]QX---XZJ[CX\,

Ax, (j=k),
Zi =
* { X%, (o.w.).

Let My, ..., M be € closed subanalytic convex subsets of X. Then for p = (q;&1,..., &) €

T*X Xy - XxT*Xwith My C{xe X;{(x—q,&) =0} (k=1,...,¢), we have

HY(uhom(Cyt,, Cags. . ., Cags F))p

~ lim HJ — -~ - (U’ F)’
—_— _ (M +61)N(Mp+62)N--N(Mp+d)NU
U1, ,6¢

where each 3; is a closed subanalytic proper convex cone of 6y U {0}, 6; = {x € X;{(x,&) > 0}
and U is an open subanalytic neighborhood of q in X.
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Proof. By Theorem 272 we have
H/(uhomy(Chy,, . .., Cag,s F))p

l
lim  HI() Ujs R (Rpuiy (85 Ry (Cotynvnsatarvsc-xmtenv))s F),
Ur,...Upy J=1

1

where ¥ = ¥ + -+ + ¥, € X¢, each ¥ is a closed conic subanalytic proper convex subset of
Yk U {0},

= (x(l),--- ,x(‘;)) e x¢ .
Yk { XD = 0, (o.w)

(XD, &) < 0,(j = k), }

and each U ranges through the family of open subanalytic neighborhoods of ¢ in X.
Let ¥ be a cone as above. We may find open neighborhoods Uy, U,, ..., U, of g such that:

MiNU XM,NUpy X XMiNUp =M XMy X--- XM NUy X:--XUg+79).

In fact, for each j we may take an open neighborhood U ; of ¢ which is an intersection of ¥;-open
setin M; and {x € X;{(x — q,&;) > —€} (¢ > 0).
Thus since for such Uy, Us, . . ., Uy the direct and inverse image of ¢5 commute with (*)y, x..xv,+5

we have:

(65" Rp5. oty x|yt = (85 RpguCoatyseexett Nuye-xt- (1.12)
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Therefore by Lemma 24 we have,
HY(uhomy(Cyy,. ..., Cag,s F))p

4
> lim  HI( | Uj R (Ro-iy (85" Ry (Coti v xatnvxinnv,)s F))
Uy,...Ury j=1

4
~ lim  HI(( ) Ujs R (Rouiz (85 Ry Cortpxrtxmt Vv e)s F))
Uy,...,Ury j=1

€
= lim  HI( ) U R o (Rouiy Cotpatscxitpszonvexv)s F)
Uy,...Ury j=1
l
~ : J . —1
= h_r?] H Q Ui RA o (Ro(i5 C e gyt v, F)
Lseees Y J=

~1; J .
- 11_11)1 H(Ml +q1 ()71”))ﬁ(Mz+qz()72“))ﬂ"'ﬁ(M€+W(77/“))ﬂU(U’ F),
Uy

where gy, is k-th projection and U ranges through the family of open subanalytic neighborhoods
of g in X. The second isomorphism follows from (II2) and the third one follows from Lemma
4. The fourth isomorphism follows from the fact that My X My X --- X My +y = (M) +
q1(71Y)) X (My + ga(72)) X - - - X (M + ge(y¢*). The fifth one follows since iglCZ ~ Ci?(z) for a
locally closed subset Z. O

Example 1.2.6. Let X = C2 and y = {A X C2,C2 x A}. Consider closed subsets M; = v =
0,x; >0} =RyoxCand M, ={y, =0,x > 0} = CXRyo.
By Corollary 22 for any subanalytic sheaf F € D’(Cyx,,) and p = (¢;{1,4) € T*X xx

total space

T*X = T"C?* X2 T*C? = C?  xC?x C? with My C {z € X;Re(z — ¢, &) = O}k = 1,2),

base space  fiber space

Hj(/lhom)?(CMl ,Cumys F))p

= lim H o e U
—_ (Mi+6)N(Ma+82)NU
U,61,02

where each 0y, is a closed subanalytic proper convex cone of 6y U {0}, 6x = {z € C2;Re(z, Ly > 0}
and U ranges through the family of open subanalytic neighborhoods of g. Here ((z1, 22), (23, z4)) :=

2133 + 2224.
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Let p = ((1, 1); (V-1,0), (0, V-1)), we have

Hj(uhom)?(CMl,CMz; F)p
= h_r>n H;IXHHU(U; F)’

U

where U ranges through the family of open subanalytic neighborhoods of (1,1) and H := {x +
iy;y < 0}. If F = Rp.Ox then by [[IU, Theorem 2.2.2] or the useful criterion [I7, (2.9.14)] for
j # 2 we have

HY(thom(Cyt,, Cagys Rp Ox)),

= li_r)nH{ianU(U; Rp.Ox) = 0.
U

When p = ((1, 0); ( V-1, 0), (0, \/—_1)) we have

H(uhomA(Chy,, Cays F))p

~ T J
=lim Hg oy (U F),
LU

where G, = A+ Ryo C C and A runs through the family of closed conic subanalytic proper
convex subsets in C with its vertex being 0 such that A C {y; < 0} U{0} and U ranges through the
family of open subanalytic neighborhoods of (1,0). If F = Rp.Ox then by the useful criterion
[I2, (2.9.14)] for j # 2 we have

Hj(yhom;(CM] ,Cum,; Rp.Ox)), = 0.
Finally consider p = ((0,0); (V=1,0), (0, ¥=1)). We obtain

H’(uhomx(Cyy,, Cagys F))

~ i J
= lim H 6, nv(UF),
AU

where each G,, = A; + Ry € C and A; runs through the family of closed conic subanalytic
proper convex subsets in C with its vertex being 0 such that 4; C {yx < 0} U {0} and U ranges
through the family of open subanalytic neighborhoods of (0, 0). If F = Rp. O then by the useful
criterion [I7, (2.9.14)] for j # 2 we have

HJ(IUI’LOm)’(‘(CMI s CMz;Rp* ﬁX))p =0.
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Summing up computations above, Hz(,zifzom)7(CL“‘/\4l ,Cum,; Rp.Ox)), is isomorphic to

lim Hjp o, (U3 F) if p = ((1,1):(V=1,0), 0, V=1)),
lim | H iy (V. F) if p = ((1,0); (V=1,0), (0, V=1)),
i He i, awWF) i p = ((0,00:(V=T1,0).(0, V=)).

Here, U, ranges through the family of open subanalytic neighborhoods of (1,1) and H := {x +
iy;y £0}. Gy = 1+ Ryp € C and A runs through the family of closed conic subanalytic proper
convex subsets in C with its vertex being 0 such that 4 C {y; < 0} U {0} and V ranges through
the family of open subanalytic neighborhoods of (1,0). Each G,, = Ax + Ry¢ C C and A; runs
through the family of closed conic subanalytic proper convex subsets in C with its vertex being 0
such that A; C {yx < 0}U{0} and W ranges through the family of open subanalytic neighborhoods
of (0,0). If j # 2, Hj(yhom;(CMl,CMz;Rp*ﬁx))p =~ (0.

1.3 Multi-microlocal Sato triangle

In this section we construct multi-microlocal Sato’s triangle. Suppose y = {M1, M>,
..., M,} satisfies the conditions H1, H2 and H3.

Proposition 1.3.1. Let i : M — X be the canonical embedding and nt : S} — M be the
canonical projection where M = ﬂj).: M. For F € D’(ky,,)

(Pl = Rty (F) = RTy(F)ly = i'F.

Proof. 1t is enough to prove the second isomorphism. By Theorem TR, for H = v;*(F) we
have
T!RT!!H ~ Rpl*p!zHASX.

