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Abstract

We study the realization of flavor structures in quark and lepton from string com-
pactifications such as six-dimensional (6D) torus T, or its twisted orbifolds T°/Zy
with background magnetic fluxes. In this paper, we consider models with su-
persymmetry (SUSY). We study four-dimensional (4D) low energy effective field
theory (EFT) at compactification scale.

We study fermion zero-mode wave functions in magnetized T°. In particular,
we focus on two cases. That is, when 6D overall chirality is fixed as positive, we
analyze wave functions with positive chirality (+ + 4), and wave functions with
various chiralities like (+ — —), (— + —), and (— — +) in magnetized T°. First,
we introduce these wave functions satisfying both the Dirac equation and the
boundary conditions on T°. Second, we introduce SO(3), (or SO(6)) rotation and
a new complex coordinate when we particularly consider the wave functions with
various chiralities. We also derive the wave functions behaviors under the Sp(6,7Z)
modular transformation in order to count the number of zero modes in magnetized
T®/Zy orbifolds. We introduce magnetized T°/Zy models, in particular, T°/Z;
and T°/Z,. This is because these lattices correspond to SU(7) and Eg root
lattices, respectively. We then analyze the number of zero modes in magnetized
T®/Zy by using generators of the Sp(6,Z) modular symmetry.

For T/Z7, we do not find three-generation model to satisfy conditions that
can realize 4D N' =1 SUSY EFT. For T°/Z,, on the other hands, we have some
three-generation models which can realize 4D N = 1 SUSY. We can realize them
by not only the wave functions with positive chirality, but the wave functions with
various chiralities. Lastly, in order to obtain 4D Yukawa couplings, we need to
take chirality and symmetry into account. Then, we calculate overlap integral
of left-handed, right-handed fermions, and Higgs sectors. This leads to Yukawa
couplings taking chirality into account.

Moreover, we consider 4D N = 1 SUSY and Sp(2¢,Z), (9 = 2,3), modular
invariant EFT using the Yukawa couplings, the modular transformations, and
chirality. The Yukawa couplings in 4D EFT can be derived from the superpotential.
We find that the overlap integral leading to the Yukawa couplings in 4D EFT can
be holomorphic under the modular symmetry when we take appropriate magnetic
fluxes. Next, we study finite non-Abelian discrete groups. They are derived from
the modular transformations and magnetic fluxes. We find some non-Abelian
discrete symmetries in magnetized 7% and 7.






Contents

2 Magnetized D-brane model
2.1 Super Yang-Mills theoryl . . . . . . . . . . ... ... L.
R.1.1 Magnetized T7 X 15 x 15 model . . . . . . . . ... ... ..

R.1.2 Magnetized T“ model . . . . . . . . ...
R.1.3  Zero-mode wave functions in magnetized 1 model . . . . .

E.1.4  "T'hree-pomt couplings and mass 1 bosonic sector . . . . . .
R.1.o  Sp(2,4) modular symmetry] . . . . . . .. ... .. ... ..
R.1.6 Magnetized T%/Zy modeld . . . . . . .. .. ... ... ...

B Magnetized 7° model
B.1 Introduction of magnetized 19 . . . . . . . . ... ... ..

b.1.1  Gamma matrices and Dirac operatoy . . . . . . . . . . . ..

b.1.2  background magnetic Huxes and k-term SUSY condition . .

B.2 Introduction of wave functions in magnetized 79 . . . . . . . . . ..

B.2.1 Dirac equation and rotation in magnetized 19 . . . . . . ..

b.2.2 Mass spectrum on bosonic sectoy . . . . . . . . . . . .. ..
B2a [)-term SUSY conditionl

B.3  Wave functions and Sp(6, Z) modular symmetry] . . . . . . . . . ..

B3’ Modular [ transtormation

4 Magnetized 1°/Zy orbifolds
.1 Lattices of T°/Zn . . . . . . . .
#.2  Nonfactorizable T®/Zy orbifolds . . . . . . . ... .. ... ... ..
u.2.1 Magnetized 1°/Z- orbitold . . . . . ... ... ... ... ..
u.2.2 Magnetized 1° /2y orbifold . . . . ... ... ... ... ..

5

13
13
13
17
20
22
23
25

39
40
40
42
44
44
62
65
68
68
69



CONTENTS

5)

FPhenomenological application

b.1  Yukawa couplings in magnetized 7° model . . . . . . . ... .. ..
b.l.1  Calculation for overlap integral leading to Yukawa couplings

5.1.2 Proofof RZ=14 . . . . . . . . .. ...
513 Modular transformation of & = QWX

p.2 Non-Abelian discrete symmetrie . . . . . . . . . . . . . . .. ...

5.2.1 Modular representation p\')(~) . . . ... ...
H.2.2 Magnetic flux on 1°/Z4 . . . . . . . . ...
b.2.3 Magnetized T9 . . . . . . ... ... o
b.2.4  Magnetized T . . . . . ... ...

EC I |

Landsberg->Schaar relation|

Non-trivial scale factors in magnetized 7Y

Boundary conditions in magnetized 1Y

Solutions of Dirac equation 1n magnetized 71"

8 8 Q B &

Wave tunctions with 55 phases and Wilson lineg

Relation between 2z and z' systems

[p

Op(2q, /) group and modular transformations
1 S-transformation . . . . . . . . . .. L.
G.1.1 Magnetic Huxes under S-transtormation . . . . . . . . . ..

1 2 S-transtformafion of zero modes . . . . . . . . . . . . . . ..

2 [ -transtormation of zero moded . . . . . . . . . . . . . . ... ...

a _A-transtormation

Wave functions in magnetized 1 /7

Calculation for overlap integral

L.1  Calculation 1or products of wave tunctiony . . . . . . . . . . . . ..

L2 Calenlation tor (1 . . . . . . . . . . .. e

87
87
87
93

119

123

127

131

133

137

143

145
146
146
147
150
152
153

155



Chapter 1

Introduction

"Are we able to find the origin of existence and the universe?” Humans have been
facing this problem for a long time and this remains one of the most fundamen-
tal unsolved problems even today. In current physics, the above question can be
rephrased as ’Are we able to clarify the origin of elementary particle and its phe-
nomenology?’ Scientists have discovered various particles, for examples, electron,
neutrino, quark, and Higgs boson. In recent years, observed particles have been
classified as gauge boson, matter fermion, and Higgs boson, which is described in
the Standard model (SM) of particle physics. The SM was established by the dis-
covery of Higgs boson, and this is believed to be one of the most successful theory
in particle physics. The SM has gauge symmetry Ggy = SU(3)ex SU(2), xU(1)y
to describe fundamental interactions, namely strong and electro-weak interactions
for gauge bosons. Additionally, the SM is chiral theory and we need to regard mat-
ter particles as chiral fermions, namely left-handed and right-handed fermions. On
the other hand, renormalizable couplings appear as gauge couplings, Yukawa cou-
plings, and Higgs self-couplings. In particular, Yukawa couplings appear among
matter left-handed fermions, right-handed fermions, and Higgs boson. They play
an important role in generating gauge bosons masses and matter fermions masses.
Specifically, both gauge bosons and chiral matter fermions have to be massless
because of the gauge symmetries Gy and chiral symmetry before spontaneously
symmetry breaking. After the spontaneous gauge symmetry breaking, mass matrix
in matter fermions is obtained by Yukawa couplings and vacuum expectation value
(VEV) of Higgs boson. Furthermore, through the weak interactions, one can also
obtain two kinds of mixing matrices called Cabbibo-Kobayashi-Masukawa (CKM),
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrices in quark, lepton sector, re-
spectively. The mixing matrices are also consistent with the experimental values.

7



8 CHAPTER 1. INTRODUCTION

In this way, predictions in the SM quite consistently explains lots experimental
facts so far in particle physics. Meanwhile, there are still unsolved mysteries of
matter fermions in the SM. The origin of the flavor structure of quarks and lep-
tons such as three-generation structure and mass hierarchy among generations is
one of unsolved mysteries. Matter fermions are classified as charged-leptons, neu-
trinos, up-quarks, and down-quarks sectors, respectively. In these sectors, mul-
tiplets of matter fermions have a kind of repreating structure, what is called,
three-generation structure. Furthermore, matter sectors except neutrinos have
huge mass hierarchies, however, neutrinos have extremely small masses. More-
over, we need 22 real parameters in order to describe experimental facts in the
SM. In the mixing matrices, mixing angles and the CP angles appear among the
generations and the CP violation. The SM does not explain the origins of their
values derived from the experiments. Thus, we need underlying physics beyond
the SM to explain the origin of these parameters, in particular, the flavor struc-
ture. We can consider two approaches to understand the origin of the flavor
structure, namely bottom-up and top-down approaches. For example, introduc-
ing non-Abelian discrete symmetries such as Sy, Ay, A(3N?), A(6N?) has been
proposed to explain mixing angles in mixing matrices. This is one of bottom-up
approaches. These groups have been used to realize phenomenological models that
can explain the flavor structures such as the values of CKM/PMNS, mixing an-
gles [I-11]. Modular flavor symmetries have been also proposed [[2]. The word
'modular’ implies the SL(2,Z) = Sp(2,Z) modular symmetry. In the models,
the superpotentials are invariant under the above modular transformation. Fur-
thermore, the finite modular groups I'y for N = 2,3,4 and 5 are isomorphic to
the non-Abelian discrete symmetries Sz, Ay, Sy, and As, respectively [13]. That
is, the modular flavor symmetric models in I'y o~ S3 [I4], 'y ~ A4 [I2, I35, 16],
Iy ~ S, [7], T's ~ A5 [IR,[19], and 'y ~ S3 x A4 [20] have been proposed. Fur-
thermore, when considering their double covering groups [Z1], for examples, the
models with I, ~ 7" [22,03], I}, ~ S [24,25], T'y ~ AL [26], and 'y [27] have been
proposed so far. Lastly, the models with multi moduli in modular flavor symmetry
have been proposed so far in Refs. [28-31]. (See for reviews [32,33].)

