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Abstract

Part I examines the stability of metric viscosity solutions under Hausdorff convergence.
Let (X,d) be a metric space and let X,,, n € NU {oo}, be subsets endowed with metrics
d,. Assume that the sequence of spaces (X, d,) converges to a limit space (X, ds) in
Hausdorff sense. We investigate whether the relaxed half semilimit ©* of metric viscosity
solutions u" to Hamilton—Jacobi equations on X, remains a metric viscosity solution
of the corresponding equation on X.,. This type of stability problem arises in domain
perturbation problems and numerical constructions of solutions of PDEs on fractals.
First, when both X,, and X, are compact, we establish the stability of metric viscosity
solutions to the stationary Hamilton—Jacobi equation. The proof relies on a character-
ization of metric viscosity solutions via squared distance functions. Thus, to prove the
stability result, we need to assume the following condition (H2): for arbitrary sequences

an € X, = G € Xoo and b, € X,, — b, € X with respect to d, the convergence
dy(an, by) = doo(oos boo)-

holds. We therefore analyze several examples that illustrate when condition (H2) holds
and when it fails. Specifically, condition (H2) fails for the Koch curve, but it is satisfied by
certain other fractals—such as the Sierpinski gasket and the Vicsek fractal—as well as by
a junction of shrinking tubes and by lattice lines endowed with the Manhattan distance.

Finally, we extend our analysis to time-dependent Hamilton—Jacobi equations and to
the case where X,,, X, are noncompact. In the noncompact case, Ekeland’s variational
principle is used to control the maximizer of u™ — ¢", where ¢" is an appropriate test
function.

Part II is concerned with the stability of metric viscosity solutions under Gromov—
Hausdorff convergence. We study the stability of metric viscosity solutions to the initial-
value problem for time-dependent Hamilton—Jacobi equations when a sequence of metric
spaces (X, d,) converges in Gromov—Hausdorff sense to a limit space (Xo, ds). Work-
ing within Gromov-Hausdorff framework removes the need to embed the spaces into a
common ambient metric space and dispenses with the need for (H2).

The proof combines two main ingredients: a characterization of metric viscosity so-

lutions via squared distance functions, and a doubling variable argument that exploits



i

e-isometries to capture Gromov-Hausdorff convergence.

When the metric spaces X,, and X, are compact, Hausdorff convergence implies
Gromov—Hausdorff convergence. Hence, in this case, the stability result can be regarded
as an extension of the stability result for metric viscosity solutions of time-dependent
Hamilton-Jacobi equations under Hausdorff convergence given in Part I.

As an application of the stability under Gromov-Hausdorff convergence, we give a PDE
proof of the stability of maximizers of the dual Kantorovich problem under measured-
Gromov—Hausdorff convergence.

Each of Parts I and II of this doctoral thesis corresponds to the references [20, 19]
respectively. Since all the parts are independent, there are some common definitions and

similar arguments in them.
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1 Introduction

Consider the Hamilton—Jacobi equation of the generalized form
H(z,u(x),|Vau|(z)) =0 forz e X. (1.1)

Here, (X, d) is a complete geodesic space embedded in a whole space (X, d). The symbol

|V qu| represents a so-called local slope of an unknown function v : X — R:

: |u(y) — u(z)]
Vaul(z) :=limsup ———— for z € X. 1.2
V() = lim sup 20 (12
The local slope is well defined as a non-negative real number in Ry := [0, 00) as long as

u is locally Lipschitz continuous. Also, H is a real-valued function on X x R x R, called
a Hamiltonian.

This study mainly evaluates the stability of the Hamilton—Jacobi equation (1.1) with
respect to the space (X, d). That is, we study the sequence of solutions of the Hamilton—

Jacobi equation on a variable space (X,,,d,) in (X, d) of the form
H,(z,u"(x),|Vag,u"|(z)) =0 forzeX, (1.3)

with the indexes n € N and show that the solution u™ converges to a solution of the limit
equation
Hoo(z,u™ (), |Va,u™|(z)) =0 forzx e Xy (1.4)

under a suitable convergence of X,,, d,, and H,.

The problem of stability with respect to the domain on which the equation is posed is
strongly related to problems in domain perturbation, homogenization, and the construc-
tion of solutions to PDEs on fractals, which have been extensively studied. Due to the
large number of results, we only mention those relating to the Hamilton-Jacobi equa-
tion. The stability of viscosity solutions of the Hamilton—Jacobi equations with respect
to a sequence of domains appears in the proof of the existence of solutions by domain
approximation. In [1], the solution of the Hamilton—Jacobi equation on the junction is
constructed as the graphical limit of the optimal control in the region where the junction
is fattened in two dimensions. In [5], the viscosity solution of the eikonal equation on the
Sierpinski gasket is constructed using the graphical approximation of the Sierpinski gas-
ket. To generalize the results of [5], we investigated the stability of viscosity solutions of
the Hamilton—Jacobi equations when the increasing sequence of networks in a Euclidean
space converges in Hausdorff sense [18].

This study aims to extend the results of the previous work [18] and to investigate

for which types of a sequence of metric spaces the stability holds. In [18], the uniform
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Lipschitz estimate of the family of viscosity solutions is required to extract the limit
function at the Hausdorff limit. In this study, the relaxed half semilimit is used rather
than the uniform Lipschitz estimate. The relaxed half semilimit is a method used to
study large time behavior and homogenization, and the definition itself does not require
any regularity property of the solution. This allows us to consider the stability of viscosity
solutions for a sequence of metric spaces that is not necessarily monotonically increasing.

The stability of the heat equation has been studied in the celebrated paper [12].
The heat equation requires a measure structure on the space, while the Hamilton—Jacobi
equation requires only the metric structure. This makes our argument much simpler than
the argument for the heat equation.

As in [18], we adopted the metric viscosity solutions of Gangbo and Swiech [9, 10] as a
notion of solutions of the Hamilton—Jacobi equations. The metric viscosity solution is one
of the notions of viscosity solutions on metric spaces to deal with fractals and networks,
introduced in [11, 21, 2, 9, 10]. In particular, the metric viscosity solution in [9, 10] is
very useful because the comparison theorem holds for a wide class of Hamiltonians. On
the equivalence between metric viscosity solutions and other weak solutions of the eikonal
equation, we refer the readers to [16].

Let us recall the essence of the metric viscosity solution of Gangbo and Swiech. The
idea is the same as in the classical theory of viscosity solutions. Consider the situation
where the unknown function u is touched by a smooth (C1*) function ¢ called a test
function at a point. Then, we use the local slope of ¢ instead of that of u in (1.1) at
the touching point . The precise definition will be given in Section 2. Under such a
setting, the existence and uniqueness theorem of the solution is shown, and the stability
of standard type holds [22], where standard stability means that the space (X, d) does
not vary.

However, the argument of standard stability cannot be applied to the stability with
the space perturbation directly. The difficulty is that since both the touching point & and

the test function ¢ may be perturbed, we should investigate the convergence of

Vi Onl(20) = [V, 0l(2). (1.5)

The critical idea of the present paper to overcome this difficulty is to restrict the class of

test functions to the squared distance function

with & > 0. Then, the condition (1.5) can be reduced to

dp(ap, ) = doo(@, ).
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In order to restrict the class of test functions, Proposition 2.6 is established using a so-
called doubling variable method.
Throughout this paper, we assume that the Hamiltonian H,, : X, x R x R, — R is

continuous for each n € NU {co}. For x € X, we define
S(x) := {a sequence (z,) converging to x in (X,d) | z, € X, for all n € NU {oc}}.

In view of the argument in the preceding paragraph we show the stability of the metric

viscosity solutions under the assumptions

(H1) X,, - X in d-Hausdorff sense:

dy(Xeo, Xn) = max{sup d(X s, x), sup d(Xn,x)} — 0,

ze€Xny r€Xo
where d(A, z) := inf,c4 d(a, x) is a distance function from a subset A of X.

(H2) For arbitrary a.,bs € Xo and sequences (a,,) € S(aw), (b,) € S(bso), the conver-
gence

dn(@n, bp) = doo(@oo, bos)

holds.

(H3) For arbitrary o € Xoo, Uso € R, ps € Ry and sequences (x,) € S(Tw), U, € R —

Uso, Pn € Ry — poo, the convergence

H, (20, Un, Pn) = Hoo(ZToos Usos Do)

holds.

The crucial assumption (H2) means that the sequence of the distance functions d,, locally

uniformly converges.

Remark 1.1. Conditions (H1) and (H2) are independent. For example, consider the arcs
X, ={(cosf,sinfd) |0 <O <2r—n'}, X, ={(cos,sind)|0<0<2r}

embedded in the plane R%. Then, condition (H2) does not hold. We remark that the
geodesic distance between (0,0) and (cos(2m — n™!),sin(2r — n~')) over X, is given by

! while the geodesic distance over X is n~!.

2T —n~ This example satisfies condition
(H1). An example which satisfies (H2) and does not fulfill (H1) will be given in Remark

8.4.

Now, which type of sequence of metric spaces satisfies condition (H2)? In this study,

we give three main examples. The first is a pre-fractal approximation of self-similar
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sets. Generally, since it is difficult to find a solution of the Hamilton—Jacobi equation on
fractals, our approach allows spatial discretization. However, not all fractals and their
approximations satisfy condition (H2). We show positive results for the Vicsek fractal
and the Sierpinski gasket. However, the Koch curve does not satisfy condition (H2). The
second one is shrinking tubes with a junction as a singularly perturbed problem [1]. The
third one is the shrinking lattice lines on a Euclidean plane. The lattice lines converge
to the plane in Hausdorff sense and the limit metric becomes the so-called Manhattan
distance (or ¢!-distance) reflecting the intrinsic metric on the lattice lines.

We extend our stability theorem to time-dependent problems and to noncompact
metric spaces. In the noncompact case, a key tool of the proof of stability is Ekeland’s
variational principle [7], which corresponds to the maximum principle in general metric
spaces. In this study, we establish the stability in the noncompact case on the basis of
the discussion in [18, 22].