By the base change formula([20], Proposition 2.2.9]) on the Cartesian square:

Sexu St — 8%

n| I

Sy —=— M
we have Rpy.p,H ¢ ~ v'Rrr,H"¢. Thus

' RryH ~ t'Rr H™x .
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Applying i* both sides:
RtyH ~ Ru, H S«

Since RT;!V)S(“(F) =~ RI'y(F) by [B, Proposition 2.6], we get

RTy(F) = R (F).

Next we extend the result in [2R, Corollary A.2] to subanalytic sheaf theory.

Proposition 1.3.2. Let 7 : E — Z be a vector bundle and E* be its dual. Set P = {(x,y) € E Xz E*;{x,y) > 0}.

For a conic object G € Dfl’§+ (kg,,), there is a natural isomorphism
T_IRT*G ® Wgjz = Rp”gpglGA
and a commutative diagram

G <—— Rpi(p,'GMp @ weyz

I 1

T 'R1.G 4—— Rp11p,' G @ wgyz,

where every horizontal arrow is an isomorphism.

Proof. We have a commutative diagram

G ¢——— Rpi(pyG")p $——— Rp1up,G"

| 1 }

T 1R1.G <~ T_IRT*Rply!(p!ZGA)p VAL T_IRT*Rp“!p!ZGA,

where each horizontal arrow of the left square is an isomorphism by [22, Theorem 3.2.6]. To

show a is an isomorphism, it is enough to prove
Rt.RpinH — Rt.RpinHp

is an isomorphism for a conic object H € va (kExyE*,,) on E Xy E*g,. We make the use of the
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following Cartesian diagram:

Exs E* —~ 3 7ZxE* <’y Ex, E* 2y g

ml p’ll mi
- > E.

E > Z

We have the commutative diagram,

Rt.RpywHp —— i"'RpinHp ——» Rp},,i"'Hp

[ I I

Rt.RpinH —— i"'RpynH —— Rp) i’ 'H,

where horizontal isomorphisms follows from Rrt, =~ i~' ([22, Lemma 3.1.5 ]) and the base

change formula ([20, Proposition 2.2.8]). Since
i"(Zxz; E")CP

third vertical arrow is an isomorphism. Thus « is an isomorphism. We shall prove S is an
isomorphism. Since py = p; o i’ o 7’ and by the base change formula([20, Proposition 2.2.9]),

we have

/—ll-/—l

Rp11p;'G" ® wgjz ~Rpint p>'G" ® wgyz

=t Vi Rp11py ' G @ w2
ZT_]RT*Rplup!ZGA.

Proposition 1.3.3. Let G be a multi-conic object on E’,. We have
Ge = Rp}ypy™'G ® wejz = Rpin(pyG)p.

(For the notation see Subsection [CT2.)
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Proof. By induction assume ¢ = 2. We have the following diagram:

’”

Py

E& 2 E XP, — Ey X E.
VA 172'2 Z
Then by Proposition T2 we have

GV1Y2 ~ RPQ 1'|(P512RP1 1n(P1_12G)P1)P2 ® ez
= Rpy P, 1RP1 P2 'Gowry

7—1

= Rpy 1WRPY 11P2a2 P12 'Gowgy
= Rp}\py'G ® wgyz.

Assume £ > 2. Set £’ .= X E;, E”" := X E’, Pgp := X P;. We have the following
Z2<i<t Z2<i<t ! Z2<i<t

commutative diagram:

’’
P

TNy

p P22 5 p XE" —% E*
1,2
ﬂ \Lp;il

E % E{ X Pgr T} Eq X E’*.
z Py z
By induction hypothesis, we have
(GD)r = Rp\py ' GO w2

Therefore, the induction proceeds. |

We need to extend the result [22, Proposition 3.2.9]:

Lemma 1.3.4. Let E1, E; be vector bundles over Z, a biconic object F €
Df{vxw(kgllegzm) onE| Xz Eygqand p : E; Xz Ey — E| then Rp) F € Df{*'(kElsa)’ Here the first
R*-action on E| Xz E is either ((z;£1,6).11) © (T 11é1,1€2) or (z:€1,62),11) = (31€1,€2)
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and the second one is ((z;€1,£2), 1) = (2; €1, h€2). Moreover,
(RpnF)"t ~ Rp) F 1,

where p’ : EY Xz E; — EJ.

Proof. The natural embedding i : Ey — E; Xz E; is a conic morphism with respect to the
first action on E; Xz E>. By [22, Proposition 2.5.13] we get iI'F € Dfé+(k515a). Since F' is a
conic object on E| Xz Ej, with respect to the second action, by [22, Lemma 3.1.5] we obtain
i'F ~ Rpy F. Therefore RpyF € D%, (kg,,). Consider the diagram below where the squares are
Cartesian:

EjxE — E;

T e N

p
P/>Z<E2 > P« ,>E1><E;k

J V4
’ q1
ql\L O J/ A

E; >Z<E2 L5 E,

here P’ := {(n,¢) € E; >Z<ET, (n,&) < 0}. Notice that nguql_lG ~ G"£1 for a conic object G on
E,,. In fact,

Rp2(p7'G)p = RpanRjnj ' pi'G
= Rqngq;'G.

Therefore:

(RpyF)"' = Rqongy'RpuF
~ Rg1Rpngy'F
= RP;!R‘IQ!!%_IF
~ Rpgl(FAEl).

Proposition 1.3.5. Let F be a multi-conic object on E,. We have a natural isomorphism

7 'RT.F ~ Rpmp!zFAE
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and the natural morphism t™'Rt,F — F is embedded to the following distinguished triangle:

Rpin(pyF"E)p- — T 'R, F —— F =y

(For the notation see Subsection [CT2.)

Proof. 1f £ = 1, the result follows by the Proposition T37. Assume ¢ > 1, and E’ := Xé’ i Ei,

E”™ = ><§,i=2 E?, and P}, := Xé,izz P!. Moreover, let Ag/(resp. V},) be the composition of
Ai(resp. V) fori = 2,...,¢. Consider the following diagram:

P2
* PE'2 * *
EXE ® E
VA VA P12
P1
/ Pl,ll | \Lpl,l
E—— E;XE' XE™ —— E{ XE".
PE’.1 7 7 PE’ 2 Z

By the commutative diagram

E L) E
TE,\L D \LTE,
Ef —— Z

and [0, Proposition 2.4.8] and the dual base change formula we have

TIIRTl*TE,lRTE/*F = TI_ITE,]RTl*RTE/*F

~ 1 'Rt,F. (1.13)

Hence, by Proposition 372 and induction hypothesis, we obtain the following commutative
diagram:

F L ~ F/\E’VE’*
AN

é F/\E’V*E//\lvl*
AN

TE}RTE’*F <

! A
5 Rperiupp, ,(F°F)
A N
—1 -1 ~ -1 ! A
Tl RT]*TE/RTE’*F < B> Tl RTI*RPE',”!pE/’z(F E/)
AN N
o~ ~|y
-1 ~
T 'Rt.F 4
* Y 53

Rp1inp; o (Rpe anpg, ,(FME )M,
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The isomorphism @ comes from (C13). B is an isomorphism by induction hypothesis. 5> is
the isomorphism Tl_lRTl*(B1). v follows from Proposition I372. B3 is a composition of isomor-
phisms.