If ideas for these bottom-up approaches are derived from top-down approach,
that is very interesting because we can clarify these origins phenomenologically.
That is, we can construct a lot of realistic models and obtain background physical
laws that we have not found so far from bottom-up approaches. We are interested
in such top-down approaches and assume one of them. That is called superstring
theory.



Superstring theory is one of higher-dimensional theory and the best candidate
for unified theory of particle physics which can describe behavior of fundamental
interactions including quantum gravity [34-38]. In the following, we impose the
supersymmetry (SUSY) and consider four-dimensional (4D) N' = 1 SUSY effective
field theory (EFT) to realize chiral theory because the SM is chiral theory. We will
mention its details in this paper. In superstring theory, on the other hand, ten-
dimensional (10D) space-time background is required to be consistent with various
properties such as Lorentz transformation and SUSY in background space-time.
However, since we see 4D observed universe, we need to compactify the extra
dimension, what is called, the compactification.

We expect that string compactification can solve mysteries in particle physics,
e.g. origins of three-generation structure and the mass hierarchy of quarks and
leptons. So far, many compactifications such as Calabi-Yau (CY) manifolds have
been proposed. The CY manifold is one of the best candidates for compact space.
In particular, the Calabi-Yau 3-fold (CY3) manifolds can realize 4D N =1 SUSY
from 10D N = 1 SUSY because of the SU(3) holonomy. Furthermore, topological
properties such as characteristic class have been studied in the CY3;. Then, we
can think of generation structure in 4D EFT by the Atitya-Singer index theorem
[34,88-40]. However, the analysis of various fields on the CYj is very difficult. This
is because the metric can be locally written, whereas the global and analytical
representation is not straightforward on the C'Ys [A0-435]. In other words, it is very
difficult to describe the wave functions over the entire C'Y5 because of the metric.
Thus, it is extremely difficult to calculate the n-point couplings derived from an
overlap integral of multiple fields on the C'Y3 such as Yukawa couplings. Computing
the values of Yukawa couplings and Higgs fields leads to mass matrices of quark
and lepton, which is very important to verify whether we can quantitatively realize
4D realistic models or not. Thus, in this paper, we especially focus on flat compact
spaces whose metrics are globally defined because one of our purposes is to realize
4D EFT of matter particles phenomenologically.

For examples, six-dimensional torus 7 is one of the simplest examples of six-
dimensional (6D) compactifications. However, 4D N = 4 SUSY remains when we
suppose T compactification. This means that it has the SU(4)z symmetry, which
leads to 4D non-chiral theory. On the other hands, orbifolding 7°/Zy is one of
compactifications to realize 4D chiral theory. We can see that 4D SUSY can be
broken to N =1 or N' = 0, where the SU(4)r symmetry is also broken [48, &7)].
However, 4D N = 2 SUSY, that is, 4D non-chiral theory, can be realized by
orbifolding.
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Here, we can introduce background magnetic fluxes in compact space when we
would like to realize 4D chiral theory [A8-563]. Then, we can find the number of
zero modes by the values of the magnetic fluxes. We can describe their properties
in the compact space, however, they are non-trivial [54,55]. Furthermore, we can
calculate overlap integral of wave functions leading to Yukawa couplings in 4D low
energy EFT [64-57]. Furthermore, we mention the modular symmetry. The mod-
ular symmetry is one of geometrical symmetries in compact space. This appears
in 4D low energy EFT and controls allowed couplings. The modular transforma-
tions denote geometrical transformations corresponding to basis transformations
in compact space. They can be used when counting zero-mode numbers in compact
space. The modular transformation behaviors of zero-mode wave functions were
also studied [68-67]. In these analyses, we need to introduce the wave functions
explicitly.

The orbifold geometry can be related to background magnetic fluxes in com-
pact space. In other words, we can consider toroidal orbifold compactification
with background magnetic fluxes. So far, the six-dimensional space which can be
factorizable to product of two-dimensional spaces was particularly studied. For
examples, T?/Zy compactifications with magnetic fluxes [68,69] were studied.
When T is factorized as T¢ = T? x T? x T?, we can extend to (T? x T? x T?)/Zy
and (T?% x T? x T?)/(Zyr x Zy) compactifications. Then, one can classify three-
generation models [70,71]. Furthermore, realization of masses and mixing angles
in quark and lepton was studied [[72-77].

We can also extend such a study to nonfactorizable 7%, T, and their orbifolds
with generic background magnetic fluxes [b4,55,78]. One of our purposes is to
study nonfactorizable cases. These compactifications lead to richer structures, be-
cause they include more degree of freedom of moduli. In this paper, we analyze
their zero-mode numbers by the modular transformations in compact space. We
show that we can realize three-generation models derived from magnetized T or
its T°/Zy orbifold compactifications. Here, we study T°/Zy orbifold models with
magnetic fluxes, whose T or T parts are nonfactorizable. Since some nonfactoriz-
able T* /Zy orbifolds were already studied [79,80], we analyze zero-mode numbers
in magnetized T, or its orbifolds T°/Zy. (See the details in Refs. [78,81,87].) In
particular, we verify whether three-generation models are realized or not in mag-
netized T°/Zy, (N = 7,12), with SU(7) or Eg root lattices, respectively. We need
to obtain the wave functions and realize 4D chiral theory with three-generation
structure. In Refs. [64,55], the wave functions with SO(6) chiralities (+,+,+)
and (—,—, —) on T° have been already studied for the zero modes. They include
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the SO(4) chiralities (+,+) and (—,—) on T%. The wave functions with generic
chirality were also studied in Refs. [54,65]. On the other hands, the index theorem
can lead to only the number of zero modes [83-83.

We note that the invariant combinations of SO(6) scalar, spinor, and vector
representations appear in allowed couplings of 4D low energy EFT. It is very
important to consider Yukawa couplings in 4D low energy EFT. In particular,
in 4D N = 1 SUSY EFT, the invariant combinations of SU(3) triplets are very
important because they appear in 4D Yukawa couplings, where SU(3) C SU(4)r.
Therefore, we have to describe zero-mode wave functions with various chiralities in
order to obtain 4D Yukawa couplings taking chirality and symmetry into account.
This is one of our purposes in this paper. So far, since T can be factorized as
T® =T? x T3 x T# and its background magnetic fluxes are non-vanishing on only
each T?, the wave functions on factorizable T are obtained as just products of
the wave functions 1&? on T?, that is, 1/15:1 )wf)wf ). In this paper, to consider
4D chiral theory with three-generation structure and 4D Yukawa couplings taking
chirality and symmetry into account, we study zero-mode wave functions with
various chiralities on generic 7% with background magnetic fluxes. We note that
the generic 7% cannot be factorized as T = T? x T# x T2 and we can introduce
the non-vanishing background magnetic fluxes over the generic 7.

This paper is organized as follows. In chapter B, we give a review on 10D
N = 1 super Yang-Mills theory with magnetized D-brane. We particularly re-
view magnetized T? x T? x T2, T? with the Sp(2,Z) modular symmetry, and its
T?/Zy orbifold models. We will show that we can construct non-Abelian gauge
groups U(N) and its spontaneously symmetry breaking U(N;) x U(Ny) x U(N3)
by background magnetic fluxes for the Cartan directions of their gauge groups,
where N = N; + N, + N3. In this paper, we will consider the U(1) gauge theory
for simplicity. When we introduce the (1, 1)-form magnetic flux on T2, T?/Zy,
(N = 2,3,4,6) models, we can realize 4D chiral theory with generation structures
taking chirality and SUSY into account. Also, we can derive three-point couplings
corresponding to Yukawa couplings in T2. In chapter B, we introduce the (1,1)-
form background magnetic fluxes and boundary conditions on 7 under the gauge
symmetry. Then, we derive the F-term SUSY condition. Then, we introduce the
massless Dirac equation and spinor wave functions with positive chirality or various
chiralities. The wave functions satisfy both the Dirac equation and the boundary
conditions. We also obtain the wave functions when we consider the (1, 1)-form
background magnetic fluxes and the SO(3), (or SO(6)) rotations keeping 6D over-
all chirality invariant. We also analyze the bosonic sector and its mass spectrum.
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When analyzing the mass spectrum by using the Laplacian, we derive the D-term
SUSY condition to realize stable 4D effective field theory with 4D N = 1 SUSY.
We also mention the wave functions behaviors under the Sp(6, Z) modular symme-
try. By use of the wave functions and its modular transformations, we can analyze
the number of zero modes in T°/Zy, particularly N = 7,12. In chapter @, we in-
troduce T°/Zy, (N = 7,12), orbifolds whose lattices are SU(7), Eg root lattices,
respectively. Also, we explicitly analyze the number of the wave functions in their
Zy sectors. In chapter H, we consider the overlap integral leading to Yukawa cou-
plings taking chirality into account, and realize non-Abelian discrete symmetries
from magnetized T# or T%. Chapter B is devoted to the conclusion. In Appendix
[Al, we briefly prove the g-dimensional Landsberg-Schaar relation. In Appendix B,
we briefly consider magnetized T with non-trivial scale factors. In Appendix O,
we explicitly prove that wave functions in the main text satisfy boundary condi-
tions in magnetized 7°. In Appendix D, we explicitly prove that wave functions
in the main text satisfy the Dirac equation in magnetized 7°. In Appendix B, we
consider wave functions with the non-vanishing Scherk-Schwarz phases and Wilson
lines. In Appendix H, we briefly consider relation between complex coordinate z
and z’ defined in the main text. In Appendix @, we briefly review Sp(2g, Z) sym-
plectic group and prove modular transformations. In Appendix H, we consider the
number of zero-mode wave functions with various chiralities in magnetized T°/Z;
orbifold. In Appendix [, we explicitly calculate overlap integral leading to Yukawa
couplings in magnetized 7°°.