In Section 2, we recall the definition of the metric viscosity solution and discuss the
equivalent condition critical to prove the stability. In Section 3, we establish the stability
of the metric viscosity solutions in the locally compact case. In Sections 4, 5, and 6, we
give examples satisfying assumption (H2) of the stability. In Section 7, we consider the
stability of metric viscosity solutions of time-dependent problems. In Section 8, we discuss
the generalization of the stability to the case when the metric spaces are not necessarily

locally compact.

2 Metric viscosity solutions

The theory of metric viscosity solutions to the Hamilton—Jacobi equations must be re-
viewed on a general geodesic space (1.1) proposed by Gangbo and Swiech. See [9, 10].
Let (X, d) be a complete geodesic space.

A central notion in this theory is the local slope as defined in (1.2). The upper and

lower local slopes are introduced by

VEu|(z) := limsup
| d |() sz (.T,y)

where [-]1 is the plus or minus part: [a]+ = max{%a,0}. A locally Lipschitz continuous

function u is called C** if |V4ul is continuous and
Viul = [Vaul

holds on its domain.

The following lemmas are important.

Lemma 2.1 (Maximum principle). Let u,v,w be locally Lipschitz continuous functions.
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(i) Assume that u — v attains a local mazimum at .

e Ifvis CY~, then
Vaul(z) = [Vav|(2)

holds.

o Ifuis CYT, then
[Vaul(2) < [Vavl(2)

holds.
o Ifuis CYT and v is CY~, then

Vaul(2) = [Vav|(Z)
holds.
(i1) Assume that w — v + w attains a local mazimum at .
o Ifu is CY" and v is CY—, then
IVau|(2) = [Vaul(£)] < |Vaw|(2)
holds.

Proof. We prove the first assertion in (i). The second assertion in (i) can be deduced in
the same way. The remaining cases can be established by combining the first and the
second argument.
By the assumption of u — v, we have
w(Z) —u(x) > v(z) — v(x).

Taking the positive part of the inequality, we obtain

u(Z) — u(z)| = [u(®) —u(@)]y = [v(E) —v(@)]y = [v(r) —v(@)]-.

Consequently, we have

[u(@) —u(z)| _ [v(z) —v(@)]-
dGr) = daa)

Since v is of class C1'~, by passing to the liminf,_.;, we have
[Vaul(2) = [Vav[(2),

which completes the proof. O]
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Lemma 2.2 (Squared distance function). For a € X the function

is CY~ and
Vaol(z) = [Vagl|(x) = d(a, z)
forallz € X.
Proof. The proof of this lemma is a direct application of [10, Lemma 2.3]. O

A locally Lipschitz function 1 (z) = ¥ (x) + 12(x) is a test function for subsolutions if
Y € CY~ and 1), is a locally Lipschitz function and for supersolutions if v, € C** and
1y is a locally Lipschitz function. For a function v : X — R, we define its upper and

lower semicontinuous envelopes v* and u, by

u*(z) := limsup u(y)

y-}(L'
and

uy () = liryri)iglfu(y).

Let |V4ul* be the upper semicontinuous envelope of |V ul.
Before introducing metric viscosity solutions, we extend the domain of the Hamiltonian

H to X xR x R by a constant extension.
Definition 2.3 (Metric viscosity solutions). Let u: X — R.

e u is a metric viscosity subsolution of (1.1) if for every test function ¢ = 1y + 1) for

subsolutions such that u* — 1 attains a local maximum at £ € X we have

H\Vd¢2|*(ff)(i‘7u’ﬁ(i‘)7 |vd¢1|(§5>) <0,
where Hy(z,u,p) = infjy_p<q H(x,u,p’).

o wu is a metric viscosity supersolution of (1.1) if for every test function v = 11 + 1)y

for supersolutions such that u, — v attains a local minimum at & € X we have
HVa2l" @ (3, (2), Ve |(2)) > 0,

where H®(z,u,p) = supy_,<, H(z,u,p).

e u is a metric viscosity solution of (1.1) if u is both a metric viscosity subsolution

and supersolution.
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To obtain uniqueness of the metric viscosity solutions, we need the following assump-

tions introduced in [10]. Let xq be a fixed point in X.
(A1) H is uniformly continuous on any bounded subsets of X x R x R.

(A2) There exists v > 0 such that for (x,us,us,p) € X X R x R x R with u; > uy, the
inequality

H('xaulap) - H(l‘,UQ,p) Z V(ul - UZ)
holds.

(A3) For R > 0, there exists a modulus of continuity wgr depending on R such that for
(x,y,u,p) € X x X x R x R, the inequality

’H(.ﬂi,u,p) - H(y,u,p)\ S Wr (d(x>y)(1 + ’p\))

holds if max{d(z, z¢), d(y, x0), [p|} < R.
(A4) There exists a nonnegative constant L such that for (z,u,p;,p2) € X x R X R x R,
the inequality

’H(x7u7pl) - H(Q],U,pQ)l S L<1 + d(ZE,IO)> |p1 _p2|

holds.
Under these settings the following theorems are established in [10].

Theorem 2.4 (Comparison principle). Assume (A1), (A2), (A3), and (A4). Let u be a
metric viscosity subsolution of (1.1) and v be a metric viscosity supersolution of (1.1).
Let u, —v be bounded from above. Then, u < v in X holds.

Theorem 2.5 (Unique existence). Assume H is continuous and there exists A > 0 such

that H(x,u,p) — Au is non-decreasing with respect to u variable. We also assure

sup H(z,0,0) < oo.
rzeX

Then, a metric viscosity solution of (1.1) exists. Furthermore, if we assume (A1), (A3),

and (A4), the metric viscosity solution is unique.

Here is a key proposition to show the stability, suggesting that 15 can be dropped and

Y1 reduced to the squared distance function in the test functions.

Proposition 2.6. Let (X,d) be a locally compact geodesic space. Then, the following

conditions are equivalent.

(i) A function u : X — R is a metric viscosity subsolution of (1.1).
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(ii) Foralla,z € X, k>0, ifu*(z)— %d(&,x)z attains a local maximum at x = T, then
the inequality
H(iu (3), kd(@,2)) < 0

holds.
Similarly, the following conditions are equivalent.

(i’) A function u : X — R is a metric viscosity supersolution of (1.1).

(ii’) Foralla,z € X, k>0, if u.(z) + £d(a,)* attains a local minimum at x = &, then
the inequality

H(3,ua(#), kd(a, 7)) > 0
holds.

Proof. We only show the assertion for subsolutions.

To show that condition (ii) implies condition (i), test function 1) = 11 + 15 for subso-
lutions should be fixed such that u* — 1 attains a local maximum at £ € X. Since X is
locally compact, there is a neighborhood B of & such that the closure B is compact and

u* — 1) attains the maximum on B at . Consider

(0,9) € B x B s (@) = Uly) — 5d(e, ) = Sd(ip)?

with positive €, a. We can take a maximum point (z.,y.) € B x B. Then,

(22 = 9le) = 5l e — Sl g 2 0t (@) — 90) 2 ) — vee)

and hence

1
oodlee o) + Sd(@,y.)” < Ld(e.y.)

for the (local) Lipschitz constant L of v. Therefore, (z.,y.) — (2,2) as ¢ — 0. In

particular, x.,y. € B for sufficiently small e. Now, by the assumption of u we have

1
H(ze,u* (), gd(xs, ye)) < 0.

By Lemma 2.1 we obtain

1 .
Hvdwll(y‘s) - gd<$sa ye)| < |vdw2|(y€) + ozd(x,ya).
Combining them,
H\9 o (ye)+ad(@e) (T, W (2e), [Vathi [ (y2)) < 0

and therefore
H|Vd¢2|*(i)(£7U*<£)7 |vd¢1|(§:)) < 0.
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Thus, u is a metric viscosity subsolution.

The proof of the other part of this proposition is trivial. O

Remark 2.7. An analogous equivalence holds when one requires the local maximum in (ii)
and the local minimum in (ii’) to be strict; see Proposition 8.2 in Part I and Proposition
3.1 in Part II.

Remark 2.8. Proposition 2.6 reveals that metric viscosity solutions and classical viscosity
solutions of the Hamilton-Jacobi equation are equivalent when the space is a Euclidean
space R? with the Euclidean norm | - | and the Euclidean distance d®(a,b) = |b — a|. Let
us illustrate the equivalence with the example of the stationary Hamilton-Jacobi equation

of the form
H(x,u(z),|Vu(z)|]) =0 for z € R? (2.1)

where the Hamiltonian H = H(z,u,p) : R? x R x R — R is continuous. A function u is a
viscosity subsolution of (2.1) if u* — ¢ with ¢ € C*(R?) has a local maximum at r € R?,
then

H(z,u*(z),[Vo(z)]) < 0.

Similarly, a function u is a viscosity supersolution of (2.1) if u, — ¢ with ¢ € C*(R?) has

a local minimum at « € R?, then
H(z,u(z), [Vo(z)]) = 0.

Note that [V¢(x)| is the norm of the gradient V¢, which equals the local slope |V 4z¢|(z).
To prove the equivalence of the viscosity solution and the metric viscosity solution of
(2.1) in Euclidean space, it is sufficient to show that if property (ii) of Proposition 2.6
for w holds, then the function u is a viscosity solution. The converse is obvious from
the definition of the viscosity solution. Assume wu satisfies the following condition. For
all 4,2 € R k > 0, if u*(z) — £d(a,z)? attains a local maximum at z = &, then the
inequality

H(@,u*(2), kd®(, 7)) < 0
holds. In the same way in Proposition 2.6, we consider

1

(2,y) = u'(@) = 6(y) = 5l —yl* = Sly — &

’2
2e

with positive €,  and this function has a local maximum at some (z.,y.) € R¢ x R% The
same calculation yields
N 1
H(ZL‘g, [ (176)7 g|$6 - y6|) <0

and x.,y. — & as ¢ — 0. Since, in Euclidean space, the classical maximum principle
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holds, we get
1 .
Vo(y.) — g(l‘s —Y.) +a(y. —2) =0.

Thus we can prove u is a viscosity subsolution of (2.1). Similar conclusions can be
obtained for viscosity supersolutions. In conclusion, we see that the viscosity solution can
be characterized using the distance d¥, as in Proposition 2.6. Since, for Euclidean space
R?, the Euclidean distance and the distance induced by the length of the curve are equal,

so the viscosity solution and the metric viscosity solution of (2.1) are equivalent.