By Lemma 36 below for a multi-conic object H on E| Xz E’;, we have H VeVt > BV Ve

Therefore, we have
Vi AL ~ VE ViNidXa ®—1
H' 2™~ (H"e") QW ;
~ V1VE, Nidxa ®—1
~(H" e )™ ® Wg 1z

~ HAIVTE’

Thus, we get the following chain of isomorphisms by Proposition 373 and [8, Proposition 2.2].
FAE,v*E,mv]* ~ F/\E//\lv*E,v]*

= Rp\,py ' F* @ wpyz.
Lastly by Lemma 374 and [22, Proposition 3.2.9] we have

Rpiinpih ((RPE',U!PE},Z(FAE' ))Al )

~ Rp1.1npi AR 11 P H(F™F) (1.14)
=~ RpiuRper 1P P h(F) (1.15)
~ Rp1inRpe 1npy (F'E)

~ Rpiup, (F"F),

where morphisms on (ILTd) are p7, , : E' Xz E* — E* and p7, | : E{ Xz E' Xz E”™" — E] Xz E’.
On (C13) we used the base change formula([20, Proposition 2.2.9]) on the Cartesian square as
shown below.

pl

PE’, 1\L \LP,E, 1

E\XE{XE —— E]XE’
z 1z P12 z

By the above isomorphisms,

26



IRt F s F
RP1,1!!Pll,z(RPE',l!!Pis/,zFAE')A‘ — FhEVeh

Rp1u(ph(F"E))p- ———— RpinpyFe ————— Rp/, py " (F ) @ wgz Rt

| | L

Rp1(py(F"E))p- ———— RpinpyF"* ——————— Rpiu(pyF"H)p —s

O

Lemma 1.3.6. Let E| and E"™ be as in the proof of Proposition 33. For a multi-conic object
H on E| Xz E;;, we have HeY' = Ve,

Proof. Consider the following commutative diagram:

Py

’ p
P, X Py, —2% P, x E"* — E; X E"
VA VA z

p’l / /
Pia Pia

E}XE' ¢ E; X P, — ExE",
z z P, z

Pgry
where the square is Cartesian. Then we have

’!

% ' | ’!
H'e"" = Rplp, 1. P oRPY 5.0\ H =Rplp  RD 5.5 20T 1 H
sz'l*p'Z!H.

For the same reason, we obtain H"'Ve ~ Rp, p’z!H . O

Proposition 1.3.7. Let F € D’(kx,,). Let i and M be as in Proposition T31. Then:
Rty (F) = RTy ey (F)) = i™' F ® wpyx.
Proof. Set H := v(F) and E := S, then by Proposition '35 we have

T_IRT*H® WEM = Rply!pngAE.
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By the base change formula([20, Proposition 1.4.6]) on the Cartesian square,

Exy EX —25 E*

n| ln

E——">M

we have
'\ RayHME = Rpyyp, ' HE.

Thus

T_IRT(”HAE =~ T_]RT*H(X) WE/M-

We apply i~! to get
Rﬂ'!gHAE ~Rr.H® wM/X-

Since Rt.H ~ F|y; ([8, Proposition 2.6]) we have,

Ry (F)'E = Fly ® wuyx.

Corollary 1.3.8 (multi-microlocal Sato’s triangle). We get the distinguished triangle:

Fly ® opx — RUy(F)ly —— Riil(F) —

where 7t is the restriction of w: S\, —> M 1o Sy \ M.

Proof. We finish the proof by applying the above results(Proposition 31, Proposition 377) to

the distinguished triangle:

Ryl (F) —— Rayi(F) —— Ril(F) —1 |

Now we construct Sato’s triangle for multi-microlocal Hom functors. We replace X and y

with an ambient space X and the universal family §.

Convention 1.3.9. Sinceif weleti: T*X Xx -+ Xx T*X — § ; be a canonical embedding we

get by [6, Lemma 2.18],

Ri,i ' phom®(Gy, ..., G F) = phom(Gy, ..., G F),
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,uhom);(i“(Gl, ...,Gyp; F) may be seen as an object on 7*X Xy - - - Xx T*X. We take this convention
throughout this paper.

Proposition 1.3.10. Letn : T*XXxx- - -XxT*X — X be a canonical projection and Gy, ...,G¢, F €
Ob(D’(kx,,)). Then
Rm,uhom%“(Gl, ety Gy F) 2RH#2072(Gy R - - - R Gy, Rip F)
~Ripe R# 022 (G1 ® - - ® Gy, F).

In particular,
¢ v
Homyy, +( ®1Gi, F) =~ HY(T*X xx - - xx T*X; phom¥ (Gy, ..., Ge; F)).
sa l':
Proof. We have the following chain of isomorphisms:

R R (g, (G ® - ® Go), g Rins F)
~8' R (g5 (G ® -+ B Gy), ¢ Rips F)
~RAm (65 (G1 ® - ® Gy), §' ¢\ RinsF)
~RHow (G ® -+~ B Gy, Rip. F)
~Rip. R#or(G1 ® -+ ® Gy, F),

where ¢ is a diagonal embedding X - (Xz)f, (x1,...,x0) — (x1,x1, X2, X2, ..., X¢, x¢). The first
isomorphism follows from Proposition I3711. The second isomorphism follows from Proposition
4. O

Proposition 1.3.11. Let Gy,...,G; € D5_(kx) and F € DP(ky,,). We obtain the following

isomorphisms:

nguhonﬁ)‘}“(Gl, Gy,...Gp, F) 2R (G R - - - R Gy, kyt) ® Rip F

ZRiA*(DIGl ® & D/G[ ®F),

where we set D'F := R#.s»(F, kx) for F € D"(kx,).
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Proof. We have the isomorphisms by Proposition 377

Rmyphom (G, Ga, ... Ge, F)
=5~ (RAom (p3'(G1 B -+ B Gp), p\Rin F)) @ wye

25_](R7fm(G1 K- R Gy, kye) R RipF) (1.16)
~R# (G R --- R Gy, kxé’) ® RipF
~Rin.(D'G1®---®D'G;® F). (1.17)

Here 6 : X! — (X*){isa diagonal embedding. The isomorphism (CIA) follows from [22,
Lemma 5.3.9]. (ICT) follows from [, Proposition 3.4.4] and the projection formula. |

Corollary 1.3.12. For G{,G>,...,G¢ € D% (kx) and F € DP(ky,,), we have the following
distinguished triangle:

l 4
8 D'Gi®F — RAwn(®Gi. F) — Riphom¥(Gi..... i F) Sed I
= 1=

where 7t is the restriction of 1 : T*X Xx -+ Xx T*X > XtoT*X Xx - - Xx T" X\ X.

Example 1.3.13. Let X = C? and ¥ = {A X C?,C? x A}. Consider closed subsets M; = {y; =
0,x1 20} =Ry9 X Cand My ={y; =0,x >0} = C X Ryo.
Since D/(CM]) =~ C{ylzo,x|>0}[—1], D/(CMz) =~ C{yzzo,x2>0}[—1] we obtain

(RA 2o (Coanyy Ro-O30)) 0y = (Ritspthoms(Ca,, Coryi Ro- O%))
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Chapter 2

Strong Regularity and Microsupport
Estimates for Multi-Microlocalizations
of Subanalytic Sheaves

2.0.1 Notations

We basically follow the notations of [I2], [RB] and [6]. Let X be a complex manifold, Xg
the underlying real analytic manifold and X the complex conjugate manifold. We set 0% =
R oo p 0y (01 O%, Dby, ), OY := R o py 001 O, C;éw). Here Db is a subanalytic sheaf of
temperate distributions on X and C;;W is a subanalytic sheaf of Whitney C*-functions.

Let C denote a small abelian category. [[I5] defined the functor J : Db(Ind(C)) — (DP(C)"
by setting for F € D’(Ind(C)) and G € D’(C)

J(F)(G) = Home(Ind(C))(G, F)

We use the category of compact support constructible sheaves Mody, (kx) as C in this paper.