Chapter 2

Magnetized D-brane model

In this chapter, we review the magnetized D-brane models of the superstring the-
ory. In particular, we focus on compactifications of the extra dimensions with flat
bulk such as torus and its orbifolds to realize flavor structures of both quark and
lepton sectors. First, if we consider ten-dimensional (10D) N = 1 supersymmetric
models and suppose six-dimensional torus 7° without magnetic fluxes, we obtain
four-dimensional (4D) N = 4 supersymmetric effective field theory. Since this
leads to 4D non-chiral theory, we cannot derive 4D chiral theory like the Stan-
dard model (SM). Therefore, we note that the supersymmetry (SUSY) has to be
broken to 4D N = 1 or N' = 0 in order to realize a 4D chiral theory. This is
because the SM is chiral theory. In this paper, we basically consider supersym-
metric models with magnetic fluxes along the compact space direction to keep 4D
Lorentz transformation which we can obtain 4D chiral theory, and verify whether
their vacua are stable or not. In this chapter, we particularly focus on magnetized
T? x T? x T?, T?, and its orbifolds T%/Zy, (N = 2,3,4,6). This chapter is along
in Refs. [64,b8,69,86].

2.1 Super Yang-Mills theory

2.1.1 Magnetized T? x T3 x Ti model

We review 10D N = 1 U(N) Super Yang-Mills (SYM) theory with magnetized
D-brane as effective field theory (EFT) of Type IIB superstring theory [54]. In
this chapter, we focus on three two-dimensional (2D) torus compactifications of

13



14 CHAPTER 2. MAGNETIZED D-BRANE MODEL

the extra six-dimensions with background magnetic fluxes,
Mg = My x Mg =R» x T? x T3 x T?, (2.1)

where T? denotes the i-th flat 2D torus, (i = 1,2, 3). When we define basis vectors
e; = 2mr; and Tie;, (r; > 0, 7; € C;), we find T? ~ C;/A;, where A; denotes a 2D
lattice spanned by e; and 7;¢;. We suppose four-dimensional space-time M, and
the extra six-dimensional compact space Mg as the Minkowski space-time R3!,
and three of two-dimensional tori 77 x Ty x T, respectively. Many studies on
six-dimensional (6D) compact space including the Calabi-Yau manifold have been
conducted, but in this paper, we will particularly focus on studying nonfactorizable
T, TS or their orbifolds with background magnetic fluxes rather than factorizable
T? x T3 x T# or its orbifolds. Nonfactorizable T with background magnetic fluxes
can be more general than factorizable T® = T? x Ty x T with respect to compact
space. Furthermore, nonfactorizable geometries with background magnetic fluxes
can lead to richer flavor models. In this chapter, we review magnetized 72, and
T?/Zy orbifolds. Then, we will focus on nonfactorizable T or its orbifolds after
this chapter. Additionally, in what follows, the background magnetic fluxes in this
paper can be derived from non-dynamical vacuum expectation values of the gauge
fields for only the direction of the compact spaces like T¢ x T3 x Ty under the
Lorentz transformation on R*!. We will introduce them specifically.
Let us consider 10D SYM action with SO(9,1) Lorentz transformation

1 1 -
S = d* dzdz | ——Tr(FMNE —Tr(ATM™ Dy N |, (2.2
R R e R
where FMN = (‘9MAN —8NAM —Z[AM,AN] and DM)\ = aMA—Z[AM, )\] for M, N €
{0,1,---,8,9}. The action S is U(N) gauge invariant
A= UNUTY Ay — UAU — (04, U)U. (2.3)

A represents gaugino fields and Fy;y is the field strength of the 10D vector potential
A

LT (ALY DygA) = - Te(—iATM [ Ay, A]) + -
N " (2.4)

:i —i\* K
29Tr( i\l [A#,)\])+29Tr( INCT A, A) + - -
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where p € {0,1,2,3} and m € {4,5,---,8,9}. We note that A,, is the extra 6D
vector fields which are regarded as 4D scalar fields. In this paper, we consider
Kluza-Klein (KK) decomposition for vector fields Ay, and gaugino (spinors) A.
The KK decomposition makes A,; and A decompose into the 4D space-time parts
M,y =R3*! and product of three tori T7 x T3 x T3 parts, namely

x,u Zz Z qu ni nz,n3 ) X ¢M,n1 (Zl) X ¢M,n2 (22) X ¢M,n3 (2’3),

ni,n2,n3

.I' Zz — Z anl ngng )®wM,n1(Zl>®¢M,n2<22>®wM,n3(23)7

ni,n2,mn3

(2.5)

where @arn, (2:), Yan, (i), (1 =1,2,3), denote the n;-th excited modes of 2D vector
fields, the 2D Majorana-Weyl spinors, respectively, on the T?. In this paper, we
focus on solutions of fermion massless modes (zero modes). On the other hands,
the compactification and the KK decomposition can lead to transformation of
subgroup of the SO(9,1). That is, we can consider transformation of

SO(3,1) x SO(6) € SO(9,1) (2.6)

on R*! x Mg. Then, SO(6) rotation transformation can exist on the Mg. We will
particularly use this SO(6) rotation when we consider magnetized T°® model. On
magnetized TZ x T x T2, we take SO(2) x SO(2) x SO(2) rotation as transformation
of a subgroup of the SO(6).

Because of Eqs. (22), (EH), when the Dirac equation on 10D space-time
background and the KK decomposition hold in the models, we can introduce 4D
bosons ¢(x*), fermions ¥ (x*), and Yukawa couplings derived from Egqs. (24),
(23). On the other hands, we take complete system of eigen functions of the Dirac
operator iID and the Laplace operator Ag on extra six-dimensional compact space:

ZmGwn(2> == mnwn(z)a
A6¢M,n(z) = MJ%/[,nQﬁM,n(Z)'

We will specifically consider these two equations and their solutions in magnetized

(2.7)

T%, (g = 1,2,3), models. In particular, we focus on the massless fermions, that
is, m, = 0 for any n, in this paper.

Additionally, we comment a complex structure modulus. Shape of two-dimensional
torus is determined by complex structure modulus 7 that is regarded as vacuum
expectation value of graviton for compact space direction. We will describe the
detail when we introduce the modular transformation. In the following, we de-
scribe background metric in this model. The ten-dimensional (10D) background
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metric is given by [95]
ds® = GyundXMdxXN = N datdz” + gijdxidyj, (2.8)

where M, N € {0,1,---,8,9}, and 7, = diag(—,+,+,+), u,v € {0,1,2,3},
denotes the metric of 4D Minkowski space-time background. On the other hand,
i = 1,2,3 labels compact space T? directions, and x,y denote real coordinates
with 0 < z,y < 1 because of the identifications ' ~ ' + 1 and ¢’ ~ y* + 1.

In this chapter, since we suppose a product of factorizable three tori, 7% x T X
T2, their complex structure are given by 71,72, and 73, respectively. We can then
take metric of 6D compact space

g 0 0
gij = 5,‘7de@‘de = 0 9(2) 0 , (29)
0 0 9(3)

where g denotes the metric of each C;, (i = 1,2, 3), and is given by

g(i) = (27T7“i)2 { ! Ren} )

: (2.10)

Rer; |7
where we define complex coordinates on C;-plane, Z; = 27r;(z; + 1y;) = 27r;2;
and Z; = 2nri(z;+7yi) = 273z, (ri > 0, 1 = 1,2, 3). We use complex coordinates
of each i-th torus T?, z;, with the identification 2° ~ 2% + ¢; ~ 2% + T;e;, in what
follows. The area of the i-th torus, A%, is given by

A = (277;) T, (2.11)

where we will make use of the above area when we consider a normalization con-
stant of wave functions in magnetized T2 model. Also, in the following, we will
normalize a scale factor 27r; = 1.

Next, we introduce background magnetic flux on each torus 77, F, in order to
realize a 4D N =1 chiral theory,

M1y,
F=F,;: 0;;(idz’ Ndz’) = n(Imr;) ™" M1y, (idz" A dZY),
My,
(2.12)

where i = 1,2,3 and 1y, denotes N, X N, unit matrix. Since the above F'is (1,1)-
form, the components F. ;; need to be real symmetric. Then, M, i can be taken as
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real number. Note that N = N,+ N+ N,.. Then, the U(N) gauge symmetry is bro-
ken to U(N,) x U(N,) x U(N.) gauge symmetry because we introduce background
magnetic fluxes along the diagonal (Cartan) direction of U(N,) x U(Ny) x U(IVe)
by the real fluxes M, ..