3 Main results on stability

Let (X,d) be a proper metric space and for n € NU {oco} let X,, be a compact subset
of X equipped with the intrinsic metric d,, from d. Thus (X,,d,) is a compact metric
space. Here we say that (X,d) is proper if any closed ball in X is compact. We assume

that (X, d,) forms a geodesic space.
Theorem 3.1 (Stability). Assume (H1), (H2), and (H3).

o Let u™ be a sequence of metric viscosity subsolutions of (1.3). If its upper semilimit

u™(z):= limsup u"(z,)= sup limsupu™(z,)
n—o00, (zn)€S(z) (zn)€S(z) mn—oo0

s upper semicontinuous in doy in X, then U™ is a metric viscosity subsolution of

(1.4).

o Similarly, let u™ be a sequence of metric viscosity supersolutions of (1.3). If its

lower semilimit

u™(z):= liminf «"(z,)= inf liminfu"(z,)
n—00, (xn)E€S(x) (zn)€S(z) n—oo

s lower semicontinuous in ds n Xoo, then u®™ is a metric viscosity supersolution

of (1.4).

Proof. We only show the theorem for the subsolution since the proof for the supersolution
is similar. Fix @,2 € Xo, k > 0 and assume that 7>°(z) — £d(a,z)* attains a local
maximum at x = % over X,,. Note that the function
—00 k ~ 2 n A 2
T € X = u™(x) — §doo(a,x) — Edoo(fﬁ,iﬂ)
attains its strict local maximum at x = & for n > 0. By the assumption (H1), there exist

sequences a,, T, € X, satisfying a,, — a, &,, — & with respect to d and u™(Z,) — ().
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For n € N consider the function
k 2 7 ~ 2
r € X, — u,(z) — §dn(an,x) - Edn(xn,x) :

Since this is an upper semicontinuous function on (X,,d,), there is a local maximum

point x = x,,. Note that
k k
un(i‘n) - Edn(ana jn)2 S un(xn) - §dn(anvl‘n>2 - gdn(inaxn)Q

and the left-hand side converges to u>(2) — £dw(a,%)?. Therefore, z, — # in d and
u™(z,) — u>*(z). Now, take the limit of

(Hn)ndn(in,xn)<mna un(l‘n)a kdn(ana mn)) S 0.
In view of (H2) and (H3) we have
Hoo(2,u™(2), kds(a,z)) <0,

which completes the proof. O]

Corollary 3.2. Assume (H1), (H2), (H3) and that there exists X > 0 such that H,(x,u,p)—
Au is non-decreasing for everyn € NU{oo}. Let u™ be the unique metric viscosity solution
of (1.3). We assume that u™ and u™ are upper semicontinuous and lower semicontinu-
ous on X, respectively. Furthermore, we assume (A1), (A3), (A4) for Hy,. Then, u"

converges to the unique metric viscosity solution u™ of (1.4) uniformly.

Proof. Using stability, the upper semilimit ™ is a metric viscosity subsolution and the
lower semilimit 4™ is a metric viscosity supersolution of the limit equation (1.4). Now,
by the comparison principle, we see that u> < u*> and therefore > = u* is a metric

viscosity solution. O]

Remark 3.3. Basically, we mention that the existence and uniqueness of viscosity solutions
are guaranteed when the comparison theorem and Perron’s method can be used. For the
detailed conditions required for the Hamiltonian, see [10, 22]. For example, the unique

existence of the viscosity solution of (1.1) is guaranteed for the quadratic Hamiltonian.
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4 Example: Self-similar sets

4.1 TIterated function systems

[terated function systems are self-similar sets in which for a given family of contraction

mappings Fi,--- , Fiy with N =1,2,3,---, the Hutchinson operator
F(K)=F(K)U---UFn(K)

is a contraction mapping on the space of non-empty compact subsets of X under the
Hausdorff metric dg. Hence, a unique non-empty compact set K is a fixed point of the

Hutchinson operator F, and for any non-empty compact set Ky the iteration
Kp = F(K,) =F(K,)U---UFy(K,)

converges to K in the sense of

K= ﬁ cl <G Kl> :
n=0 l=n

where cl means the closure with respect to the topology d. We call K,, pre-fractals of the

fractal K. For details on the iterated function systems, see [8].

4.2 The Vicsek fractal

Consider the iterated function system on two dimensional Euclidean space (R?, d¥) defined
by

1 1 1 1 1 1
Fl(xay) = (ng g?/) ) FQ(x7y) = (§$+2, gy) ) Fg(l’,y) = <§ZE, §y+ 2> )

1 1 1 1
F. =(-x—2 = E: =(z-z,zy—2
4(‘7‘:73/) (gx 73y) ) 5(.T,y) <3$,3y ) )
and pre-fractals K, starting from

Ko={(z,0) | -3<2<3}U{(0,y) | -3 <y <3}

The limit fractal K is called the Vicsek fractal. Each K, is embedded in K in a distance-

preserving manner.

Theorem 4.1 (Approximation of the Vicsek fractal). The pre-fractal approrimation
(K,,dX) satisfies condition (H2), i.e., for arbitrary sequences (a,) € S(a) and (b,) € S(b)
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under the metric d¥, the convergence
d=(an,b,) — d*(a,b)

holds.

Proof. Since d¥ = d¥ on K,, we see that
|d5 (ay, by) — d¥(a,D)| = |d¥ (an, by) — d¥ (a,b)| < d¥(a, an) + d¥ (b, b,) — 0.

This completes the proof. n

4.3 The Sierpinski gasket

Consider the vertices of the unit triangle on two dimensional Euclidean space (R?,d”)

0= (~30). 0= (30). 0= (0%}

The Sierpinski gasket is generated by the family of contraction mappings

given by

1
Fi(2) = 5(2 —0;)+0; fori=1,23.

Consider the intrinsic metric d¥ from the Euclidean metric d”.

Lemma 4.2 ([3, Lemma 2.12]). The metric d¥ is equivalent to d¥. Moreover, the in-
equality
d¥(a,b) < d*(a,b) < 8d%(a,b) for all a,b € K

holds.

For details on the metric structure on the Sierpinski gasket, we refer the reader to
[3, 14, 24, 25].

There are three pre-fractal approximations of the Sierpinski gasket K. The first one
is graph approximation V,, starting from the vertices V5 = {O1, Oz, O3}. The second one
is Cantor-type approximation D, starting from the convex hull Dy of Vj, which is the
unit triangle. The last one is network approximation G,, starting from the boundary G|
of Dgy, which is the boundary of the unit triangle. One can introduce natural geodesic
metrics d¢ and d® into G,, and D,, respectively, and natural graph structure into V,, with

the metric d} .

Lemma 4.3. The restriction of the metrics d%, dS and d2 to the vertices V,, is nothing
but d”:
d®(a,b) = d%(a,b) = d”(a,b) = d(a,b) for all a,b € V,
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holds.

We omit the proof because this is obvious from the explicit formula of the metric of
the Sierpinski gasket.

The network and Cantor-type approximations satisfy condition (H2).

Theorem 4.4 (Network approximation of the Sierpiniski gasket). The network approxima-
tion (G, d<) satisfies condition (H2): for arbitrary sequences (a,) € S(a) and (b,) € S(b)

under the metric d¥, the convergence
d%(an, b,) — d*(a,b)

holds.

Proof. For each a,,b, take the nearest points dy,b, of V, in the metric dX. Note that
A" (ap, @n), dX (by, by) < 27™. We then see that

4% (@n, ba) — A (a,B)] < 227" + |dS (@, ) — " (a,b)]
= 227" 4 |d% (an, by) — d¥(a,b)|
<4-27"+d%(a,a,) +d*(b,b,) — 0.
This completes the proof. O]

Theorem 4.5 (Cantor-type approximation of the Sierpiniski gasket). The Cantor-type
approximation (D,,,d?) satisfies condition (H2): for arbitrary sequences (a,) € S(a) and
(b,) € S(b) under the metric d¥, the convergence

d?(a,,b,) — d*(a,b)

holds.

Proof. For each a,,b, take the nearest points a,, Bn of V,, in the metric d¥. Note that
d®(ay, ay),d" (by, b,) < 27", We then see that

A2 (n, b) — d¥(a,b)] < 227"+ |d2 (@, by) — d"(a,b)]
=227 4 |d¥ (G, by) —
<4-27"+48d"(a,a,) + 84" (b, b,) — 0.

This completes the proof. n

4.4 On the Koch curve

We remark that every self-similar fractal and its pre-fractal need not satisfy condition

(H2). For instance, consider the Koch curve, which is generated from the iterated function
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system on the plane

L1 1 V3 13 1
Fl('x’y) = (-l’, _y) ’ FQ(I’,y) = (-ZIZ’ - _y+ 5 T+ éy) )

Fs(x,y) = <1x + £y + =

1\F
6 6 26

and its pre-fractal starting from
Ko ={(z,0) |0 <z <1}

Then, the geodesic distance on the pre-fractal K, between (0,0) and (1,0) can be calcu-

lated as
4

5(0.0.0.0) - (3) -

which diverges as n — oo.

5 Example: Junction of shrinking tubes

In order to define a shrinking tube in R?, set

o e (42) o (3-2)

h = (07 1)7 Y2 = <_§7 _%> y Y3 = (\/737 —%> .

For i = 1,2, 3 define the tube parts R; by

1 1
={r=se;+ty, eR’|s>-—— —— <t<—
={r=seitty s 3n’ n~ _n}

Set

2v/3 2v/3 2v/3

Uy = —— €3, U= ——F €1, U3=—— €2, Us= Uy,

an an 3n
and define the center parts S; by

S;={r=su+tuy, |0<st<1s+t=1%
Using the three parts T; := R; U S;, define the shrinking tube T}, by

T, =T1UT, UTs.
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The shrinking tube 7;, converges to the Y-junction
J =[0,00)e; U[0,00)es U [0,00)es

in the Hausdorff sense where [0, 00)e; = {se; | s > 0}. We are now able to prove that the

shrinking tube satisfies condition (H2) via a projection-like map.