2.1 Strongly regular subanalytic sheaves

In this section, we develop the notion of strong regularities of subanalytic sheaves.

Definition 2.1.1 (strongly regular subanalytic sheaves). Let V and Q be subsets in 7*X. We say
FeDb (kx,,) is strongly regular along V on Q at x € X if there exist F’ € Db (kx,,) isomorphic to
F in aneighborhood of x, a small and filtrant category / and a functor / — Dl[élf] (kx),i— F;such
that J(F") =~ li_n}l_ ”J(Rp.F;) and SS(F;) N Q c V. If for any x € X there exists a neighborhood
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U of xsuch that F € Db(kxm) is strongly regular along V at x € X on 7\ (U) we say F € Db(kxm)
is strongly regular along V.

1
Proposition 2.1.2. Let F L G5 H S bea distinguished triangle in D?(ky,,). Suppose there
exists a distinguished triangle of functors from a small filtrant inductive category I to Dg_’f](kx),
F— F;,G~ G;and H — H;,

+1
> H; >

Fi — G;

such that J(F) ~ “lim "J(F;), f =~ “lim " f;, J(G) =~ “lim_"J(G;) and g ~ “lim_"g;. Assume
—>1 —>1 —>1 —>1

moreover SS(F;) € V and SS(G;) C V and the correspondence is functorial with respect to

morphisms of triangles, that is for any i — j, j — k and j — k the following associated diagram

1s commutative:
fi gi +1

F; > Gi > H; >
N
Fy fk>Gk fk)Hk +1>'

Then H is strongly regular along V.

Proof. By the triangular inequality, we have SS(H;) C V. Then it remains to prove J(H) =~
« li_n}_e[ ”J(H;). By [], Lemma 2.3.1], this is equivalent to prove
1

Hk(H) ~ “li_I)Il”Hk(H,'),

i€l

for any k. Consider the following long exact sequences:

o ——— HY(F) ————— HYG) ———— H*(H) —— -
] T
. — “lim "HY(F;)) —— “lim "HYG;) — “lim "H¥H;)) —— ---.
—1 —1 —1
By five lemma for each k the dotted arrow is an isomorphism. |

By the following theorem, we understand the solutions to regular -modules are naturally
strongly regular, while Martins [19] proved the regularity in the sense of [I4] in the case of

temperate holomorphic functions. Let X be a complex manifold and let M be a coherent Dx-

32



module. We set for short:
Sol'(M) := R o272 p, 0y (01 M, ﬁ)t(),

SOIW(M) = R%pwxzp!z)x(ng, ﬁ)v(v)

Theorem 2.1.3. If M is a coherent Dx-module regular along an involutive vector subbundle V
of T*X in the sense of Kashiwara-Oshima [I1], then Sol” (M) and Sol'(M) are strongly regular
along V.

Proof. We may assume X = ZXx Y, for some complex manifolds Z and Y, that f is the projection
X — Y and that V = X Xy T*Y. By [I, Lemma 3.6] we may assume M = Dx_,y. Let us prove
first for the case of Whitney holomorphic functions. By [22, Corollary A.4.8], we have

f_lﬁw = R%ﬁo//‘)zp!@x(pyz)qu, ﬁ;}/)

There exists a small filtrant inductive system {F}ic; € C[“’b](Modf{_c(ky)) so that F := ﬁ;,” 18
quasi-isomorphic to Q“li_r)n,”F ;. Then by [I4, Theorem 3.1] and [[I"J, Proposition 2.3.2] we
L
obtain J(f‘lF) ~ “li_r)n. ”J(f‘lFi) and one has
1

SS(f7'F;) c X xy T*Y, foralli € I.

It follows that f~!F is strongly regular along V.
Next we prove the case of Sol’(MM), the proof is similar. In fact, we may use [22, Corollary
A.3.7] in this case. We have

[0y = R vy (01 Dy oy, OF).

And the assertion follows. O

2.2 An estimate of supports and microsupports of multi-microlocalizations

for strongly regular subanalytic regular sheaves

In this section, we study an estimation of supports of multi-microlocalizations and its application
to D-modules. Let y be a family of submanifolds {M, ..., M} of a manifold X which satisfies
the conditions H1, H2 and H3 of [g].
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2.2.1 An estimate of supports

Theorem 2.2.1. Let V be a subset in T*X. Assume F € DP(ky,,) is strongly regular along V.
Then

I F)e, s — 1 (F).
supp(p™ ' F) € (V)N S ;.

Proof. Set Z := Cy+(V) N S}. By the strong regularity, there exist F’ isomorphic to F in a
neighborhood U of x, a small and filtrant category / and a functor I — D][g_’f](kx),i — F; such
that J(F’) ~ “li_n)l_”J(Rp*Fi) and SS(F;) N Q c V. By [I4, Theorem 3.3],

4

1

TG (Fz) = “lim ™ (Ro-p (F) @ kz)

1

lim " (Rp.y (F)

1

1

QL (F")),

The second isomorphism follows from [8, Theorem 3.6]. By [15, Corollary 15.4.4], J is con-
servative. Thus p*(F")z =~ py*(F’). Therefore for any x € X, there is a neighborhood U so
that

My (F)cvins; = wy' (F)
on 7~ }(U).

Let p ¢ C»(V) N'S,. By the strong regularity along V, there exist a small filtrant system
{F;} in C1*P)(Mod,  (kx)) with SS(F;) C V such that F is quasi-isomorphic to li_n)ll_ p.F;on a
neighborhood W of m(p). And also we find a multi-conic open neighborhood U along y of p
such that C(«(V)NU =0 and U C a~Y(W). We have:

i (Fyw) = 1im p H 1 Fiy,

1

for any k € Z. Then uj(“(F)ly = 0 since supp(u, F;) € Cy«(SS(F;)) N S; by [K, Theorem 3.6] and
C+(SS(Fp)) C Cy+(V). O

Proposition 2.2.2. Let Gy,...,G; € D%_C(kx), F € Db(kxm). Assume F is strongly regu-
lar along V. Set Z := Cp(SS(G)* X -+ X SS(Gp)* X iar' i (V) N St here iad i N(V) =

{(x1,. s xn3 &1, .. x1 = = xp, &1 + -+ + &, € V}in local coordinates. Then we have

,uhom;“(Gl, oG Pz = ,uhom;“(Gl, ...,.Gp F).
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Proof. By [I4, Theorem 3.3] and [I2, Proposition 5.4.1, Proposition 5.4.2, Proposition 5.4.4],
R%”am(pgl(Gl R--- R Gg),p’lRiA*F)) is strongly regular along SS(G1)* X --- X SS(G,)* X
ing i’A‘1 (V). Thus by Theorem 21 the result follows. |

Lemma 2.2.3. Let A be a subset in T*X. We have:
Cp(ANS; cA'NS:.