Similarly to magnetized T? x T3 x T2, we can take U(N) gauge theory by
magnetic fluxes along the U(N) diagonal direction,

F = m(Im7) ' M1y, (idz A dZ). (2.13)

We can break the U (V) gauge symmetry to U(Ny) x U(Ny) x U(N3) gauge sym-
metry by the following fluxes

M11N1
F = n(Im7)™! M1y, (idz A dz), (2.14)
M3y,

where N, = N1+ Ny+ N3 and M; # M, (i, € {1,2,3}). Then, when we introduce
the fluxes, we can realize non-Abelian gauge theory such as U(N), U(Ny) xU(N3) X
U(N3). Since the gauge group of the SM is SU(3) x SU(2) x U(1), and we can
describe U(N) ~ SU(N) x U(1) ignoring the quotient by the center Zy, we can
realize the gauge group of the SM from U(3) x U(2) x U(1) derived from the fluxes.
In the following, we consider magnetized T? model with the U(1) gauge symmetry,
for simplicity. Note that the following discussions can hold not only magnetized
T? models, but magnetized TZ x T3¢ x T§ models.

2.1.2 Magnetized T? model

We consider T? with the basis e; = 277, e; = 7e;, the radius of T2, r, complex
structure modulus 7 = es/e;, and complex coordinate z = x + 7y, (0 < z,y <
1, z~2+1~ z+7) [64,69]. Here, we have introduced the KK decomposition, the
Dirac equation, and the eigen equation of the Laplacian on compact space, that is,
Egs. (Z3), (224). Then, we can consider massive modes as well as massless modes.
However, since we are interested in Yukawa couplings as three-point couplings
among massless modes, we consider not KK massive modes but massless modes,
that is, zero modes. Thus, we analyze only zero modes in this paper. We take
2nr = 1 and Im7 > 0, in the following. We introduce the upper-half plane H as
follows

H={reC|Imr >0} (2.15)
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to describe well-defined spinor wave functions in magnetized T2. We will use this.
We introduce U(1) background magnetic flux on 772,

F = F.;(idz A dz) = 7 M (Im7) " (idz A dZ). (2.16)

Thus we introduce the corresponding U(1) vector potential, A = A(z,z), by F =
dA:

A(z,2) = wlm[M (2 + 7)(Im7) *dz]

= M+ ) (Inr) s + MG 4 )(Imn) Mdz(247)
= A.dz + Asdz,

where we describe the complex Wilson line 7 under the U(1) gauge symmetry on
T?. We note that we can always make the n absorb into the Scherk-Schwarz (SS)
phases by appropriate redefinition of the gauge field and the gauge transforma-
tion. We can consider models and their wave functions with the non-vanishing
complex Wilson line when we use notations z, = 2z +n, z, = Z + 77 in the U(1)
background gauge fields A, and A;. The complex Wilson lines are global, U(1)
gauge-invariant, and complex constant on 72, so their derivatives with respect to
the T2 coordinates become zero. We explicitly describe following derivatives with
respect to T2 coordinates z, z, under the U(1) gauge symmetry:

O 0% _y 0% O _ (2.18)

0z 0z 0z 0z

This means that we take

on _on _on _on

0. 0. 0z o0z (2.19)

Under the identification z ~ z + 1 ~ z + 7, we calculate the U(1) gauge transfor-
mations corresponding to the boundary conditions on 7

A(z+ 1) = A(2) + d(i(zw),

(2.20)
A(z+ 1) = A(2) + d( (2w),

where
(1(20) = 7M(Im7) Imz,,
Cr(2) = mlm[M7(Im7) ' 2, (2.21)
= 7M(Rer(Im7) 'Imz, — Rez,).
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We will use the boundary conditions when we introduce spinor wave functions on
magnetized 7% under the U(1) gauge symmetry. We have introduced the metric
on C:

ds* = dZdZ. (2.22)

Here, when we normalize the scale factor 27r = 1, the metric simply becomes
dzdz. When we introduce the following Pauli matrices, o;, (i = 1,2,3),

ol = 01 Lo = O — 00 = Lo , (2.23)
10 1 0 0 —1

we define the Gamma matrices I'*, I'* to introduce the Dirac equation on T°:

1 1 1 1 .
"=—I%=_—¢°= 0 2 L [P=—T%= 67 = 00 , (2.24)
2rr 2rr 00 2rr 2rr 20

where 0% = ! +i0?, 0% = 0! —i0o?. By use of them, we also define the chirality
1"5
% =03 (2.25)

In order to define the Dirac operator il), on T2, we need to describe the
covariant derivatives D,, D; as follows:

Dz - 8Z - ZAZ, Dg - 82 — iAg, (226)

where we take U(1) charge ¢q as +1. Therefore, we introduce the Dirac operator

(2.27)

. 2D
ipy =i(I"D, +T7°D;) =i { 0 }

2D; 0

When we describe a 2D massless Majorana-Weyl spinor ¥ = [+, ,1_]T, the Dirac
equation of the spinor ¥, in particular zero modes, in magnetized T2 is given by

i, =i [2?% 25 1 {Zj =0. (2.28)

From Eq. (2220), the boundary condition of spinor wave functions can be obtained
under the U(1) gauge symmetry:

77D:|:(Z + 1) _ eZwiafeiCl(zw)¢i(Z),

) ) 2.29
V(2 + 1) = 2 Gy (2), (229)
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where of, 2, (0 < of, 3% < 1), are the so-called Scherk-Schwarz (SS) phases. The
boundary conditions Eq. (2229) are pseudo-periodic and consistent with condition
that the action should be single-valued. When we consider a contractible loop
2 — 241 — 2z+147 — z+7 — z along the lattice A spanned by two basis vectors
e; =2mr =1, e3 = Te; = 7, and use Eq. (Z29), we obtain 1(z) = €™M . )(2).

We therefore find a following condition
MeZ (2.30)

since the wave functions have to be single-valued. This is the Dirac quantization
condition, and the flux M must be quantized in T2. In terms of topology, this
corresponds to the first Chern number ¢; = % Jp2 F, where I denotes the U(1)
background magnetic flux on 72,

2.1.3 Zero-mode wave functions in magnetized 72 model

So far, we have introduced the Dirac equation (Z228), the boundary conditions Eq.
(Z29) and the Dirac quantization condition M € Z. We particularly focus on the
massless Dirac equation,

Dzipy = <az + g[M(Z + n)(lmf)‘l]) Yy =0,
2 (2.31)
Db = (9. = ZIM(z +5)(Imr) 7)) v =0,
z — 2miaf pii(zu) z
Yi(z+1) Gl (2), (2.32)

iz +7) = €2wiﬁfeiér(zw)¢i<z)_
We can obtain the solutions of fermion zero-mode wave functions v, , ¥_, with
the non-trivial SS phases and complex Wilson lines [6Y],

w_i_ =N e—27ri(J—&-ozf)TM_IB;9 . 6i77M(z+77)(Ian)_IIm(z+7])

y [(J +_@§gM _1] (M(z + 1), M7) (2.33)
W = N - e 2milIHad)TMTIET | pimM (z47)(Im7) ™ Im(2+47)
0 {(‘] +_O‘22M _1} (M(Z +177), M7) (2.34)
= U Fed A7) (Tz +7,7),
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where J € {0,1,--- ,|M|— 1} labels |M|-independent zero modes, and N denotes
normalization constant defined by

/ dzdz (W)X = (2Im7) 26,5, N = Mi- Az, (2.35)
T2
We also define the Jacobi Theta-functions with characters as follows

a 4 ,
0 |: :| (277-) = ezﬂ(m+a)7(m+a)627T2(m+a)(z+b)7
’ ;Z (2.36)

(a,beR, z€C, Te€H).

We stress that the wave functions with positive chirality are well-defined only if
Mt € H. Then, the flux M must be positive under Im7 > 0. Similarly, the flux
M must be negative under Im7 > 0 when we consider the wave functions with
negative chirality because M7 has to be an element of H. Therefore, the solutions
of the zero-mode wave functions under Im7 > 0 are well-defined if

Y = @pf’L“f’ﬂf’M)(z +mn,7) for M >0,

Y= w(_JJrals’ﬁf’M)(Z +17,7) for M <O.

(2.37)

That is, if M > 0, we can interpret that we realize the wave functions correspond-
ing to 4D left-handed fermion. If M < 0, we can interpret that we realize the
wave functions corresponding to 4D right-handed fermion. Furthermore, complex
conjugates of these wave functions correspond to their 4D anti-particles, according
to Ref. [64]. This implies that we can realize chiral wave functions by flux M. Ad-
ditionally, the number |M | corresponds to the number of independent fermion zero
modes in magnetized T2, so the number | M| can be regarded as 4D | M|-generation
number, according to the KK decompositions. In other words, we can realize 4D
chiral theories with |M|-generation structure when we consider 72 compactifica-
tion with the non-trivial flux M # 0. For example, when we take M = 3 on T2,
we can realize 4D chiral theory with three-generation structure.
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2.1.4 Three-point couplings and mass in bosonic sector

Here, we note that the products of the Jacobi-theta functions with characters are
expressed as [54]

0 [%] (z1, M4T) X 0 [%] (29, MaT)

r4+s+Mim
- Y [—MIBMQ (21 + 20, (My + Ma)7) (2.38)
MEZLN, + My
Mor—Mis+ My Mom
X 0 [ M1M2(](\)41+M2) (MQZl - Mlzg, Mle(Ml + MQ)T).