Theorem 5.1. The shrinking tube (T,,dY) satisfies condition (H2): for arbitrary se-
quences (a,) € S(a) and (b,) € S(b) under the Euclidean metric d¥, the convergence

df (an,b,) — d’(a,b)
holds.
Proof. Take the joint part P; of T;, which is given by
P, ={su; |0 <s <1},
We construct a projection-like map F, : T,, — J as follows.
F.(z) = (z,e;)e; ifxeT;\ P,
By the triangle inequality and the property of F),, we see that

|y (an, by) — d”(a, b)]
< dZ(Fn(an)v an) + dZ<Fn(bn)v bn) + |dZ<Fn<an)a F(bn)) — dj(aa b)|
<ont4 |d£(Fn(an), F.(b,)) — dj(a, b)|.

We can evaluate the last term as

|dZ(Fn(an>a Fo(bn)) — dJ(a> b)|
< d¥(F,(by),b) + d¥(F,(ay),a) + |d~- (a,b) — d’(a,b)|

n

= d’(F,(by),b) + d’(F,(ay),a) + |d- (a,b) — d’(a,b)).

Since one can easily check d”(F,,(a,),a) — 0, d’ (F,(b,),b) — 0, and |d% (a,b)—d’ (a,b)| —

0 as n — oo, the proof is now completed. Il

Remark 5.2. The situation we considered is a simple case and it must be generalized. For

1

example, the n™"-neighborhood

X, ={reX|dXu,r) <n'}
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of a given closed set X, should satisfy condition (H2) as long as X, is compact. However,

this generalization is left as an open problem.

6 Example: Lattice lines and the Manhattan dis-

tance
Consider the lattice lines with shrinking spacing n=! for n = 1,2,3,--- in the plane:
L, = (U{nlz} X R) U (UR X {nlj}>
i€Z jEZ

and the intrinsic metric d% from the Euclidean metric d®. L, converges to the plane R?
as n — oo in Hausdorfl sense but its metric structure should not be the usual Euclidean

one d¥. We instead introduce the so-called Manhattan distance
d" ((a,b), (z,y)) = |z —a| + |y —b| for (a,b), (z,y) € R*.
The lattice lines (L,,d%) are embedded in (R?, d™) in distance-preserving manner.

Theorem 6.1 (Lattice lines). The lattice lines (L,,d~:) satisfy condition (H2): for ar-

ny “'n

bitrary sequences a, € L, — a € R? and b, € L, — b € R? under the metric d™, the

convergence

d{;(an, b,) — dM(a, b)
holds.

Proof. Since dt = d™ on L,, we see that
|dE(ay, by) — dM(a,b)| = |dM (ay, by) — d™ (a,b)| < d™(a,ay,) + dM (b, b,) — 0.

This completes the proof. n

7 Remarks on the time-dependent case

Our stability theory can be applied to the time-dependent equation immediately. Consider
o (t,x) + Hy(t, x,u"(t, ), |Va,u"|(t,x)) =0 fort>0and z € X, (7.1)
and

Ou™(t,x) + Hoo(t, z,u™(t,z), |V, u™|(t,z)) =0 fort>0and z € X, (7.2)
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where J,u denotes the derivative of the unknown function v in the time variable ¢. Since
the time-dependence is added to H,, condition (H3) should be modified as follows:

(H3) For arbitrary sequences t, — to in (0,00), (z,) € S(To), Un — Us in R and

Pn — Poo in R, the convergence

Hn(tna ajna uTL?pTL) — HOO<tOO7 xOO? u007p00)

holds.

Let us review the definition of metric viscosity solutions to the time-dependent equa-
tion
Owu(t,z) + H(t,x,u(t,z),|Vaul(t,z)) =0 fort>0and z € X. (7.3)

We call a locally Lipschitz function ¢(t,z) = ¢y (t, x) + ¥a(t, z) a test function for sub-
solutions if ¢; and 1, are locally Lipschitz and C* in the time variable ¢ and 1); is a
C1~ function in the spatial variable z. We call a locally Lipschitz function v (t,x) =
U1 (t, ) +1o(t, z) a test function for supersolutions if 1)1 and 1, are locally Lipschitz and

C' in the time variable ¢ and 1); is a C1* function in the spatial variable x.

Definition 7.1 (Metric viscosity solutions to the time-dependent problem). Let w :
(0,00) x X — R.

e u is a metric viscosity subsolution of (7.3) if for every test function ¢ = 1y + 15 for
subsolutions such that u* — 1 attains a local maximum at 2 = (£, %) € (0,00) x X

we have

O (2) + Hiw o) (2,07 (2), [Vah|(2)) < 0.

e wu is a metric viscosity supersolution of (7.3) if for every test function ¢ = 1y 4+, for
supersolutions such that u, — attains a local minimum at 2 = (£,2) € (0,00) x X

we have

0 (2) + HY =B (2,0, (2), [Vathn|(2)) 2 0.

» wu is a metric viscosity solution of (7.3) if u is both a metric viscosity subsolution

and a metric viscosity supersolution.

The time-dependent version of our key proposition (Proposition 2.6) can be stated as

follows.

Proposition 7.2. Let (X,d) be a locally compact geodesic space. Then, the following

conditions are equivalent.

(i) A function u : (0,00) x X — R is a metric viscosity subsolution of (7.3).
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(ii) For alla,# € X, k>0 and a C* function ¢, if u*(t,x) — ¢(t) — £d(a,z)? attains a

local mazimum at (t,x) = (£, &), then the inequality
0p(t) + H(t, &, u" (1, &), kd(a, &) < 0

holds.
Similarly, the following conditions are equivalent.
(i’) A function u : (0,00) x X — R is a metric viscosity supersolution of (7.3).

(ii’) Forall a,i € X, k>0 and a C" function ¢, if u.(t,z) — ¢(t) + £d(a, x)* attains a

local minimum at (t,x) = (t, &), then the inequality
Oip(t) + H(t, &, u.(, &), kd(a, &) > 0

holds.
The proof is basically the same as in the time-independent case.

Proof. We only show the assertion for subsolutions and show condition (ii) implies condi-
tion (i). Fix a test function 1) = 11 + 1)y for subsolutions such that u* — ¢ attains a local

maximum at 2 = (£, %) € (0,00) x X. Consider

1 - 1
(o, s.y) = () = Us,y) = oot = s = S = s = S-d(w.y)” = Sd(&,y)”

with positive €, a. Since X is locally compact we can take a maximum point (t., z., sc, y:)
on

IxBxIxB,
Here I denotes an open neighborhood of ¢ in R, and B denotes an open neighborhood of
2 in X. Then,

. 1 Q- 1 a .
U (taa 1’5) - w(swys) - 2_€|ts - Se|2 - §|t - S€|2 - %d(l‘su y€)2 - §d($, ya)2
>t (t, &) — (f, ) > u'(te, x) — V(te, 22)

and hence

1 Q. 1 o
2_€|ta - 55|2 + §|t - Sa|2 + Q_Ed(iﬂeaye)Q + §d($,ye)2 S L|ta - Sa| + Ld($ayya)

for the (local) Lipschitz constant L of 1. Therefore, we can see that (¢, x.,s.,y.) —

(t,#,t,) as € — 0. Now, by the assumption of u we have

1 1
_(ts - 86) + H(ts7xE7U*(t€7x€)7 _d(x&ye)) S O
g g
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By Lemma 2.1 we obtain

1 A
Hvdwll(ssa ya) - gd(l‘e, ye)| < |vd¢2|(557 ya) + Oéd(l’,yg).

Also note that )
(9,577/)(85, Z/e) - g(ts - 35) - O‘(f - 35) = 0.

Combining them,

at¢(357 ys) - a<£ - 35) + H\V¢¢2|(se,ye)+ad(i‘,yg)(ta Le, U*<t€7 .Ts), |Vd¢1|(857 ys)) < 0

and therefore
8t¢(7§7 j) + H\de2|*(f,:%) (fa j? U*(£7 i‘)a |vd¢1|(£7 j)) <0.

Hence, u is a metric viscosity subsolution. Il

This implies the following:

Theorem 7.3 (Stability for the time-dependent problem). Let (X,d) be a proper metric
space. Assume (H1), (H2), and (H3’). Let u" be a metric viscosity subsolution of (7.1)
forn € N. If the upper semilimit

u™(t,x) == lim sup U (tn, ) = sup limsup u" (t,,, )
n—00, tn—t, (zn)E€S(x) tn—t, (xn)€S(x) n—00
is upper semicontinuous in de., then ™ is a metric viscosity subsolution of (7.2). Simi-

larly, let u™ be a metric viscosity supersolution of (7.1). If the lower semilimit

u™(t,z) = lim inf u (b, Tp) = inf liminfu" (¢, z,)
n—00, tn—t, (zn)E€S(x) tn—t, (xn)€S(x) n—00

is lower semicontinuous in do, then u™ is a metric viscosity supersolution of (7.2).

8 Remarks on the noncompact case

Return the time-independent problem and study the possibility to remove the (locally)
compactness assumption of (X;d) in Theorem 3.1. As in [22], a tool to consider the

function on noncompact domain is Ekeland’s variational principle.

Proposition 8.1 (Ekeland’s variational principle). Let (X, d) be a complete metric space
and let F': X — R be an upper (resp. lower) semicontinuous function bounded from
above (resp. below). Then, for each & € X, there exists T € X such that d(z,z) < 1,
F(z) > F(z) (resp. F(z) < F(z)) and v — F(x) — md(z,x) attains a strict maximum
(resp. minimum) at T with m := sup F' — F (&) (resp. m := inf F — F(Z)).
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For details of Ekeland’s variational principle, see [7, Corollary 11].
In noncompact cases, we cannot drop 1, but we can reduce v, to the distance function

in the test functions.

Proposition 8.2. Let (X, d) be a complete geodesic space not necessarily locally compact.

Then, the following conditions are equivalent.
(i) A function u : X — R is a metric viscosity subsolution of (1.1).

(ii) For all a,b,i € X, k,c >0, if u*(z) — Ed(a,z)? - cd(b, ) attains a local mazimum

at x = x, then the inequality
H.(2,u*(%), kd(a,2)) <0

holds.

(iii) For all 4,b,& € X, k,c > 0, if u*(z) — bd(a,z)* - cd(b,x) attains a strict local

maximum at x = T, then the inequality
H(&,u"(2), kd(a,2)) <0

holds.
Similarly, the following conditions are equivalent.
(i’) A function u : X — R is a metric viscosity supersolution of (1.1).