Here for a subset D in T*X we define (x©,0,...,0;0,&0, ..., &0y e D" if and only if there exist
sequences {(t1 n,-..,ten)) C (R*)‘) and {(xﬁf”, e, xif); §(0>, e, f(‘)))} C D such that (tjo’nxﬁ,o), tjf’kf(l), e, tfg,kfl(f)) -
(]C(O),f(l),f(z), ce ’é‘([)) and tj,n — 400, _] =1,...,C

Proof. By [B, Lemma 1.4], (x(O), .. .,x([);f(o), ... ,f(‘))) € C+(A) if and only if there exist se-
quences
(O, D e ca

and (f14, . .., tnx) € (RM)¢ such that

0 0). 0 (3 0 0). #(0 14
(i s s Lk s s tiesde ) = (0 X060, g0) 2.1
and t1,...,t, — oo. This gives the result. O

Corollary 2.2.4. Let Gy,...,Gy € D%_C(kx), F € D’(kx,,). Assume F is strongly regular along
V. Suppose that SS(G1) X - -+ X SS(G¢) N iA,,ti’A_l(V) CTyX X xXTyX. Then

D'G1® - ®D'G;®F — R (G ® - ®Gy, F).
Proof. By Lemma 223, by the assumption we have:

Cp(SS(G1)* X -+ X SS(Go)* X ing'1} (V) N S

C SS(GD) XX SSGP) Nindiy (V) NS}
)

Finally use the distinguished triangle in [23, Corollary 3.12] and Proposition ZZ272. m|

Corollary 2.2.5. Assume F € DP(ky,,) is strongly regular along V. Let U and U’ be open
multi-conic subsets in S, with convex fibers, U C U’. If C,~(V) N U C U, then

RU(U’; vy (F)) = RU(U; v, (F))
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is an isomorphism.

Proof. Sety := U,y := U'*“. By the following commutative diagram

RE(U"; v (F)) <—— RUy(S 33 iy (F) ® copgyx[d])

lﬁ la 2.2)

RU(U; vy (F)) <—— RIy(S s i (F) @ ceyyx[d])

with horizontal isomorphisms by [22, Remark 3.2.7, Proposition 3.2.8] and [8, Proposition 2.2],
where « and 8 are morphisms induced by restrictions. Therefore by Proposition IZ2Z1l, « is an

isomorphism. |

2.2.2 Microsupport estimate of multi-microlocalization

By making use of the techniques developed in [I4], we may obtain the microsupport estimate
of multi-microlocalization. Recall [T4, Definition 4.4]: let A;,i € I be a family of closed conic
subsets of 7*X, indexed by the objects of a small and filtrant category I. p € T*X does not
belong to lim; A; if there exists an open neighborhood U of p and a cofinal subset J of I such
that A;N U = 0 forevery j € J.

Theorem 2.2.6. Let F € D(kx_) be strongly regular along V. We have:
SS(uy'(F)) € Cy+(V).

In particular,
SS(o™ 3 (F)) € Cye (V).

Proof. Since F is strongly regular along V, for any x € X, we find F’ isomorphic to F in a
neighborhood U of x so that we have J(F’) ~ “h_r)n.”J(Rp*Fi) with SS(F)) N7~ '(U) c V. By
l

[T4, Theorem 3.3] we have

Sy (F7)) = “1im "I (Rp.py (F7).

1

By [4, (4.1)] and [8, Theorem 3.6.] on 7~ 'U we have

SS(F’) c LimSS(u,(Fy)
C 1imCy (SS(F})) C Cye(V).

By [II9, Proposition 3.13 (ii)], the second assertion follows. |
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Corollary 2.2.7. Let F € D? (kx,,) be strongly regular along V. We have:
SS(uyy (F)) € Crz x(V).

Theorem 2.2.8. Let W be a subset of T*Y. Let f : Y — X be a morphism of analytic manifolds.
Assume F € Db(kxm) is strongly regular along V in T*X. If f is non-characteristic for V.on W
then

p ' f'Fewyx - p ' f'F
is an isomorphism on W.

Proof. 1dentify Y with the graph of f in X X Y and denote by ¢ the projection Ty(X X ¥) — Y.
Then by [22, Theorem 5.1.2] we get:

{f_lF ® wy/x = Rgnuy(F B wy), 23)
f'F = Rq.py(F ® wy).
We have the following distinguished triangle:
P fIF @ wyx — p7' f'F —— RgupT i (F) —— .
And by the assumption we have:
4x'q' " (Cr;x(V) N W = 0.
Therefore the result follows from Corollary 22277 and [, Proposition 5.5.4]. O

Corollary 2.2.9. Let Gy,...,Gy € DI%_C(X). Assume F € Db (kx,,) is strongly regular along V.
Then:
SS(uhomy(Gy,...,Ge; F)) € Cp(SS(Gr B -+ - ® Gp)* X iAﬂ’i’A_l(V)).

Moreover,
¢ ¢
.®1D’G,’ ®@p 'F—p! wm(@lc;,-, F)
= 1=

is an isomorphism on T*X \ Rﬁ,,’ﬁ’_]C)g*(SS(Gl K- &®Gp)?* X iA,,’i’A_1 M)).

Proof. Consider the distinguished triangle

4 4
8D'Gi®p ' F — p” RAen(8G.F) — H s
= 1=
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where H := Ri,.uhomy(Gy,...,G¢ F).

2.3 Multi-microlocalizations and inverse images

In this section, our goal is division theorems for regular 9-modules. For this purpose we study a

theorem of multi-microlocalizations and inverse images which is a generalization of [, Theo-

rem 6.7.1] in the context of the theory of multi-microlocalizations. Let f : ¥ — X be a morphism

of manifolds, let Y™ = (M, ..., M} and " = {Ny,..., N¢} be two families of closed submani-
folds of X and Y respectively which satisfy H1, H2 and H3 with f(N;) c M;, j=1,...,{. By [f,
Proposition 2.5] for F € D?(ky,,) there exists a commutative diagram of canonical morphisms:

R'f! (wnm ® fX_”luxMF) — u(wyx ® fF)

e l-

R f o finbt a4 1 W (f'F).

(2.4)

Let us consider y = {Mj,..., M/} is of normal crossing type. M := (e, Mi (N := (\y,ey Ni)-

Letr: S; - TzDX be an identification in an obvious manner:

T S; > T;‘/[X
w w
(x,€1), (6, 82), ..., (X, &) > (%, &1, &0).
We get the following diagram if y and yV are of normal crossing type:

% If, * f” *
Sty X Nxy St s St

I | I
Ty <N Ny Trx s ey
N Xm Ly, s

2.3.1 Classical sheaf case

We first study multi-microlocalizations and inverse images in the case of classical sheaves.

Lemma 2.3.1. Let V be a closed conic subset of 7*X. If

VnTy,X =0,
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then
Cpr-(V)N STy = 0.

Proof. Assume that there exists a point
(xO, &M 0y e S';M N Cym(V).
Then there exist sequences
G 0 IR <

(e, M, c @YY,

such that:

lim ¢ = oo, G=1,...

n—oo

nh_,nolo (X;O),X;I)C;Jl)’. glt’)cng) f(O) (1) (J1) ) (1‘5) (Jc))

=(x©,0,...,0;0,&D, ... £0),
where
[ )
Cp 1= cf,f), Ji=A{L,..., 00\ Jj, cff) l_[cﬁl]) for any J C {1,...
j=1 jeJ

In particular, we have
lim (x“), o xD 00y = (0,...,0,0).

Since (f(l), ... ,f([)) # 0, we may assume that

=1&.6, . 801> 0.
We consider the sequence
0 . 0. ~1,£0) 41 0\ 00
(@) @080 EDN V.
By extracting a subsequence, we may assume that there exists ¢y # 0 such that

lim 1,'@&”.&".....67) = .
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Choose 1 < k < £ with
lim £1cY = ¢ 2 0.
n—oo

Since lim,,_; c,(f) = oo, we have

(0) (0)

. n n Cn
i w = o oo
noeo g n—eo ,(1)0,(1 k)C; )

Therefore, we see that {y = (0, {(1), 5(2), cee ((f)) # 0. Hence

. 0 1 ), — 0 1 4 .
lim (2, 6D, X0 a1 @@ D ED) = ((©9,0,...,0:0) € THX NV,

n—oo

which contradicts the non-characteristic condition. O

Theorem 2.3.2. Let any family of submanifolds be of normal crossing type. Let F € D’(X) and

V be an open subset of Ty Y. Assume:

(i) f is non-characteristic for F on 'V,

(ii) S;N N CXN*(ffo(SS(F))) Na='(V) =0,
(iii) fnx : tfl(,_l(V) — T},X is non-characteristic for CT;IX(SS(F)),
(iv) fer: ’jf\;_](n_l(V)) - S;M is non-characteristic for C\u-(SS(F)),
W) ') 0 £ HSS(F) C Y xx Ty X,
(vi) ' f} is proper on ' {7 (a7 (V) 0 £ (Com- (SS(F)) NS

Then
R\ (wnm ® f;;}/“lXM(F))In’l(V) = pn(wyx ® N |

and
oy (F F)lercvy = Ry Fnktooit (Bl v

are isomorphisms.