By use of Eq. (238), when we suppose the vanishing Wilson line and Scherk-
Schwarz (SS) phases, that is, n = af = % = 0, we can derive the following
product expansions of the zero-mode wave functions corresponding to left-handed
and right-handed fermions under the gauge symmetry

i|M1|(Z’ 7) '%{’lMQl(Z, ) = Z Y%QIK(T) ) ¢I+J+K|M2|7(\M1\+IM2|)(Z’ ),

KEZ(|ny | +1M3)

(2.39)
where Y/ = Y% (7) represents three-point couplings
1 1 My M. 4
YK = (2Im7)"2 - A7 2 - ‘1—2
) 2]+ M
(2.40)

| M2]—1 | M| T—| M| J+| M || Ma|m
DI
m=0

“O14J—K (M| + Moy |Mifms (0 € Z).

ATV 8 10D ] (O, 1M D[] + |Ma7)

The normalization conditions leads to the following overall integral
y:IF{K = gYngK = g(ZImT)% . /2 dzdz ¢1,|M1| .¢J7\M2\ . (va(\MlHlMQl))*_ (2.41)
T

In order to realize SUSY in 4D EFT, we introduce the D-term SUSY condition for
the bosonic sectors. When we define the Laplacian A on compact space, we can
derive the eigen equation of the Laplacian under the 2D massless spinor fields by
calculating the squared Dirac operators as follows

(i1D5)* T = E{DT,D}JrQi B ]SH U= {A—i—?i B ﬁ?” U =0. (242)
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Here, we normalize the scale factor as 2r R = 1. Then, we derive the eigen equation
of the Laplacian A

F. 0
AT = —2; | v 2.4
i { 0 Fz] : (2.43)

which leads to the following equation

2 M
A

Ay = (2.44)

When we consider T x Tg x T# again, we can expand the above equation and find
the eigenvalues
2 27TM1
m: =

7 AZ ?

i=1,2,3. (2.45)

We will consider the D-term SUSY condition where 4D scalar becomes massless
and realize the D-flat vacuum in chapter B.

2.1.5 Sp(2,Z) modular symmetry

We review Sp(2,Z) modular symmetry on T2, and modular form. (See Refs.
[23,61,03].) The T?-torus is described by lattice A as T? ~ C/A. The A is spanned
by the basis vectors e;, es. When we consider a complex structure modulus 7 and
complex coordinate z on T2, they are given by

A
T=—, z=—, where Z € C. (2.46)

We can transform the lattice vectors ey, eo, as follows

= [e]= [ el =[] 1)

Let us consider the 7. Since the basis vectors construct the lattice A and the T2-
torus, we need to take a, b, ¢, d as integers when we consider basis transformation.
Additionally, when we keep the area (volume) of the lattice, we impose a condition
ad — bc = 1. Then, we take v as an element of the SL(2,Z)

SL(2,Z) = {7 = [CCL Z} , a,be,d€Z, ad—bc= 1} = Sp(2,Z). (2.48)
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We find Sp(2¢9,7) C SL(29,7), (g =1,2,3,---). In particular, we obtain Sp(2,7Z) =
SL(2,7Z), because the matrix v € Sp(2,7Z) has the determinant 1. In the context
of Sp(2,7Z), we can describe the ~ as

_|a b T 10 1
W—L d]’ a,b,e,d € Z, ~vJy =J, J—[_l O]‘ (2.49)

Then, the complex structure modulus 7 and the complex coordinate z on T? are
transformed under the Sp(2,Z) modular symmetry

€9 aey +bey  ar+b
YIT=—= = )
e1 ceog +dey  cT+d (2.50)
Z A z '
vz =

— = = :
e1 cesg +dey  cT+d

The Sp(2,7) modular symmetry has two generators, S and 7. We can represent

s=[% 0 o= [0 1. 251

them as follows

They satisfy the following algebraic structures
S? =1, S'=(ST)*=1,. (2.52)

Under these two generators, the 7 and z are transformed as

z 1
160 (53). 259
T:(z,7)= (2,7 +1).

When we consider the complex structure modulus behavior under the modular
symmetry, we obtain the fixed modular-invariant modulus. For examples, when
using the algebraic structures in Eq. (2532), we find the S-invariant or ST-invariant
modulus, 7g, Ts7 as elements of the H, respectively,

1
S:itg=——=>719=1€H,
Ts
2.54
ST L = 1+\/§' eEH | !
DTSy = — Tor = —=+ —i=w )
S T R

We will make use of the above invariant modulus when we analyze magnetized
T?/Zx, (N = 3,4,6) orbifold models.
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Additionally, let us study the modular forms. When we consider complex
function f(7), we can define the modular form of weight k. The modular form
f(7) is given as the holomorphic function of the 7 [23]

fOyr) = (e + d)*f (7). (2.55)

This is the modular form of singlet. The factor (cr +d)* is called the automorphy
factor. Similarly to the singlet modular form, when we construct multiplets of
fi(7), the modular forms are given as holomorphic functions of 7

filyr) = (em + d)*pi;(7) f(7), (2.56)

where p;;(y) denotes a complex representation of the . Let us take an example
of the modular forms. In magnetized 72, we have found the massless spinor wave
function with positive chirality, that is, ¢( i s )(z + 77, 7). Here, we suppose the
vanishing Wilson line and SS phases, namely n = of = 32 = 0. Then, we can
derive the wave functions with flux M > 0 under the modular S, T' transformations

7 z 1 1 m/4M12JM1K
S:¢+<__’__):(—T)2'\/_Zem V(=)

= (—7)% : Z par(S) - (2, 7), (2.57)
T: wi (z, 7+ 1) = ™M™ 1K‘5J’K‘w+(z,7-)
= pix(T) -5 (z,7),
where J, K € {0,1,--- , M — 1}, and
i/
PJK(S) = \/_M

Here, the flux M becomes even under the modular 7" symmetry. In chapter B, we

. e2m’JM_1K7 pJK(T) _ eﬁiJM_lK . 5J,K' (258)

will extend these representations of the modular symmetry to nonfactorizable T4,
T with background magnetic fluxes.

2.1.6 Magnetized T?/Zy models

In this subsection, we give a review on magnetized T?/Zy, (N = 2, 3,4, 6), orbifold
models. This subsection is along in Refs. [68,69]. So far, we have considered
magnetized 72 model. The T?-torus is constructed by the identification z ~ z+1 ~
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z 4+ 7 derived from the lattice A, and has the SO(2) rotation transformation. In

addition to the identification, we can impose the Zy-twist identification, that is,
2Bz, =N 9N =1, (2.59)

This means that we can divide T2 by Zy. This is the T?/Zy orbifold. In general,
we define the T%/Zy orbifold as the following identification

z~0z+mr+n, (2.60)

where m,n are arbitrary integers. It is known that there are four kinds of the
T?/Zy, namely T?/Zo, T?/Zs3, T?/Z4, and T?/Z¢. For example, we can take
arbitrary modulus 7 € H in T?/Z,, however, we must fix the modulus 7 = 6 =
e?™/N hecause of the crystallography in 72 /Zy, (N = 3,4,6) [1].

We define the fixed points zg, as follows

2y = Oz + m + 1T, (2.61)

where m,n € Z. By use of the above definition, we can generalize the formula as
follows

2tp = Oz, + (0 — 1)(m' + n'7) + m + nr, (2.62)

where m/,n’ € Z. This means that we introduce the identification (6, m + n7) ~
(0,(60 — 1)(m' +n'7) + m + n7). For example, we consider fixed points of T?/Zs.
The lattice is fixed and the modulus is fixed as 7g7 = w because of (ST)? = 1,.
Then, we can derive

2 = wzgp + (W — 1)(m' +n'7) +m + nr1,

(1 —w)zp = —(1 —w)(m' +n'7) + m+ nr, (2.63)
2 (m’+n’)+m+nT
=— T )
2 1l—w
Thus we obtain
24717 1427
2gp = 0, 3 3 (2.64)
Similarly, we can derive the four fixed points of T?/Z, as follows
1 1
=0, &, o, T (2.65)

272 2
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where 7 is not fixed generally in 72/Z,. Two fixed points zg = 0, 1+T and one
fixed point zg, = 0 exist in 7?/Z, and T?/Zg, respectively.

Furthermore, we define a Z y-twist boundary condition of the 2D spinor @27, =
(1225 +)s P2/2,-))" = (04, ¢—]" in magnetized T?/Zy. First, since we have the
SO(2) rotation transformation on 72, we need to introduce Spin(2) spinor rota-
tion S to describe spinor rotation on T?2. Specifically, the Spin(2) is defined
as double covering group of SO(2), which implies that we can describe rotation of
2D spinor ® = [¢,,¢_]7 on the C. Also, when we consider the (1,1)-form back-
ground magnetic flux F' = F,;(idz AdZ) under SO(2) rotation keeping 2D chirality
o invariant, we can specifically write rotation of the 2D spinor under following

transformation f = f(Rez, Imz) in (Rez, Imz) basis
f : (Rez,Imz) — (Re(6z),Im(0z)), (2.66)

where # € C. In particular, we can regard this rotation as the Zy-twist under
the identifications Rez ~ Re(6z) and Imz ~ Im(6z) such that 0V = 1. We thus
consider Zy-twist in the complex coordinates (z, ), namely

Zy : (2,%) = (02,0%). (2.67)

We will also explain the details of magnetized T° written in Chapter B . Then, we
can derive the general element S € Spin(2) as follows

S = exp (911211)

= exXp (i_lll[rz’ FZ])

= exp (—i91103)