(ii’) For all a, b,z e X, ke>0,if ui(z) + gd(&,xf + cd(l;, x) attains a local minimum

at x = x, then the inequality
H(Z,u,(2), kd(a,z)) >0

holds.

(iii’) For all a,b,& € X, k,c > 0, if u(x) + bd(a,z)* + cd(b,x) attains a strict local

minimum at x = &, then the inequality
H(Z,u,(2), kd(a,z)) >0

holds.

Proof. We only show the assertion for subsolutions and show the condition (iii) implies
the condition (i). Fix a test function 1) = 11 + 15 for subsolutions such that u* —1) attains
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a local maximum at € X. Note that there is a neighborhood B of Z such that u* — 1

attains the maximum on the closure B at Z. Consider

. 1 a
for z,y € B with positive e, . We then see that
. 1
F(z,y) < (u" —9)(&) + ¢(x) —¥(y) — Ed(x,y)2

. R 1
1
< (= Y)(#) + 5EL? < +oo
for all z,y € B with the (local) Lipschitz constant L of ¢». Hence, in view of Ekeland’s
variational principle, there exist points z.,y. € B such that d(Z,z.),d(¢,y.) < 1 and

u(2) = (y) = 5od(ey)? = Sd(@,y)? = med(ae, x) = md(y..y)

_2_€d

attains a strict maximum on B x B at (r,y) = (z.,y.). Here,

1
m. = sup F — F(%,2) < ~eL?
BxB 2

and so m. — 0 as ¢ — 0. Note that

() ~ () — o) — Sd(dpe)’
> u*(‘%) - 77Z)(§3) - med(xa’ iﬂ) - med(y57 ?J)

> u () —Y(xe) — 2me
and hence
Sod(we o) + Sd(@, ) < Ld(ze, ) + 2 L2
5
Therefore, we can see that (z.,y.) — (Z,2) as ¢ — 0. Now, by the assumption (iii), we

have 1
Hme (IL‘E, U*(l’a)7 gd<x€a yé)) S 0

By Lemma 2.1, we obtain

1 .
|V an|(ye) — gd(%h%” < |Vaba|(ye) + ad(, ye) + me..

Combining them,

H\9 s |(ye) +ad(@,ye)+2me (T, w™(2e), [Vt | (ye)) <0
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and therefore
H|Vd¢2|*(i)(ivu*(£)v |Vd1/]1|(‘%)) <0.

We have shown that u is a metric viscosity subsolution. O

Let B(a,r; X) denote the closed ball in the metric space (X, d), say,
B(a,m; X) ={z € X | d(a,z) <r}.

We now can prove the following theorem:

Theorem 8.3 (Stability in the noncompact case). Let (X,d) be a proper metric space.
Assume (H1), (H2), and (H3).

o Assume

(H4") For each sequence (a,) € S(as) and upper semicontinuous functions ¢, on
Xy and ¢ on Xo such that lim sup,, ¢, () < doo(Tao) for all (x,) € S(2x),
there exists 0 > 0 such that the inequality

limsup sup ¢, < sSup s
n B(an,r;Xn) B(aoo,m;:Xo0)

holds for all positive r < 6.

Let u™ be a metric viscosity subsolution of (1.3) for n € N. If the upper semilimit

u™(x):= limsup u"(x,)= sup limsupu”(z,)
n—o0, (zn)€S(x) (zn)ES(x) mM—00

is upper semicontinuous in do, then ™ is a metric viscosity subsolution of (1.4).
o Similarly, assume

(H4~) For each sequence (a,) € S(ax) and lower semicontinuous functions ¢, on
X, and ¢oo on Xo such that liminf, ¢, (x,) > doo(Tso) for all (z,) € S(2s),
there exists 0 > 0 such that the inequality

liminf inf n > inf o
n B(anﬂ';Xn) gb - B )¢

holds for all positive r < .

Let u™ be a metric viscosity supersolution of (1.3) for n € N. If the lower semilimit

u™(x):= liminf «"(x,)= inf liminfu"(z,)
n—o0, (xn)€S(x) (zn)€S(z) n—oo

is lower semicontinuous in ds, then u™ is a metric viscosity supersolution of (1.4).
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Proof. We only show the theorem for the subsolution since the proof for the supersolution

is similar. Fix a, lA), T € Xy, k,c > 0 and assume that the function

o) =T>°(x) — gdoo(d, 2)? — cdoo(b,z) for z € X,

attains a strict local maximum at £ = . Let R > 0 be a radius such that

sup Poo(T) = Poo ().

z€B(&,R; X o)

By assumption (H1), there exist sequences a,,b,, T, € X, satisfying a, — a, b, — l;,
T, — & in d and u"(Z,) — u>®(z). For n € N applying Ekeland’s variational principle to
the function

On() = up(x) — gdn(an, x)? — cdy, (b,,x) for r € X,,,

we see that there exists a maximum point = = z,, of
k 2
T = On () — Mpdp (T, ) = up(x) — §dn(an,x) — cdp(bn, ) — mydy(T,, ),
where
my = sup ¢n(x) - ¢n(§jn)
2E€B(Zn,R;Xn)

Assumptions (H4") and (H2) imply

limsupm, < sup  doo(@) — do(d) <0
n 2€B(&,R; X o)

and therefore m,, — 0. Note that

and the right-hand side converges to ¢ (Z). Therefore, since & is a strict maximum point,
by (H2), we see that x,, — % in d and uv"(x,) — ©™(z). Now, take the limit of

(H”)Cern (Z‘n, un<xn)7 kdn<ana xn)) <0.

In view of (H2) and (H3), we have

which completes the proof. O

Remark 8.4. In the noncompact case the original definition of Hausdorff convergence (H1)
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may be too strong to handle various problems. For example, consider the half-lines
X, ={(zy) eR?|2>0,y=n""2}, Xo={(z,y)eR*|2>0,y=0}
in the plane R%. At the point P = (z,n"'z) € X,, the distance from X, is given by
d(Xo,P) =n"'x

so that the Hausdorff distance dy (X, X;,) is always infinity. In particular, X,, does not
converge to X, in the sense of (H1). Meanwhile, assumption (H2) is fulfilled. There
are alternative definitions of Hausdorff convergence to relax the concept for noncompact
cases [23]. However, we do not touch this subject any more since it is not essential in the

present study.
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Part 11

On the Gromov—Hausdorft stability

of metric viscosity solutions
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1 Introduction

Hamilton—Jacobi equations play a pivotal role in interfacial science and optimal control.
From the perspective of PDE, the well-posedness and qualitative properties of their viscos-
ity solutions have been studied intensively since the 1970s. In recent decades, this line of
inquiry has been extended beyond Euclidean spaces to a wide range of non-Euclidean and
metric settings [2, 6, 11, 9, 10, 17]. Notably, applications of Hamilton-Jacobi equations
on metric spaces have attracted considerable attention; examples include the construc-
tion of viscosity solutions via graph approximations of fractals [5], domain-perturbation
problems [18, 20], and an application to a large-deviation principle [13].

Our main aim is to study the Gromov-Hausdorff stability of metric viscosity solu-
tions, which is a natural generalization of the aforementioned stability results for domain
perturbations [18, 20]. Parallel to these developments within PDE, such stability has also
been extensively studied in broader mathematical contexts, motivated in particular by ad-
vances in metric geometry. In [12], Gigli, Mondino, and Savaré studied the stability of heat
flows under pointed-measured-Gromov—Hausdorff convergence. In [15], Honda proved the
stability of solutions to elliptic PDEs under Gromov-Hausdorff convergence. The present
work furnishes a first-order analogue, establishing Gromov-Hausdorff stability for metric
viscosity solutions of Hamilton—-Jacobi equations.

Let n € N. Suppose that (X,,d,) and (X, ds) are geodesic spaces. We assume
X, — X+ in Gromov—Hausdorff sense.

We recall that X,, converges to X, in Gromov—Hausdorff sense if there exists an e¢,-
isometry f, : X,, = X with ¢, — 0 as n — oo. See Definition 2.4.

We consider the Hamilton—Jacobi equation on X,

o (t, ) + Hn(x, |Vdnu”|(t,x)) =
u™(0, x)

0, (t,2) € (0,00) x X, (1.1)
9"(z), z€ Xy, (1.2)

where the Hamiltonian H, : X, x [0,00) — R is continuous and the initial function

g" : X, — R is continuous. We also consider the Hamilton—Jacobi equation on X,

Ou™(t,x) + Hoo (, |V u®|(t,2)) =0, (t,z) € (0,00) X Xs, (1.3)
u>®(0,z) = g™ (x), z€ X, (1.4)

where the Hamiltonian H,, : X, % [0,00) — R is continuous and the initial function
g . X, — R is continuous.
For the stability, we assume the following conditions. To handle metric viscosity

solutions, we extend the domain of Hamiltonian H, and H, to X,, X R and X, X R,
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respectively, by constant extension. Precisely, for x € X,,, y € X, and for p < 0, we set
Hn(x7p) = Hn(m70)7 Hoo(y7p) = Hoo(y70)

(S1) (Gromov-Hausdorff convergence) X,, — X, in Gromov-Hausdorff sense. In other

words, there exists an €,-isometry f, : X,, - X, with €, — 0 as n — oo.

(S2) (Monotonicity of H, in the second variable) Let = € X,,. For p,q € R with p < g,
the inequality
H,(z,p) < Hy(x,q)

holds.

(S3) (Uniform convergence of H,) For x € X, p € R, and z,, € X,,, p, € R such that

fo(zn) = x in X and p, — p in R as n — oo, the convergence

holds.

(S4) (Uniform boundedness of u™) For T1,T5 € (0,00) with 77 < T5, there exists a
positive constant M independent of n such that, for s € [T7,T5] and = € X,,, the
inequality

lu™(s,z)| < M

holds.

(S5) (Equi-continuity and pointwise convergence of ¢) There exists a modulus of conti-

nuity 7 such that, for x,y € X,,, the inequality

9" () = g"(y)| < n(dn(z,y))

holds. Furthermore, for x € X, g"(f,(z)) converges to ¢(z) as n — oo, where

f,/L : Xoo — X, is an ¢,-inverse of f,,. See Definition 2.7.