Proof. 1t is enough to prove in the case that f is a closed embedding. By [K, Theorem 3.6], [172,
Corollary 6.4.4] and the assumption (iv), wy/m ® f)(_nlllXMF - f)émuXMF is an isomorphism on
’]3;‘1 (7~1(V)). By the assumption (vi), ’f); is proper on l]}‘l T '(V)n supp(fX‘ﬂ]uXM F). Thus the
vertical arrow S in (Z4) is an isomorphism on 7~ (V). By the assumption (ii), the vertical arrow
@ in (Z4) is an isomorphism on 7~ !(V). In fact there is a following distinguished triangle:

wyx® ['F — f'F — G s,
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where G := Rq.uyF and q is the projection Ty(X X ¥) — Y. Applying u,~ we obtain the
following distinguished triangle:

e @y ® [ F) — ps(f'F) — i (G) — .

Then by [B, Theorem 3.6], [12, Proposition 5.5.4] and the assumption (ii), supp(u,~(G)) N
(V) c Seyn Cov(gr'q ' Cryx(SS(F) N (V) = Sy N Cre( FSSF)) Nl (V) = 0.

Therefore, it suffices to prove one of the horizontal arrows in (Z-4). Consider following chain

of isomorphisms:
Tof 'vu(F) = T, f 'sy'Rlqp 'F
~ sy 7 IRCqp ' F
~ sy P Rjx. Py F
and

sy Rjv.f ' py'F

sy (F'Rjx.py' F ® w?;/;).

v (fF)

R

R

Consider a distinguished triangle:
wyx ® P Rjxpy' F — F'Rjxpy' F — H —5

Then H is supported in §,~. And it is enough to prove ~tvyn SS((s;lH)A) = (. Recall the
identification [R, Theorem 3.3]. Thus by the identification (i.e., We perform the proof in the
space T*S ,v.), it is enough to prove a (V) N SS(H) = 0. By [12, Corollary 6.4.4] it suffices to

show:

Claim 2.3.3. for any ¢ € 7~ 1(V), there exists q €S,y Xy T*Y such that qo = ts;(q) e V),
and f is non-characteristic for Ry ﬁ;(lF atgq.

We choose local coordinates systems (x) = @O, xD L xOyon X, (y) = @,y yO)
on Y such that My = {x' = 0(i € I)}, Ny = {y' = 0(i € I})}. We denote by

(X(O)a x(l)a sy x([), tly L] t€9§(0)7€(1)9 LIRS aé‘(é})’ Tl’ LR ’Tf)9
the coordinates on X, by

(V(O),y(l), oo 7y(€)7t17 e 7t€; 77(0), 77(1), v 777([)7 Tlyeee an)a
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the coordinates on Y. We write:

fO) = (g0, 1), ...

Ot t0) = @O tis ..o 1), 1O 11
Hence:
tjkgk(y(o),y(l), o ’y(f), t,
go(y(o),y(l), . ,y(f),tl, ey
Note that:

GO, D Oy @ D

8oyo 1) - &0 + g1yo(,1)- 1D ...
go,y(l)(y’ t) . é‘:(o) + gl,y(l)(y’ [) . g(l) + ...

B0y 0 0) - €D + 3 0,1 €D+

We set q = (yo,0,0,0,0;O,T]l,...,775,‘('1,...

’t€)9g~€(y’tl’---,

0
Sl) = gk(y( ), lJ]y(l), Sty

tf) = gO(y(O), tfly(l)’ ey tj,y

,T0), X0 = £0(y0,0,0), qo

,8e(¥)),

(f))

(6’)).

+ &0, 1) - 10
+ 80, 10) - 9

+ Zy0 (1) - €0

te), 1, ..., t).

= (Vo;”mis---

(2.6)

M) €

n (V). Let us assume f” is characteristic for R jx.py'F at g. Applying [I7, Proposition 6.2.4

(i) (b)] (A = T;f/ , B =SS(Rjxx 13;(1 F)) we find sequences:

&) 2

(O W B € F
and
(GO0 0 D D O D) ¢ SSRjx iy F),
such that:
O 0B 5 60, 0,00,
GO X0 5D (x,0,0),

4

k=0

4
4 ~ 0 1
b3 B 000,
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1 ~ 0) . ¢
Tn+ng,,](y,(1),yﬁl),...,y§l), e

VOB

k
- &0 51,

k
ity &9 51,

Q@.7)

(2.8)



t
~ 0 1 ) 2 k
ng,yo(ygl)’ygl)""’yﬁl)’tn"“’ n) é:()

~ 0 1 0 2l k
gk,yl(y;)7y§z)9""y£l)’ fysenos n) é:( ) 2 — 11,

k=0 2.9)

4
~ 0 1 ¢ k
E gk,y[ 51)’y£1)""’y§l)’tn""’ n) f()_”%
0

0 4 n
ED e 1 €D e e 7D oo, (2.10)

0 1 t 0 1 ) 4 k
O s s X st ) = FOR s B L (Z|§”|+Z|r )= 0.(2.11)

By (I®), (Z10) we obtain:
EO €D+ 41601 D o, (2.12)

In fact, assume by contradiction that |§f,0)|+|§,(11)|+ +|§([) | is bounded. By (ZZ10), |T}1|+' . -+|Tﬁ| —
+00. We may assume |Tﬁ| — +oo for some 1 < k < £. Since |§fzo)| + |§,(11)| + 4 |§ff)| is bounded,
|T’,§| — +oo contradicts to (ZX).

Moreover (ZZTT) implies in particular:

it = 201 (€] + 167 + -+ D + b+ -+ [Tl S 0. (2.13)
Then by Lemma 7374 below, we may assume t,]; > 0 and
@ =tnxn s =t 0 66 € SS(F)

(keep in mind of the identification [8, Theorem 3.3]), where 7, = ]‘[i: | Tk By (E8), (E9) and
(Z13) we have:

O, =ty =ty D) 0, D, L EDY D O, 0. (2.14)
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Since f is non-characteristic for F at m(gg) (hypothesis (1)), this implies:
16aQ) + 160 + -+ 1€L)) is bounded. (2.15)

Thus by (Z12) and (ZZ13), |§(O)| — o0, Since the sequence {(tnf(o), (1), .. f(g))} is bounded, we
may assume after extracting a subsequence so that 5(1) 5(1), ([) f(f), tnf(o) §(0)
Then by (714

02,0,0:¢.&",.... &N e V)N 7SS

By the hypothesis (v), we get f(o) = 0. Thus (tnf(o), f,l), .. f([)) — (0, f(l) ,555)). We may
assume that £ /|£\”] has a limit fz . We obtain a sequence

0 1 ¢ 0) (1 ¢
(D, =10, =1, 0,890,601, EDY)
in SS(F) such that:
O 1Y D (x0,0,. ., 0),

10,60, D) 50,61, ED),

0 1 4 n 0
e 1D, ) 5 () 0,...,0).