(2.68)
—on (10" i)
0 i3
e—iaﬁ 0
50 o),
where 6,7 € R. Here, we take spin(2)-algebra generator L1 = %[FZ,FE] = —io®

and define a matrix exponential exp(A) as follows
exp (A) = i i (exp(A))ap = i l (A7) (2.69)
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where A denotes n x n complex matrix and a,b € {1,2,--- ,n}. We also define A°
as n X n unit matrix 1,,. From Eq. (Z868), we can introduce the spinor rotation
under Spin(2)

As spin _ e 0 ] [¢e(z,2)
O(0z,0z) = SP"P(2,2) = { 0 62'911} b(% z)} : (2.70)
To define the Zy-twist boundary condition of the 2D spinor ®, we can make use
of degree of freedom derived from U(1) global symmetry in the action. That is, we
can introduce the boundary conditions taking the U(1) global symmetry as well
as the Spin(2) transformation into account. Note that the U(1) written as the
global group is different from the Spin(2) written as the spinor rotation. We first
define and fix the boundary condition of the spinor ¢, as follows

01 (02,02) =V (2,2) - ¢s(2,2) =P ¢ (2,2) =’ -7 . ¢ (2,2), (2.71)

where €%, e7"1 come from the U(1) global transformation, the Spin(2) spinor
rotation transformation, respectively. Also, V(z, z) is defined as transformation
function for Zy-twist, and /5 is a real number such that SN =0 (mod 1). Then,
we can take 8 = %, where m € {0,1,--- , N —1} denotes integer called Zy-charge.
Then, we can take the 6,7 as follows

e27ri% _ 6—@'911 . 627rif7 = Z,
m (2.72)

o =2r [0 2|,
11 ™ N
Next, we can introduce the boundary condition of the spinor ¢_ taking the U(1)
global symmetry and the Spin(2) rotation transformation into account using a

global function y

2w

¢_(0z,02) = eX. e2mil=%] . ¢_(2,2) =en MU g (2, 7), (2.73)

where we can assign y = 2 22 4 ('] | (¢ € Z). We conclude that we can define
the following boundary condition of the ®72 /7, = ®r2/7, (2, %) as follows [6Y,86]

A= D22y ,+) (0%, 0z)
d 0z,0z) = N> _
TQ/ZN( z, Z) |:¢(T2/ZN’_)<HZ792)
_pmn LU |:¢(T2/ZN,+)(Z7§)‘| (2.74)
0 e~ ¢(T2/ZN,—)<Z7Z)
= V(Z, 2>Stwi8tqDT2/ZN (Z, Z),
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where we introduce 2 x 2 complex matrix S**! so that 1) acts trivially under the

Stw’ist: 1 9
0 en

where p/ = e By use of the m written in the 6,1, we find the Zy-twist boundary

Z.n-twist,

- [(1) 2} , (2.75)

conditions of ¢, and ¢_,

2z 4)(02,02) = (0)™ - dir2jzn +) (2 2),

_ o - (2.76)
¢(T2/ZN,—)(92792> = (p") +1. §Z5(T2/ZN,_)(Z,Z)7

where m € {0,1,--- N — 1} denotes Zy-twist charges, what is called, Zy-charges,
and leads to Zy-sectors in magnetized T?/Zy orbifold models. Note that only ¢
is excited and ¢_ = 0 when the flux M is fixed as positive. Similarly, ¢, = 0
and only ¢_ is excited when the M is fixed as negative. Thus, the wave functions
of magnetized T?/Zy orbifold can be described as the linear combinations of the
wave functions in magnetized T2 [69, 86|

=z

(J+af ,85,M) —km (J+a?,B7 M)
¢(T2/Zl7Nnv+) (2) = NTQ/ZN ' (pl) L w(T27+1) ((p/)kz)7

il
o

(2.77)

2

J4af .85 .M —k(m J+af B2 .M
Ot (2) = Ny - 3 (0) K0 g e 80 (),

B
Il
o

When we determine the value of the flux M on T2, we find that we can realize a
chiral theory with |M|-generation structure. On the other hand, when we consider
T?/Zy, we define D,, as degenerated zero-mode number in a Zy-sector with the
charge m, (m € {0,1,--- , N — 1}). That is, we can realize N different sectors
called Zy-sectors with Zy-twist charges, e*™~, (m € {0,1,--- ,N —1}), and we
obtain degenerated zero modes in each sector. Then, we derive a following relation

D0+D1+"'+DN—1:|M|» (2.78)

and may find more three-generation models in each sector than the T2. Further-
more, according to Eq. (E57), we have the modular transformations of the wave
functions on magnetized T?. According to Ref. [b8], since the lattices of T?%/Zy,
(N = 3,4), can be realized by the algebraic structure (ST)? = S* = 1, written in
the generators of the Sp(2,7Z) modular symmetry, each complex structure mod-
2mi/3

ulus 7 = 7, is also fixed as 797 = w = ¢ Ts = i for N = 3,4, respectively.
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For example, let us consider T?%/Z3 with SU(3) root lattice. The modulus can be
fixed as 7 = €*™/3 = w. Additionally, since we can introduce this modulus by the
algebraic structure (ST)? = 15, that is, w = 7g7, the ST transformation leads to
Zs-twist. The modular transformations of the wave functions on 7 corresponding
to their Zs-twist are expressed as

ST d(r2 4y (wz) = p(ST) - Yrz,4)(2). (2.79)

On the other hands, the eigen states of T?%/Zs can be given by

Ger2/29,4)(W2) = P12z 49 (%),
bereyzs,+)(W2) = W - Greyz 4)(2), (2.80)
bereyz2,4+)(W2) = w” - bere/z2,4)(2)-

Also, the p(ST) has Zs eigenvalues 1, w, w? because of (ST)? = 1,. From the linear
combinations of the zero-mode wave functions in Eq. (EZ77) and the eigenvalues
of p(ST), we can find following relations

D0+D1—|—D2:‘M|,

) (2.81)
Do+ wDy + wDy = trp(ST).
We can generally derive following relations in T2/Zy orbifold
N-1
Dy = | M|,
k=0
N1 (2.82)
27i
5 Dy = trp()
k=0

where v € Sp(2,7Z) such that v = 1,. Since we can find the eigenvalues of the
states ¢(p2;zx 4), we classify the number of zero modes in Zy sectors with the
charge k.

In what follows, let us analyze the number of zero modes with positive chirality,
¢, in magnetized T?/Zy, (N = 2,3,4,6), and verify whether three-generation
models can be realized or not. Additionally, we will consider the non-trivial SS
phases [6Y]. We define the function Uy, 4, (2) as

D27, (z4+m+n7)=Upin(2) - <I>T2/ZN(Z).

) ; . (2.83)
(I)TQ/ZN(Q (Z +m + m’)) = ng(m+n7)(¢9 Z) . (I)TZ/ZN(G Z),
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where Uy(z) = e2miofeitizo) and U, (z) = €27 ¢i(zv)  Here, we suppose the
vanishing Wilson line n = 0. They have the following properties
Um—l—nT—‘rl = Ul(z + nT)Um+nT(Z)7
Um n U + Um nt )
+(n+1)T (2 + m)Uninr (2) (2.84)
Un(z) = (U1(2))™, Unr(z) = (Ur(2))".
U*(m+nT ( ) Um—ll-nT( —m— TLT)
We have to impose the relation
Unnnr(2) = Upk(mynr)(6°2) (2.85)
Ul(z) = U71<_Z)7 UT( ) Uf7'<_2> for N = 27 (2 86)
Ui(z) = Up(02), U,(z) =Uy,(0z), for N =3,4,6. '
For N = 2, we obtain the following conditions
ezm'af _ 67271'1'04*197 e27riﬁ§ _ efzm'ﬁf. (2.87)
Then, we find
(af, 8%) = (0,0), (1/2,0), (0,1/2), (1/2,1/2), (mod 1). (2.88)
For N = 3, we obtain
e2m‘af _ ezmﬂf7 e2m‘5§ 6727rz(a1+135)+z7rM’ (2.89)
that is, we find
(a7, 87) = (0,0), (1/3,1/3), (2/3,2/3), for M =2(, (£ € Z), (2.90)
(af, B%) = (1/6,1/6), (1/2,1/2), (5/6,5/6), for M =20+1,(¢ € Z).
For N = 4, we obtain
62m’af _ 627riB§’ ezmﬁf _ 6—27riaf’ (2'91)
that is, we find
(a7, B7) = (0,0), (1/2,1/2), (mod 1). (2.92)
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For N = 6, we obtain

S ;RS i3S (—S S ;
627ma1 _ lerzBT’ 627”57 _ 6271'2( af +57)+Z7TM’ (293)

that is, we find

(of,B2) = (0,0), for M =2¢, (€7,

s (2.94)
(o, 8%) = (1/2,1/2), for M =20+1, (€ Z.

We comment the SS phases for magnetized T?/Z¢ orbifold. Since Zg group has Z,
and Zs subgroups, we find the non-trivial SS phases as common SS phases. For
examples, when we take an even flux M = 2/, (¢ € Z), we find the SS phases (0, 0),
(1/3,1/3), and (2/3,2/3) in T?/Z3 orbifold. Also, we find the SS phases (0,0),
(1/2,0), (0,1/2), and (1/2,1/2) in T?/Zy orbifold. Then, the common SS phase is
only (0,0). For an odd flux M = 2(+1, (¢ € Z), we find the SS phases (1/6,1/6),
(1/2,1/2), and (5/6,5/6) in T?/Zsz orbifold. Also, we find the SS phases (0, 0),
(1/2,0), (0,1/2), and (1/2,1/2) in T?/Zy orbifold. Then, the common SS phase
is only (1/2,1/2).