Under these assumptions, we can prove the Gromov-Hausdorff stability of metric

viscosity solutions.

Theorem 1.1 (Stability under Gromov-Hausdorff convergence). Let (X, d,) and (Xo, doo)
be locally compact geodesic spaces; that is, geodesic spaces in which every closed ball is
compact. Let u" be a metric viscosity subsolution (resp. supersolution) of (1.1), (1.2).
Define the limit function u™(t,x) (resp. us(t,x)) by

u™(t,z) ;== sup limsup(u")*(t,, x,), (t,z) € [0,00) X Xoo.

(tn,on) mn—00
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(resp. Uso(t, ) := inf liminf(u").(t,, x,), (¢, 2) € [0,00) X Xoo.>

(tn,xn) M—00

In the definition of u™ (resp. us ), the supremum (resp. infimum) is taken over all
sequences t, € [0,00) and x, € X,, such that t, — t in [0,00) and f,(z,) = = in Xy
as n — 00. Furthermore, (u™)* and (u"). denote the upper and lower semicontinuous
envelopes of u™, respectively. Suppose that (S1)-(S5) hold and, for v € X, the following

inequality (continuity at the initial time of u™) holds:

u™(0, ) < sup limsup(u™)*(0, x,).

<7”68p. Uoo (0, 2) > inf lim inf(u"). (0, xn))

(zn) m—o0

We also assume that u™ (resp. us) is an upper (resp. lower) semicontinuous function on
Xoo- Then, the function u™ (resp. u) is a metric viscosity subsolution (resp. supersolu-
tion) of (1.3), (1.4).

Note that if we assume (S1)-(S4) and the upper (resp. lower) semicontinuity of u>
(resp. s ), We can prove the stability of metric viscosity subsolutions (resp. superso-
lutions) to (1.1) itself in essentially the same way as in the case of the Cauchy problem
(1.1), (1.2).

We outline the strategy of the proof. First, by using the characterization of metric
viscosity solutions via squared distance functions [20], we show that u> is a metric viscos-
ity subsolution of (1.3). See Proposition 3.1. Next, we demonstrate that u> satisfies the
initial condition (1.4) using (S5). A similar argument shows that u., is a metric viscosity
supersolution of (1.3), (1.4). Our strategy is a natural adaptation of the approach used
to prove the stability under Hausdorff convergence [18, 20].

As an application of the stability of metric viscosity solutions, we give a PDE-based
proof of the convergence of maximizers of the dual Kantorovich problems under measured-
Gromov-Hausdorff convergence. The dual Kantorovich problem includes the Hopf-Lax
semigroup, which can be identified as the unique metric viscosity solution of (1.1), (1.2)
with a specific Hamiltonian. Therefore, we can apply our stability results to the stability
of maximizers.

Let fioo, Voo € Po(Xoo) and p,, v, € Po(X,,). Here, Po(X,,) denotes the set of prob-
ability measures on X, with finite second moments. We consider the dual Kantorovich

problem on X,

max ( Ql(bdyn_/ ¢dﬂn) (KANn>
) \/x, n

¢€Ll(ﬂn

and the dual Kantorovich problem on X,

max (/ Qlcbdl/oo—/ qbd,uoo>, (KAN)
€L (1oo) \J x oo Xoo



2. PRELIMINARIES 31

where (Q1¢ denotes the Hopf-Lax semigroup applied to ¢ at time 1. See Subsection 2.3

for a more detailed explanation of the Kantorovich problem.

Proposition 1.2 ([27, Exercise 28.12]; see also the claim in the proof of Theorem 1.1
in [26]). Let (X,,d,) and (Xw,ds) be compact geodesic spaces. Assume (S1). In other
words, there exists an €,-isometry f, with €, — 0 as n — oo. Suppose further that f, is

a Borel map and the pushforwards of measures (fp)upin, (fn)pgvn satisfy

(fn)#ﬂn — Moo, (fn)#yn — Vo

in 2-Wasserstein distance Wy as n — oo. Let ¢" be a mazimizer of (KAN, ). Then, there
exists a constant " € R such that a mazimizer ¢" — " of (KAN,,) converges uniformly to
some mazimizer ¢ of (KANy) up to a subsequence. Equivalently, for x € X, we have

lim (¢" () — ") = o(x),

n—oo
where x, € X, satisfies fn(r,) = x in Xo as n — 0.

The proof is carried out according to the following strategy. First, we show that, for
each n, there exists a real number ¢ such that ¢" — " is equi-Lipschitz in n and uniformly
bounded. Then, by applying the Ascoli-Arzela theorem, we deduce the existence of a
uniformly convergent limit ¢. Up to this step, the approach is the same as that used in
previous study [26]. However, instead of applying the Ascoli-Arzela theorem directly to
Q1(¢™ — ™) as in the previous work, we deduce the uniform convergence of Q;(¢™ — ")
from the stability of metric viscosity solutions. Using the uniform convergence of these
functions, we verify that the limit function ¢ is a maximizer of the dual Kantorovich
problem on X .

The remainder of this paper is organized as follows. In Section 2, we give a short review
of metric viscosity solutions, Gromov-Hausdorff convergence, and the dual Kantorovich
problem. In Section 3, we prove the stability of metric viscosity solutions under Gromov—
Hausdorff convergence. In Section 4, we prove the stability of maximizers of the dual

Kantorovich problems under Gromov-Hausdorff convergence.

2 Preliminaries

In this section, we summarize the minimal knowledge of metric viscosity solutions, Gromov—

Hausdorff convergence, and the dual Kantorovich problem for the reader’s convenience.
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2.1 Metric viscosity solutions

Let (X, d) be a metric space satisfying the following condition. For z,y € X, there exists
a continuous curve 7 : [0, 1] — X such that v(0) = x, v(1) = y and

A(3(s),4(1) = |s — tld(z,y), 5.t € [0,1].

A metric space with this property is called a geodesic space.
In this subsection, we consider the Hamilton—Jacobi equation with a continuous Hamil-
tonian H(z,p): X x [0,00) — R

Owu(t,x) + H(x,|Vau|(t,z)) =0, (t,z)€ (0,00) X X, (2.1)
u(0,z) =g(z), =e€X, (2.2)

where g : X — R is continuous.

We define the local slope for a locally Lipschitz function ¢ : (0,00) x X — R by

L 6(t, y) — o(t, )]
Vad|(t, z) := hr;lj;lp )

In the same way, we define the lower and upper local slope for a locally Lipschitz function

¢:(0,00) x X = R by

X O’ _ ta t,
V0]t ) = Tim sup max{0, qﬁ’y yl)— o(t,x)}

9

Definition 2.1 ([10, Definition 2.2]). Let ¢1,¢2 : (0,00) x X — R be locally Lipschitz
functions. We call (¢1, ¢2) a subsolution (resp. supersolution) test function if (¢1, @)

satisfies the following conditions.

(i) The identity [Va¢1|(¢, ) = |V ¢1](t, z) (resp. [Vagi|(t,z) = [V 1|(t, z)) holds on
(0,00) x X and the slope |V4¢1|(t,x) is continuous on (0,00) x X.

(ii) The time derivatives dy¢1 and 0y are continuous on (0,00) x X

We denote by C (resp. C) the collection of all subsolution (resp. supersolution) test

functions.

For example, by [9, Lemma 7.2], the function (¢, ¢s) = (d(a,)?,0), a € X is a
subsolution test function.
For a subsolution test function v and a supersolution test function wu, the following

inequality holds, which is used in the proof of Proposition 3.1.
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Lemma 2.2 (|20, Lemma 2.1]). Let u,v,w : (0,00) x X — R be locally Lipschitz func-
tions. We assume that u satisfies the condition (i) of the definition of supersolution test
function (Definition 2.1) and v satisfies the condition (i) of the definition of subsolution
test function (Definition 2.1). If u—v —w attains a local mazimum at (t,%) € (0,00) x X,
then the inequality

IVaul(E, ) — [Vavl(F, 2)] < [Vawl(E,2)

holds.

To define the notion of metric viscosity solutions, we extend the domain of the Hamil-
tonian to X x R by constant extension. For f : [0,00) x X — R, we define the upper

(resp. lower) semicontinuous envelope by

fr(t,z) == limsup f(s,y).
(5:9)—(t,2)

(vesp. £(t.0) = Jimint fis.0).)

Definition 2.3 ([10, Definition 2.5]). Let u : [0,00) x X — R be a locally bounded

function. We say that u is a metric viscosity subsolution (resp. supersolution) of (2.1)
if u* — ¢y — ¢y, (¢1,02) € C (resp. uy, — ¢ — P2, (¢1, ¢2) € C) attains a local maximum
(resp. minimum) at (¢,z) in (0,00) x X, then the inequality

A1 (t, ) + 0o (t, ) + Hiv o)) (%, [Var (8, 2)]) <0

(resp. Dy (t, ) + Opa(t, x) + HVOI ) (2,1V 44| (t, 2)) > 0)

holds. Here, for n > 0, we define

H,(z,p) = inf H(x,s).

[s—p|<n

(resp. H'(z,p):= sup H(x,s).)

ls—pl<n

We say that u is a metric viscosity subsolution (resp. supersolution) of (2.1), (2.2) if u
is a metric viscosity subsolution (resp. supersolution) of (2.1) and u satisfies the initial
condition (2.2):

u(0,2) < g(z). (resp. u(0,z) > g(az))

We say that u is a metric viscosity solution of (2.1), (2.2) if u is a metric viscosity

subsolution and supersolution of (2.1), (2.2).
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2.2 Gromov—Hausdorff convergence

In this paper, we use the definition of Gromov—Hausdorff convergence via an e-isometry.
It is known that there are some characterizations of Gromov-Hausdorff convergence. See

[27] for more details.

Definition 2.4. Let (X,dyx), (Y,dy) be metric spaces. Let ¢ > 0. We call a map
f X =Y an eisometry if f satisfies the following conditions.

e For z,y € X, the inequality

ldy (f(), f(9)) — dx(z,y)| < €
holds.

e The inequality dy ( f(X), Y) < € holds, where dy denotes the Hausdorff distance in
Y.

Definition 2.5. Let (X, d,) and (X, dw) be metric spaces. We say that X,, converges
to X, in Gromov—Hausdorff sense if there exists an €,-isometry f, : X,, — X, with

€, — 0asn — oo.