0
rn|§( )

Then (x0,0,...,0;&”,&",..., &) € Cr; x(SS(F)), and hypothesis (iii) implies g ,0(+°, 0, 0)-
&Y = 5,0(°,0,0)- £ # 0. By (Z9) we have (recall that [£)] = co):

: 0 (1 O
5 ¢
ng,yo OO YD O . ?0) — 0.
=0 [
L (D) 12) 0]
We get a contradiction, since |£,, |, |£,”] , ...and |£,”| are bounded. O
Lemma 2.3.4. Suppose there exists a sequence
0 ¢ 0 1 ¢
(xﬁ,),x,(,),.. x,g), Ly tn,f( ), (),...,ffl),’(',ll,...,Tﬁ)

in SS(R jx- ﬁ)‘(l F) which satisfies the conditions (ZZ8)—(P_T). Then we find sequences
{(X(O) x(l) x(f) (0) (1) f([))} c SS(F)
n stn s n »Sn > ..

and {(t},...,15)} ¢ (R*)! so that they satisfy the conditions (ZZ8)—(Z_IT). Also since SS(F) is
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conic, we have
ONN( 0. 0 1 t’

where 1, = H/i:l ten-

Proof. By [I2, Theorem 6.3.1] we have
SS(Rjay«Px F) € SS(py' F)*N*(Qx).

By [I2, Proposition 5.4.5] we have
NO! NG

SS(ﬁX]F) = {(xg, — PUREEEEE T;ll,tz,...,t,g;‘fo,tjlg(])’,,.,tjf{-‘(f);rl,Tz,...,T{);
Ji Je

t;>0,(xQ,xW X0, £0 D] H0) e SS(F)).

Here we do not explicitly calculate 7’s because we do not use them. By [I2, Remark 6.2.8] and
the fact that N*(Qyx) C {(x; #; 0; 1)}, for each n € N, we get sequences

0 1 14 0 1 £) \yoo
(s Kaims -+ X Epms Enims -« » Enm) ey € SS(F)

4
{(tl,n,ma t2,n,m, ey tt’,n,m)} - (R+)

such that
) o X mo. (0) (1) ()
n,m n,m
(xn,ma 9. tl,n,mv"~9t€,l’l,m) - (xn ,xn 9. xn 9tl ns t2n’---7tf,n)7
Jl ,n,m th,n,m

0 1 14 0 1 4
(é‘:}(’llyl’l’t‘llnm }gli?l’l"' tJ(nmg() (6( )’ () . f( ))

Then extracting a subsequence we find sequences
0 (1 0. [0) 1 ¢
{(xl(’t)rxf'l)a’ 5'1)76( )a 1(1)7 é‘:( ))}nzl CSS(F)a

and {(¢1,0, 025 - - -5 ten)} C (R*)! so that they satisfy desired conditions. Since SS(F) is conic, we
have
(2 g D)) C SS(R).

O

Remark 2.3.5. By [12, Remark 6.2.6], if we replace the condition (i) of Theorem 372 with the

following condition (1) then we do not need (ii).
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(1) f is non-characteristic for F.

2.3.2 Strongly regular subanalytic sheaf case

We study multi-microlocalizations and inverse images in the case of strongly regular subanalytic

sheaves.

Theorem 2.3.6. Let any family of submanifolds be of normal crossing type. Let F € Db(ky,,) be

a strongly regular along a closed conic subset W and V be an open subset of T\Y. Assume:
(i) f is non-characteristic for W,
(ii) fyz:' &_I(V) — T,,X is non-characteristic for CTLX(W),
(iii) fyr : th’_l(n_l(V)) - S;M is non-characteristic for C,u-(W),
(iv) "fUVY O £7NW) € Y xy T,
(v) t]gé is proper on ’f)é_l(n_l(V)) N f)(_,,1 (Cym:(W) N S;M).

Then
R\ (wnm ® ]}_ﬂl,u)(M (F)le1vy) = mypv(@yyx ® £ F)le1 v

and
o (F )iy = RS Sttt ()l vy

are isomorphisms.

Proof. We may assume f is a closed embedding. By Theorem 28, [I2, Corollary 6.4.4] and
the assumption (iii), wy/m ® f)(jrluXMF - f)éﬂuXMF is an isomorphism on tf;_l(ﬂ'_l(V)).

By the assumption (i), the vertical arrow « in (Z4) is an isomorphism. In fact, by the
assumption (1), f is non-characteristic for SS(F'). By [22, Proposition 5.3.8], wy;x® f LY QN f 'F
is an isomorphism. Applying y,~ we have an isomorphism v (wy/x ® fF) - MXN(f!F).

Thus it is enough to show the first morphism in the theorem is an isomorphism. In particular,

it is enough to show

Rf7 (N ® fi ey (F)laivy = oy (@yyx @ f 7 F)lgmiyy = gy, (F Pl

is an isomorphism. We have

1

T f 'sy'Rlo.py' F (2.16)
sy fRTq, py' F (2.17)

Txf_lv)ii(F)

1R
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and

1R

sy'RCq, py' f'F (2.18)
sy f'RTq, py'F. (2.19)

v (f'F)

R

Since there is a natural morphism wy,z ® f7'G — f"'G for G we obtain the following distin-

guished triangle:
w5, P T Ry py' F — p™' f'Rlqpy' F —— H —5 .

Then H is supported in S . And it is enough to prove 7~'(V) N SS((sy' H)") = 0. Thus by the
identification [R, Theorem 3.3], it is enough to prove 7Y (V)N SS(H) = 0. By Theorem D72 it

is enough to prove:

Claim 2.3.7. For any go € V which has g € S, Xy T*¥ such that go = 's’,(q) € V, we have fis
non-characteristic for SS(RI'q, p}l F)atgq.

Using Lemma 3R, the rest of the proof goes along the same lines in Theorem 2372 replac-
ing SS(F) with W. In fact, if we assume f’ is characteristic for SS(RT g, p;(1 F) at g, we get a
contradiction. O

Lemma 2.3.8. Let Qy be an open subset in X. F € D? (kx,,) be strongly regular along V. Then:
SS(RTq, py' F) C ' ps Py VAN*(Qx).

In particular,
SS(o'RTqypx' F) C 'pypxt VAN*(Qx).

Proof. By the strong regularity we have J(F) ~ “lim_"J(F;) and SS(F;) C V. By [I4, Theorem
—>1
3.3], J(RTq, py' F) =~ “lim "J(RTq,py' Fi) . By [I4, (4.1)] we have
—1

SS(RTq,px' F) < 1im SS(RTq,py' F)) (2.20)
1
= 1imSS(Rjx.py Fi) (2.21)
1
c limN*(Qx)+ SS(Fx' Fy) (2.22)
1
c N Q) pypxsV. (2.23)
Here (ZZ22) follows from [12, Theorem 6.3.1]. O
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2.4 Applications to D-modules

2.4.1 Solution of D-modules in complex domains with growth conditions.

Recall the following triangle in [23, Theorem 1.8]:

Theorem 2.4.1. Let F € D" (kx,,) be an object of the derived category of subanalytic sheaves.
We have the following distinguished triangle:

_ _ +1
VvIU(F) = 7 'RTy(F) ® coyx[n] = Rp1.RTpepy' 13 (F) ® cogyxn] — .

Here n = Codim M.