Magnetized T2 /7, model

We consider the number of zero modes with positive chirality in magnetized T?/Z.
Suppose a positive flux M > 0. The wave functions of T?/Zy are described as

(J+af,B87) (J+af,B7) (J+af,B7)
¢T2 Zler (Z) :NTQ/ZN(’I/} T27+1 ( ) :l:’l/}TQ +1 ( Z>>7 (295)
(T?/23 +) ( ) )

where m = 0,1 describe Zsy even, Zs odd zero modes, respectively. We impose the
Zo-twist boundary condition

J+af,B7 efmm (J+a?,B7)
quT?/Zlgl,-s—%( ) = Qb T2/Zlm +)( ) (296)

Under the Zgo-twist z = —z, we find

w(JJFOﬁSﬁf)(_Z) _ w(M*(JJr%S),*ﬁTS)(Z) — ¢

—4mi adHps (M—(J+a7),87)
(T2,4) (T2,+) Ami( o )07 /M (0 ' (2).

(T%,4)
(2.97)
Then, the zero modes on magnetized T?/Z, orbifold are given by

J+af ,B2) J+af .32 4 S35 M—(J+af),82)
¢ET2/Z12+ (2) = N2z, - (1/,((T27+1) (2) 4 e imilIadBE/M ¢(( ( ()
(2.98)
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When we take (o, 3%) = (0,0), the wave functions are given by

¢{T2/ZQ,+)(2) = NTQ/ZQ . <¢{T27+)(Z) + w%;i)(2)> ) (2.99)

They correspond to the Zs even and odd modes. For M = 2¢, (¢ € Z,¢ > 0), we
find the following relation for the Zs even modes
J M—J

¢(T2/Zg,+)<z) = ¢(T2/Zg7+)(2> (2.100)

for J = 0, 1,2,-~~%. This means that the Z, even modes gb‘(]TQ/Zg’H(z), (J =

0,1,--- ,%) correspond to (¢ + 1) linearly independent zero-mode eigen states.

For the Z, odd modes, ¢/ (z) with Zy charge 1, since they satisfy following

(T2/Z3,+)
condition

Sirejzy ) (—2) = =O(gajm (%), (2.101)

we find linearly independent zero-mode solutions J = 1,2, , % —1. This implies
that the number of linearly independent zero-mode wave functions on magnetized
T?/Zy is (¢ —1). The summation of zero modes is

(l+1)+(—1)=20= M. (2.102)
Similarly to the even flux, we can also count the zero-mode numbers for the Z,
even and odd modes with an odd flux M as @, %, respectively. We can

construct the Zs even and odd modes with the non-trivial SS phases, and count
these zero-mode numbers. We show the zero-mode numbers in Table 271 [6Y].

(af,3%) | flux M >0 | Zy even | Zy odd
(0,0) even Y11 | ¥
(0,0) odd il
(3,0) even z z
o | o | k| an
(0,1) even z z
(0,5) odd i il i e
(3,3) even z z
(3:3) odd i il B i

Table 2.1: Zero-mode numbers in magnetized T2 /Zs.
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Magnetized T?/Z3; model

We consider T?/Zs with positive flux M > 0. Since the lattice corresponds to
SU(3) root lattice and (ST)? = 1,, we can obtain the fixed complex structure
modulus 7g7 = €2™/% = w. We will describe the reason why we obtain the value
of the modulus 7g7.

When we perform the ST" modular transformation of 7, we obtain

ST:T=717+1= — . (2.103)
T+1
Then, we find ST-invariant modulus 77
! = (2.104)
TST Tor + 1 TsT ’

where we take 7 € H. Then, under the modular transformation, we see that wz
denotes Zs-twist in the complex coordinate z. That is, the modular ST trans-
formation corresponds to Zs-twist in the z. Furthermore, since we impose the
modular ST symmetry and construct T2 /Zs orbifold, we should introduce an even
flux M =2¢, (¢ € Z,¢ > 0). Lastly, in the following, we suppose the vanishing SS
phases, for simplicity.

To count zero-mode numbers in Zs sectors, we need to derive the wave func-
tions behaviors under the Zs-twist. The Zs-twist corresponds to the modular ST
transformation of the complex coordinates (z,z) — (wz,wz). Then, the following
modular ST transformation of the wave functions in magnetized T2 leads to the
wave functions behaviors under the Zs-twist,

e7rz/4

w{Tz#)(wz,w) =(—(w+1))z- i e

= psx(ST) - V(72 4 (2,w),

D=

T -1 v -1
S (N CA ) (2.105)

where p(ST) corresponds to M x M complex representation under the Z; twist.
Since the eigenvalues of the p;;(ST), (I,J € {0,1,--- , M — 1} are Zs3 eigenvalues,
that is, 1,w,w?, the number of the Zs eigenvalues corresponds to the number of
zero modes in Zg sectors with the Zs charge. Thus, in order to count zero-mode
numbers in Zs sectors, we need to clarify the number of Zs eigenvalues in the
p(ST). One of how to clarify the number is to classify the values of trp(ST). We
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can utilize the two-dimensional Landsberg-Schaar relation ? given by [68]
L § gy _ < QQZ_I T N (2.106)
= € P= 2, p,q € N. .
p n=0 \/2_(] n=0

We show the zero-mode numbers and three-generation models in Zg sectors in the
Table 22 and Table P23 [68,6Y].

even flux M >0 | Dy | D1 | Dy
2 101
4 1|21
6 2 | 1
8 2
10 4
12 5 | 4

Table 2.2: Zero-mode numbers and three-generation models in magnetized T?/Zs.

even flux M >0 Dy Dy D,
6n 2n+1 2n 2n —1
6n + 2 2n +1 2n 2n+1
6n + 4 2n+1|2n+2 | 2n+1

Table 2.3: General zero-mode numbers in magnetized T?/Zs.

Magnetized T?/Z,; model

We consider magnetized T?%/Z, with positive flux M > 0 and the vanishing SS
phases (a7, 3%) = (0,0) . The algebraic structure is given by

St =1,. (2.107)
Then, we introduce the S-invariant modulus 7 = 7 such that
1
TS = ——,
TS (2.108)
TS = i,

!The g-dimensional Landsberg-Scharr relation is given in the Appendix @ . It is also used
when we consider the number of zero modes in magnetized T*/Zy. (See Refs. [81,87] .)
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where 7 € H. We therefore derive the Z,-twist in the complex coordinates (z, 2)

through the modular S transformation S : (z,z) — (iz,—iz). We introduce the
Z4-twist of the wave functions on 72 as follows

M-1
. . ]_ i —1 N -
Ve (i2:8) = === 3L TN 4y (20) = pax(9) - Y,y (2:1). (2109)
K=0

Similarly to T*/Zs orbifold, by use of the two-dimensional Landsberg-Schaar re-
lation Eq. (EI08), we can calculate the trp(S) as follows

M—-1 m; 1 ™
1 1702 ed’ 2 M ed’

trp(S) = — g = E e = —(14+e™2) (2.110)
M K=0 \/§ n=0 \/5

Then, trp(S) is classified by the flux M

(V2ei' =144, for M =0 (mod 4),
(i;_(l —i)=1, for M =1 (mod 4),
trp(S) = 2 (2.111)
0, for M =2 (mod 4),
i’
14+14) =1, for M =3 (mod 4),
S+ (10d 4

We show the zero-mode numbers and three-generation models in Z, sectors, and
general zero-mode counting in the Table 24 and Table P23 [68,69).

Magnetized T?/Z¢ model

We consider magnetized T2 /Z¢ orbifold. Since the Zg-twist can be introduced
as the product of the Zs and Zs twists. From the Zs twist, we should impose
M =2n > 0, (n € Z) because of the modular T" symmetry. We show the zero-
mode numbers, three-generation models, and the general zero-mode numbers in
Table 28 and Table 270 [68,69].

In conclusion, we have considered 10D A = 1 SYM with the U(N) gauge
symmetry and the SO(9, 1) Lorentz transformation. We have introduced the com-
pactification R>! x Mg with SO(3,1) x SO(6) rotation transformation and the KK
decomposition for 10D boson and fermion. By use of background magnetic fluxes
on Mg, we can realize U(N) gauge theory or its spontaneously symmetry breaking.
When we suppose 10D N = 1 supersymmetric U(1) gauge theory compactified on
T? with quantized flux |M| and SO(2) rotation, we can realize supersymmetric
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Flux M >0 | Dy | D, | Dy | Dy
1 1o o]o
2 1ol 1]o0
3 1] 1][1]o0
4 21110
5 2 111
6 2 121
7 2 221
8 2 121
9 2 | 22
10 B 2 [3]] 2 |
11 2
12 4 2

Table 2.4: Zero-mode numbers and three-generation models in magnetized T?/Z,.

Flux M >0 | Dy Dy D, Dy
4dn n+1 n n n—1
dn+1 n+1 n n n
dn + 2 n+1 n n+1 n
dn + 3 n+l|{n+l|n+1l n

Table 2.5: General zero-mode counting in magnetized T2 /Z,.

chiral theory with |M|-generation structure under the Dirac equation of massless
fermion on 72. This can lead to three-generation structure in 4D chiral theory.
We can also derive three-point couplings and mass spectrum of 2D vector on the
T?. The T? has geometrical symmetry called Sp(2,Z) modular symmetry and this
can restrict the values of the flux |M].