Remark 2.6. According to [4, Subsection 7.4], the ordinary definition of Gromov-Haus-
dorff convergence in terms of embedding maps coincides with the definition adopted in
this paper. Moreover, Hausdorff convergence implies Gromov-Hausdorff convergence [4,
Example 7.4.1]. However, there is an example that converges in Gromov-Hausdorff sense

but not in Hausdorff sense: a unit line segment rotating about the origin in R2.

. / . .
For an e-isometry f, one can construct a map f that serves as an approximate inverse

to f.

Definition 2.7. Let (X, dx), (Y, dy) be metric spaces. Let f: X — Y be an e-isometry.
We call amap f : Y — X an e-inverse of f if f satisfies the following conditions.

o The map f is a 4e-isometry.

e For x € X and y € Y, the inequalities

dx (f o f(x),x) <36, dy(fof(y),y) <e
hold.

Remark 2.8. Let (X,,d,) and (X, ds) be metric spaces. Suppose that X,, converges

to X in Gromov-Hausdorff sense. Then, for z € X, there exists =, € X, such
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that f,(z,) — = as n — oo. Indeed, there exists =, € X,, such that d (:U,fn(xn)) <
doo (x, fn(Xn)) + % Recalling the fact that

di (fr(X0n), Xoo) = max{ sup  doo (Y, Xoo), SUp doo (¥, fn(Xn))},

yefn(Xn) Y€X oo

we have

oo (2, £u() < o, Fu(X0) 4 < i (Fu(X), Xoe) 40 S et

Letting n — oo, we obtain the desired conclusion.

2.3 The dual Kantorovich problem

Let (X,d) be a compact geodesic space. Let p,v be probability measures on X and
let II(x, v) be the set of probability measures 7 on X x X satisfying (p1)xm = p and
(p2)gm = v. Here, p1,p2 : X x X — X are projection maps onto the first and second

factors, respectively. For p, v, we define 2-Wasserstein distance Wy (i, ) by

Wa(p,v) = (it d(z,y)2dn(z,y) %.
(S )

mell(p,v)

It is well known that W, satisfies the axioms of a distance on Po(X) [27].
Furthermore, W5 admits the following dual formulation [27, Theorem 5.10]:

1 C
SWalp, ) = max (/X¢ dy—/){gbdu). (KAN)

The right hand side of (KAN) is called the dual Kantorovich problem.

We now turn to the admissible class of functions ¢ in the dual formulation and the
d2

<.
we may, without loss of generality, restrict the admissible class of functions ¢ in (KAN)

to those that are Céi—convex. Recall that ¢ : X — RU {£o0} is a %—convex function if

there exists a function ¢ : X — R U {+£oo} such that

definition of their d;-transform ¢°. Since (KAN) admits a maximizer that is %--convex,

o) = sup (Gl0) = e ) we X

yeX

Then, for such a ¢, the %—transform ¢° is defined by

¢°(z) = inf (cb(y) + %d(x,y)Q) ., reX.

yeX
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the dual Kantorovich problem can be written as

sty (= o)

3 Stability of metric viscosity solutions

We use a characterization of metric viscosity solutions via squared distance functions,

which is a slight modification of Proposition 7.2 in Part L.

Proposition 3.1. We assume that (X, d) is a locally compact geodesic space. Then, the

following statements are equivalent.

(i) A functionu : (0,00)x X — R is a metric viscosity subsolution (resp. supersolution)

of (2.1).

(ii) Let a,& € X, k> 0,1>0, and ¢ be a C*((0,00)) function. If u*(t,z) — ¢(t) —
Ed(a,z)* — Ld(z,2)? (resp. u.(t,x) — ¢(t) + 5d(a,z)? + £d(&,2)?) attains a strict

local mazimum (resp. minimum) at (t,%) € (0,00) x X, then the inequality
Ow(t) + H (%, kd(a,2)) <0

(resp. O,p(t) + H (&, kd(a, &)) > 0)
holds.

Proof. We show that (ii) implies (i). The converse follows directly from the definition of
metric viscosity solutions.

Let (¢1, ¢2) € C and set ¢ = ¢ + ¢o. We assume that u* — ¢ attains a local maximum
at (£,%) in (0,00) x X. Let r be a positive constant with 0 < r < % and let I, B be
open neighborhoods of t, & respectively, with compact closures. We consider a function
Fy:1x B xIx B — R defined by
o

2

1
2 — %d($7y)2 - gd(ia y>2

t—
i :

. 1
Fl(taxvsay) =u (t,SL’) - (b(S?y) - E|t - 8|2 -

where € > 0 and o > 0. Since F} is upper semicontinuous, the function F attains a local

maximum at (., Z., S¢,¥.) on I x B x I x B. Then, the function

Fy(t,z,s,y) = Fi(t,z,s,y) — Ed($e, x)2 — g

€ €
d . 2__t_t62__ _ 62
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attains a strict maximum at (t, z., s, ¥.). By comparing the values of F, at (t, ., Sc, Ye)

and (t,#,t, %), we obtain

wrh A .~ . € . € €
Fi(te, xe, 8¢,ye) > u*(t,2) — o(t, 2) — =d(z, )% — §d(y6,x)2 - §]t —t|* - §]t — 5%

Consequently, we deduce

1 Q- 1 «
_te_ 62 —|t — € _d € 62 _dA 62
gelte = sl + St = sel + o d(we, ye)” + Sd(2,ye)
S L|te - 86| + Ld(xeaye)

€ A~ ~ ~ ~
+ 5 (dlze ) + dlye, ) + [ =t + | = s.?)

< L|te — 8| + Ld(x,y.) + 2er?,

where L is a Lipschitz constant of ¢ on I x B. Therefore, we have (t., z, s¢, ye) — (t,2,1,2)

as € — 0. Furthermore, by the condition (ii), we have

te_se

€

1
+ H (xe, —d(xe,ye)) <0.
€
Since —8sB(se, ye) + =2 + a(t — s.) = 0, we deduce
. 1
0s0(Se,ye) — a(t — sc) + H (:1:6, —d(arg,yg)) <0. (3.1)
€
On the other hand, by Lemma 2.2, we get

1
‘Vd(blKSe?ye) - Ed(xﬂyﬁ) < |Vd¢2‘<85, yﬁ) + Oéd(!f,]k). (32)

Combining (3.1) with (3.2), we have

~

atqb(sm ye) - Oé(t - Se) + (H)\V,i¢2|*(s€,y5)+ad(i‘,y5)(xev |Vd¢1| (Seu ye)) S 0.

Taking liminf,_,y in the above inequality, we get the desired inequality. Il

Remark 3.2. An analogous equivalence holds if, in (ii), we replace the assumption of a
strict local maximum (resp. minimum) by that of a local maximum (resp. minimum).

See Proposition 7.2 in Part I.
We are now prepared to present the proof of Theorem 1.1.
Proof of Theorem 1.1. We first prove that u® is a metric viscosity subsolution of (1.3).

We apply the implication from (ii) to (i) in Proposition 3.1.
Let a0 € Xoo, too € (0,00), and ¢ € C'((0,00)). Condition (S1) implies that there
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exists a,, € X,, such that f,(a,) — ax. See Remark 2.8 for the details. We assume
o) k 2 l 2
Fo(t,z) :=u™(t,x) — ¢(t) — §doo(aoo, x)* — §doo(x007x)

has a local strict maximum at (tw,Zs) € (0,00) X Xo. Let m > 0. We consider a

function

k z
Fult,) = (") (t,) = §(t) = Sdu(an, 2)° = Sdn(wn, 2)° - %dn@;n, z)? — %un s

By the definition of u* and the upper semicontinuity of u*, there exist z,, € X,, and
tn € (0,00) such that f,,(z,) = Too, tn = teo and lim, oo (u")*(t,, Tn) = U™ (too, Too)-
Since F), is a upper semicontinuous function, there exists a maximizer (f,,,) of F),

on [t, —d,t, +d] x By(z,) with 0 < d < %=. This implies

(W™ (tn, xn) — O(tn) — gdn(an,xn)2

~

< (W) (b, i) — (En) — gdn(an, Bn)? - édn(xn,in)Q — 5 (@ ) = S0 =l
(3.3)
We claim that the left hand side of (3.3) converges to u™ (tx, :BOO)—(b(too)—gdoo(aoo, Too)?.
Indeed, by the definition of f,,, we compute directly

oo (fn(an)a fn(mn)) —en < dp(an, ) < do (fn(an)7fn<xn)) + €n.

Hence, we get (u")*(tn, Tn) — ¢(tn) — Edy(an, 20)? = U (tos, Too) — Ptoo) — Edoc (00, Too)?.
To prove f,(Z,) — Too, we show that f,(z,) converges to some ¢; € X, as n — 0.

Indeed, by the triangle inequality and the Cauchy inequality, we have

2

dso (aoo, fn(fcn))

< 2<doo (aoos falan)) + 6n>2 49 (doo (Fulan), fuldn)) — 6n)2' (3.4)

We evaluate the second term in the right hand side of (3.4). By the definition of f,, we

have
|dn(ana in) - doo (fn(an)a fn(in))} S €n,

and
|dn(am xn) — deo (fn(an)u fn(xn))} < é€n.
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Thus, by (3.3), we deduce
(), i) = ) 5 (o). fula)) +62)
< & (e ) Sul)) = €)= 5 (dee (), o)) +60)”

l m - A (3.5)
+ §dn(xna :%n)z + 5dn($na jn)2 + E|tn - tn|2
< (W) (fny ) — (W) (b, ) + O(tn) — G(tn).
By (S4), we have
(W) (s ) — (W) (ts ) < 2M. (3.6)

From (3.4), (3.5), and (3.6), we get

2

dso (aoo, fn(i"n))

< 2(doo (aoo, falan)) + en,)Q + 2<doo(fn(an), Falzn)) + €n>2 L BM 4Led

+
k k
where L is a Lipschitz constant of ¢ on some closed set including [t, —d, t,,+d]. Thus, for
large n, some closed ball independent of n in X, contains f,(#,). Consequently, by the
local compactness of X, we have f,(Z,) converges to some ¢; € X, up to subsequences.
We prove that f,(Z,) — s and f, — ts. Using the triangle inequality and the
definition of f,,, we have
doo(xooafn<in)) < (moovfn<xn)) +dn(xn7i.n) + €n

dos
doo (Too, f(@n)) +d + €.