Corollary 2.4.2. Let F € D?(ky

sa

). Assume F is strongly regular along V. IfS; NCy(V) =0,

then
VI4(F) = 7' RTy(F) ® copgyx[n).
Proof. By Theorem 2241 and Theorem 22T, the result follows. O

Let y :={Y1,Y>,..., Y} satisfy the conditions H1, H2 and H3 of [7] and assume each Y; and
Y := () Y; are complex submanifolds of X. Let f : Y < X be the canonical embedding. Let M
be a coherent Dy-module. We define the inverse image of M by

L
DffM:=0y ® f'M.
f1ox

Assume that Y is non-characteristic for M; that is, TyX N CharM c T)*(X . Then, it is known
that D f* M is identified with Df* M := HDf* M, and D f* M is a coherent Dy-module.

Theorem 2.4.3. Assume that Y is non-characteristic for an involutive subbundle V in T*X and

M is regular coherent Dx-module along V. Then

R 2270 p 0y (UM VEHOR) = T Ry, (01 DM, )
= 7 YR o iy (UM, OF),

where A = w or t.

Proof. By the assumption, Y is non-characteristic for M. Recall SS(Sol'(M)) = Char(M) by
[21, Corollary 2.2.3]. By [22, Proposition 5.3.8]

T REy R o py oy (0oM, O3) ® 058 = 77 [ R ooy (0t M, O). (2.24)
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By [2T, Theorem 3.1.1] we have:
T YR o oy (UM, OF) = TV R o 0, (01 D M, ). (2.25)

Since Sol'(M) is strongly regular along V by Theorem I3, it is enough to check § YNC(V) =
0 by Corollary 472, By Lemma 2311, we have

S5 NCre(V) = 0.

Hence we obtain the desired result. O

Corollary 2.4.4. Assume that Y is non-characteristic for an involutive subbundle V in T*X and
M is regular coherent Dx-module along V. Then

R g (M, v (OF)) = T R orn (D M, O) (2.26)
= T fN R oo 0, (M, O), (2.27)

where 1 = w or t.

Remark 2.4.5. If y = {M} is a single submanifold then we do not need D-modules M to be reg-
ular to get the assertion of the Corollary thanks to [22, Proposition 5.3.4.]. If we take 4 = w and
X as anormal crossing divisor, Corollary Z474 asserts that the initial value problem for Majima’s
strongly asymptotically developable functions is uniquely solvable for a non-characteristic reg-
ular D-module M.

2.4.2 The division theorems with growth conditions for regular -modules

We state division theorems with coefficients of temperate and Whitney multi-microfunctions
for regular D-modules. Let f : ¥ — X be a closed embedding of complex manifolds. Let
¥V ={Ny,...,N¢} be a family of closed submanifolds of Y. Let y™ = {M,, ..., M} be a family
of closed submanifolds of X. We also assume the conditions below:

I fIN)CMj,j=1,...,¢,

2. MjC M iff N; C Nj.
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Assume that these families are of normal crossing type. Recall the following diagram:

tf/ . frr B}
S;N # NXMS)'(M % SXM

I | I
Try <N Trx Iy ey
N NXxu Ty M5

where 7 is defined in (23).

Theorem 2.4.6. Assume that these families are of normal crossing type. Let M be a coherent

Dx-module regular along an involutive subbundle W. Let V be an open subset of Ty Y. Assume:
(i) f is non-characteristic for W,
(ii) fnz:' IQ_I(V) — T,,X is non-characteristic for CT;,X(W),
(iii) fyr tj;é_l(ﬂ_l(\/)) - S;M is non-characteristic for C u-(W),
(iv) "V N f7H W) c Y xx T X,
(v) 'fy is proper on ' f7 ™ (V) N i (Com (W) N1 ST)).
Then we have:

R fy,(for R om0, (M, pyn(63)) ® 25y, )d) = Rorm 0, (DM, pn (OF) ® 25 )

onn (V). Here d := d;(? - d%,j —(dy —dy), 1 =0,tor w.

Proof. Let F := R p,py (0 M, 6’;(). By Theorem ZT3, F is strongly regular along W. By
Theorem 36 we have

R f) (wnm ® f; won(F)) = pov(wyx ® f7'F)

on n~' (V). Finally by the assumption (i) and Cauchy-Kowaleskaya-Kashiwara theorem with

growth conditions [Z1], Theorem 3.1.1] we obtain

w(fUF) = pxRA om0, (01D M, 7)) (2.28)
~ R, (D M, pun(Oy)). (2.29)
O
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Remark 2.4.7. If we suppose A = 0, y is a single submanifold and M is elliptic, one recovers
[9, Theorem 1]. If we suppose A = ¢, y is a single submanifold and M is elliptic, one recovers
[2, Theorem 1].

Definition 2.4.8. We say y is a simultaneously linearizable family compatible with complex-
ification if there exists a local coordinate transformation such that we can have the situation
described in [[Z, Section 4.3].

Corollary 2.4.9. Let YV be a simultaneously linearizable family compatible with complexifica-
tion. Assume M is a coherent Dx-module regular along an involutive subbundle V and M = N.

Let W be a open setin Ty Y. Let Y be non-characteristic for V and assume:
(i) "W N fN(V) Y xx T X
For j < Codime M, we have
RI Ao py (M, pryn (O3)) = 0
on = (W). Here Codime M is the complex codimension of the maximal complex linear subspace
contained in M under the local coordinate system described in Definition 2.4.8.

Proof. Since N = M, fyz: N Xy Ty, X — Ty, X and fir : N Xy S;M - S;M are isomorphisms.
Note that N Xy T3, X C Y xx T3X. By the assumption (i), f; '(W)NN xy T;,X C fy'(W)n
Y xx TyX ¢ TyX. By Lemma D3], we have C, (W) N S;M = 0. Since supp(u,m(F)) C
Cm-(W) N S;M, t]gé is proper on ’f);‘l(n‘l(V)) N supp(]}‘,,luXMF).
By Theorem [Z48 we have,

R’ f! RA 2272 py (M, sy (O] = R 2o 1, (D M, v (OF)),

on 7~ Y(W). It is well-known that H*(Df*M) = 0 for k # 0 and Df* M is a coherent Dy-
module. From [[4, Section 4], we have H"(uXN(ﬁﬁ)) = 0 for £ < Codimc N. Thus we obtain
that R/ m.(Df* M, ,uXN(ﬁ;})) ~ 0 for j < Codimgc N. Therefore for any p € W and for
j <d+ Codim¢c N

R fy, RA oo (M, o (O)): ) = 0.

By the finitenes of J; we obtain
RY Horre p (M, i (03)) = 0,

for j < d + Codim¢c N. i
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Corollary 2.4.10 (Bochner’s tube theorem). Let ™ be a simultaneously linearizable family
compatible with complexification. Assume M is a coherent Dx-module regular along an invo-
lutive subbundle V. Let Y be non-characteristic for V. Let U be an open multi-conic subset of
S m. Let U be a convex hull of U in each fiber. We set W := S;M \ U°? and assume:

(i) 'f7 @) N (V) € ¥ xx Ty X.

We have:
T(U;R® o 0 (M, v (0))) = T(U; R® Hore 1 (M v, (O))).

Proof. By the following triangle obtained from [23, Theorem 1.8] we get the result.

RH o e (M, vi(03) —— T Rioor (M, p™'RT(0) ® 5y 4

+1

—— Rp},(P3) " R (M, 1 (O) ® 0y ——
In fact, by Corollary IZ49 we obtain the following exact sequence:

0 = T(U; R Horn py (M, v (6))) —— T(M; R Horre (M, p” ' RTy(6)) ® coyx)

3 TS\ U R Ay (M 1 (O1) @ ooy ).

Similarly, we have an exact sequence as above with U replaced with U. Since U°* = U, by

the five lemma the assertion follows. O

Remark 2.4.11. This is a generalization of the work [X, [, D4].
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