IN

Letting n — oo, we obtain ¢; € Bq(rs). Since i, € [t, — d,t, + d], by passing to
a subsequence (still denoted by the same index), we deduce that £, converges to some
¢2 € (0,00). Furthermore, letting n — oo in (3.3), we obtain that f,(Z,) — ¢1 = 2o and
tn — Co = ts, independently of the choice of subsequence.

We are now in a position to prove u™ is a metric viscosity subsolution of (1.3). Note
that, by choosing m sufficiently large, one may ensure that Fj, attains its maximum at

an interior point of [¢, — d,t, + d] X By(z,). Indeed, in the middle term of (3.5), we
2 2

observe that %(doo (fn(an), fn(i‘n)) - en> — g (doo (fn(an), fn(xn)) +en) — 0. Therefore,

by choosing m sufficiently large, we can make both d,(z,,2,) and |t, — ,| arbitrarily

small, uniformly in all sufficiently large n.

Counsider the subsolution test function

(a2, 6alt ) = (000) + a0 G2 + ) + 5 — ).
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Since u™ is a metric viscosity subsolution of (1.1), it follows that
0 (tn) +mltn = tn) + (Ha) 9, guf11,8,) (0 kdu(an; 2a)) < 0.

Moreover, by (S2), we have (H")Wd bol* (Fnsim) (i:n,kdn(an,fcn)) > Hn(i’n,kdn(an,fgn) —

ldy (T, ) — mdy (T, xn)) Consequently, we obtain
O (tn) + mltn — tn) + Hy (20, kdp(an, &n) — ldn(2n, 2,) — mdy (&0, 2,)) < 0. (3.7)
We deduce from (52), the definition of f,,, and (3.7) that

0,6() + m(ty — t,)
+ Hn(gen, kdoo (o), fo(in)) = (L4 m) doo (falEn), ful(za)) — (k+1+ m)en> <0.

Letting n — oo and applying (S3), we have
0 d(too) + Heo (xoo, kdso (oo, xoo)) <0.

Thus, by Proposition 3.1, u* is a metric viscosity subsolution of (1.3).
Finally, we prove that u* satisfies the initial condition (1.4). Let z,, € X.. Take
arbitrary t,, € (0,00) and z,, € X,, such that ¢, — 0 and f,(z,) = 7o in X.. By the

continuity at the initial time of u”, we have

u™®(0,25) = sup limsup(u")*(t,,z,) < suplimsup(u")*(0,z,). (3.8)

(tnywn) n—0o0 (xn) n—00

Since u™ satisfies the initial condition (1.2), we get
(u")*(0,z0) < g"(n)- (3.9)

By (S5) and the definition of the €,-inverse, the right hand side of (3.9) can be estimated

from above as

9 (0) < 97 (20) + 1(36n) + |" (£ 0 fulwn) = 9% () (3.10)

Furthermore, by the triangle inequality, (S5) and the definition of the €,-inverse, we have

{gn (fylz © fn(xn)) - goo(xm)}

3.11
< 77<doo (fn(xn)axoo) + 4€n> + ‘gn(ﬂz(xOO)) - goo(xoo)" ( )
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Thus, in view of (3.8), (3.9), (3.10), (3.11) and (S5), we conclude that

U (0, o) — (7o) < suplimsup {(u")*(0,z,) — ¢°°(2x0)}

(zn) n—o0

< sup lim sup {77(3671) + n(doo (fn(xn)’xw) + 4€n> + |gn (f;b(xw» - goo(xw)‘}

n) N—00

(z
0

IN

In the same way, we can prove that u, is a metric viscosity supersolution of (1.3),
(1.4). O

By Theorem 1.1, the convergence of metric viscosity solutions follows immediately.

Corollary 3.3 (Uniform convergence). We make the same assumptions as in Theorem
1.1. Furthermore, we assume that (X,,d,) and (X, ds) are compact geodesic spaces.
We also assume that the comparison principle holds for the Hamilton—Jacobi equation
(1.8), (1.4); that is, for continuous metric viscosity subsolution u and supersolution v of
(1.3), (1.4), we have u < v on [0,00) X Xo. Then, u™® = uy(=: ) on [0,00) X X and
u™ converges uniformly to u:

lim u"(t,,z,) =u(t,z), (t,z)€[0,00) X X,

n—o0

where x, € X, satisfies fn(x,) = = in Xy and t, € [0,00) satisfies t,, — t in [0,00) as

n — 0.

Proof. By the definition of u™ and u,, we have u™ > u, in [0,00) X X,. Furthermore,
by Theorem 1.1 and the comparison principle, we have u>* < u.,. Consequently, u> = u.,
in [0,00) x Xo.

By a standard argument in the theory of viscosity solutions, we obtain

lim u"(t,,z,) = u(t,z), (t,x)€[0,00) % Xe,

n—o0

where z,, € X, satisfies f,(x,) — = and t,, € [0, 00) satisfies t,, — t as n — oo. Thus, we

obtain the conclusion. O

4 Stability of the dual Kantorovich problem

To prove Proposition 1.2, we demonstrate the convergence of the Hopf-Lax semigroups

under Gromov-Hausdorff convergence.

Lemma 4.1. Let (X,,d,) and (X, dx) be compact geodesic spaces. Assume (S1). We
also assume that g" : X,, = R and g : Xoo — R satisfy the following condition.
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(S5)" The function g" is equi-Lipschitz in n, that is, there exists a positive constant L

such that, for x,y € X,,, the inequality

19"(2) = ¢"(y)| < Ldn(z,y)
holds. Furthermore, for © € Xo, g"(f,(2)) converges to g>(z) as n — oc.

Then, fort > 0, the Hopf-Lax semigroup QQ:g"™ converges uniformly to QQ;g> as n — oo.

More precisely, fort > 0, the convergence
lim Qug"() = Qu™(x), T € X (4.1

holds, where x,, € X,, satisfies fn(x,) = x in Xo as n — oo.

Proof. We note that Q);¢g" is the unique metric viscosity solution of
n 1 n 2
o™ (t, x) + §]Vu (t,x)|"=0, (t,x)€ (0,00) x X,,

u"(0,z) = ¢"(x), z€X,.

Likewise, ;9> is the unique metric viscosity solution on X; see [9, Theorem 7.7].

We verify in turn the assumptions required for Corollary 3.3. Conditions (S2), (S3) can
be checked directly. We can check that u™ is equi-Lipschitz in n by the equi-coercivity of
the Hamiltonian and the equi-Lipschitz continuity of ¢" in n (which follows by a standard
argument from viscosity solution theory). Thus, by the compactness of X,,, we can prove
that u™ satisfies (S4). The equi-Lipschitz continuity of u” in n also implies the continuity
at initial time of u™ and the semicontinuity of both u* and .. Moreover, (S5) follows
immediately from (S5)’. Thus, by Corollary 3.3, we obtain (4.1). O

Remark 4.2. By the definition of an e,-inverse f, of f,, the convergence (4.1) corresponds
to the standard notion of convergence in optimal transport theory [27]. More precisely,

the convergence
lim Qug" o f,(x) = Qg™ (x)
holds for ¢ > 0 and uniformly for z € X.

We are now in position to prove Proposition 1.2 using Lemma 4.1. To this end, we

may assume that f, is a Borel map.

Proof of Proposition 1.2. Let ¢™ be a maximizer of (KAN, ). Without loss of generality,

we can assume that ¢" is %—convex [27, Theorem 5.10 (iii)]. Fix a point z € X,. Define

’

"= ¢"(f,(2)). Then, (¢" — c")(f,(2)) = 0 holds. Since ¢" is d?%—convex, Pt — " is
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az

1-Lipschitz with respect to 3. Thus, we have

|(@" — ") (@) = (¢" = ")(y)]

d 2 d X (42)
< "%’y) < lam; ) d(ey), wy e X,

where diam(X,) := sup, ,cx, d.(7,y). By the compactness of X, and the definition of
fn, we get

diam(X,,) = sup dy(z,y) < sup do(ful(2), fu(y)) + € < K (4.3)
:E,yEXn x,yEXn
for some positive constant K independent of n. Combining (4.2) and (4.3), ¢" — ¢" is
equi-Lipschitz with respect to d,,. Furthermore, by the choice of z, we have

K K?
l(¢" — ") (x)| < 3dn(9€,z) < - TE X

Thus, ¢"—c" is uniformly bounded. By the Ascoli-Arzela theorem, (¢"—c")o f; converges
uniformly on X to some Lipschitz function ¢ up to subsequences. Applying Lemma 4.1,
we obtain the uniform convergence of Q1(¢" — c”) o f, to Q1().

Since ¢" is a maximizer of (KAN,,), we have

/Xn Qu(6" — &) dv — /n(w — M dp

1 (4.4)
- Ql (gbn) dvy, — an d:“n = 5 W2(1U“’Vl7 Vn)Q'
Xn Xn
By the triangle inequality, we observe
| / Qo' )@~ | Q@) v
< [ oo = @ - @u(or = )f 0 @) d
" (4.5)

f )@ -t [

o5}

+ ‘ . Q1(0)(2) dve — /Xoo Q1 (0" — c")(f;(x)) dyoo"

Since Q1(¢™ — ™) is equi-Lipschitz, the first term in the right hand side of (4.5) converges

to 0 as n — oo. The second term is estimated above as

/ Q" =) (fu@) A~ | Q@@ (g,

oo

+

Q@@ ) - /X Qu(¢" — ) (f1(x)) v
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Thus, the second term converges to 0 by the uniform convergence of Q1(¢" —c")o f;. The
third term also tends to zero, again due to the uniform convergence of @ (¢™ — ") o f;l
Consequently, the right side of (4.5) vanishes as n — oco.

A similar argument applies to the term | v, (@"—c")dpy, in (4.4). Then, by the stability
of 2-Wasserstein distance under measured Gromov-Hausdorff convergence [27, Theorem

28.6], we conclude

Qi) dvas — [ it = S Wl )

Xoo Koo

Therefore, ¢ is a maximizer of (KAN.). O
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