Furthermore, when we consider spinor rotation described by Spin(2) on T?, we
can take SO(2) rotation in (Rez, Imz) basis keeping chirality of the wave functions
on T2 and SUSY. Under the SO(2) transformation, we can define the identification
of Zy-twist and the boundary conditions of the spinor on 72 /Zy twisted orbifold
taking the Spin(2) rotation and the U(1) global symmetry into account. We
can represent the wave functions of T?/Zy as linear combinations of the wave
functions on T2. Then, we can count degenerated fermion zero modes on T2/Zy,
(N =2,3,4,6), with magnetic flux. By use of algebraic structure constructed by
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Flux M >0 | Dy | Dy | Dy | Dy | Dy | D5
2 t{ofl1]0]0]o0
4 1|1 l1]o0o|1]o0
6 2 1|1 |l1]1]o0
8 2 1121 ]1]1
10 2 21211211
12 2 12221
14 2 2 | 2] 2
16 2 2
18 4 2
20 |4 [[3]] 4 |[B]|[3][[3]]
22 4 14| 4 4
24 514114414

Table 2.6: Zero-mode counting and three-generation models in magnetized T?/Zg.

Flux M >0 | Dy Dy Dy | D3| Dy Dy
6n n+1 n n n n n—1

6n + 2 n+1 n n+1| n n n
6n +4 n+l|{n+1l | n+l1| n |n+1l n

Table 2.7: General zero-mode counting in magnetized T2 /Zs.

the generators of the Sp(2,7Z) modular symmetry, since the transformation in the
complex coordinates (z,Z) by the generator v satisfying v = 1, corresponds to
the Zy-twist, we can classify the number of the Zy eigenvalues of the p(v) by
trp(y) and the Landsberg-Schaar relation.

So far, we have considered factorizable torus and its orbifolds with background
magnetic fluxes, that is, 7% = T? x T? x T% T2, and T?%/Zy, (N = 2,3,4,6) with
background magnetic fluxes. We can find the zero-mode wave functions and their
zero-mode numbers in T2 or its orbifolds T?/Zy.

In chapter B, we will consider nonfactorizable six-dimensional torus 7° with
background magnetic fluxes. In magnetized T, we can find zero-mode wave func-
tions.



Chapter 3

Magnetized 7° model

In this chapter, we study fermion zero-mode wave functions with various chiralities
in magnetized T° torus. This chapter is along in Refs. [64, 55,78, 81,82]. As we
have mentioned in the chapter B, T°® compactification without magnetic flux can
lead to 4D non-chiral theory if we consider 10D N = 1 SYM. We mention this
again. T is six-dimensional torus with trivial Calabi-Yau metric. However, since
T° does not have the SU(3) holonomy structure, 4D N = 4 SUSY remains if we
consider T compactification without magnetic fluxes in 10D N = 1 supersymmet-
ric gauge theory. Then, 4D N = 4 SUSY EFT derived from T° compactification
without background magnetic fluxes leads to non-chiral theory, however, we need
4D N =1 or N = 0 EFT which realizes chiral theory since the Standard model is
chiral theory. In the chapter B, we have derived 4D chiral theory with generation
structure under the 72 compactfication with magnetic flux. Then, let us consider
T compactification with magnetic fluxes, what is called, magnetized T° model,
and verify whether we can realize 4D chiral EFT with N' =1 SUSY or not. First,
we consider the wave functions satisfying the Dirac equation and the boundary
conditions on the magnetized T%. Second, we introduce the SO(3) (or SO(6))
transformations and derive the wave functions under the modular transformation.

Let us consider magnetized D-brane models with 7° compactification. In what
follows, we study U(1) gauge theory on T° with magnetic flux background. We
give a review on the magnetic flux background and the Dirac equation. Similarly to
magnetized T2, we can extend this model to U(N) gauge theory with background
magnetic fluxes along the diagonal direction of U(N).

39
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3.1 Introduction of magnetized 7°

3.1.1 Gamma matrices and Dirac operator

First, we review how to introduce magnetized T° models [[78,81,87]. By use of the

6D lattice A, we can introduce the 6D torus T ~ C3*/A. (See Refs. [88-93] for
various 6D Lie lattices to construct 7% and its orbifolds.) The 6D lattice A can be

defined by six basis vectors e}, (i = 1,--- ,6). These vectors are given by
1 0 0
e} = 2nrie; =21y |0 , ey = 2mroey = 27y | 1| €5 = 27wrges = 2mrs [0
0 0 1
710011 ] 112

/ !
64 = 27T7"7;Qi1€1 = 27T oW1 ,65 = 27T7"Z'Qi2€2 = 27T Towaoo |
| 7"3W31 ] T'3W32
riwis
/
€g — 27TTiQZ‘3€3 =27 Towas | ,

| 7"3W33 ]

where 27r;, (i = 1,2, 3), denote the scale factors. The e; represents the Euclidean
standard basis. Then, we introduce the complex structure moduli Q = ;; on T°
as follows

Wil Wiz Wiz
Q= Wo1 W2 Woz | - (31)

W31 Ws2 W33

2,3).
3)7

Here, we can consider Q7 = Q when we introduce lattice of T%/Zy, (g =
We also introduce complex coordinates on T, that is, 2" = z' + Q;;y7, (2,7 €
by using complex coordinates Z on C3:

Zi = 27T’l“7;(1’i + wa]) = 27T7”i2i, (32)

where we take the identifications 2 ~ z'+e; ~ z'4+Q;e; on T% namely 2 ~ 2’ +e¢;
and y' ~ ¢ + ¢;. Here, we can write vector ¢’ as v. In this paper, we will consider
T®/Zy orbifolds with simply-laced Lie Lattices. We then need to normalize the
scale factors 27rr; = 1." We also define the Siegel upper-half plane H? as follows [94],

HP = {Q € GL(3,C)|QT = Q,ImQ > 0}. (3.3)

!Magnetized T model with the non-trivial scale factors 27r; is discussed in Appendix B.
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By use of Eq. (B33), we will consider well-defined wave functions in magnetized
T°.
We introduce the following flat metric,

ds* = 6, ;dZ°dZ7 for i,j=1,2,3. (3.4)

We also define the Gamma matrices I'*', TZ'. We use them when we consider the

Dirac equation and spinor rotation on 7°:

1 1 1 i >1 .
' = rz' — z 3 3 ¥ = rz' — z 3 3
271'7"1 27'('7“1(0_ worwo )’ 271'7"1 27'('7“1(0_ worwo )’
1 2 2 1 ) i
FZ2 = FZ — 1 z 3 s = FZ — 1 z 3
271'7’2 27TT2< 2®0 ®O.)’ 271'7”2 271'7”2( 200 ®O')’
1 3 1 3 1 53 1 -
r* = r?* = Lele), 7= 7’ = 1,01, ®0°
271'7’3 27TT3< 2® 2®O')’ 271'7’3 27TT3< 2® 2®O')’

(3.5)

where 1, represents n x n unit matrix. We also describe the Pauli matrices o?,

R I O e ) »

We can define 0% = o' + i0?, 07 = 0! — io? by using the Pauli matrices. One can
check that the Gamma matrices satisfy the Clifford algebra,
(0% 1%} = {17 171 =,

Do (3.7)
{PZ T%} = 46™.

In particular, the chirality of wave functions on 7° can be determined by the
following matrix I'":

I"=0*®0*® 0 = diag[+, —, —, +, —, +, +, —. (3.8)
We can define the Dirac operator I) on 7T,

i =iT? D, +T7D.;)

o {1)_273 D, } (3.9)
D1 Dys]’

where we define following covariant derivatives D,;, D,; and we restrict 27r; = 1

for i = 1,2,3. Here, we consider U(1) gauge field theory, where the gauge fields
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A,, As are coupled to fermions with U(1) unit charge ¢ = +1,

.DZj = Dj = 0, — iAZj,
_ _ (3.10)
D =D; =05 —iA;.

We will introduce background magnetic fluxes in the next subsection BT be-
cause we would like to describe explicitly both the gauge fields in Eq. (BTd) and
boundary conditions of spinor wave functions on 7°.

3.1.2 Background magnetic fluxes and F-term SUSY con-
dition
Here, we introduce U(1) background magnetic fluxes F' on T,

1 ) 1 ) ) ) )
F = —(pgo)ijda’ N da? + §(pyy)l-jdy’ A dy’ + (pgy)iidx’ A dy’

I S e
= S(Fo)yds A de? + S (Fee)yds' A3+ (Fue)(ids' 1 d2),
where
(Fe)ig = ([(Q = Q7N (T pacl + pyy + 03,2 — QTpy ) (A= Q) 7).,
(Fez)ig = ([ = )71 (a4 pyy + 92, Q2 = Upy ) (2= )71, (3.12)
(

(Foz)ig =1 ([(Q = Q) (2 paaft + pyy + 0, 2 — QT ) (2 — Q)71

ij

In what follows, for simplicity, we suppose py; = py, = 0. The Hermitian Yang-
Mills equation keeps SUSY in 10D N = 1 super Yang-Mills (SYM) theory. (See
Refs. [b4,95]). That is, we need to define the (1, 1)-form magnetic fluxes F. We
then obtain

Pay2 = Q. (3.13)

Here, we can define the integer fluxes N as p,, = 2r N7 through the Dirac quan-
tization condition,

N1 N1z Nas
N: No1 N9 MNag | , (314)

n31 N3z N33

where n;; € Z denote an integer flux. We therefore obtain

(NOQ)T = NQ. (3.15)
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This is called the F-term SUSY condition, and we can realize F-flat vacua satis-
fying the Hermitian Yang-Mills equation. In particular, by use of Eq. (BIH), we
find [N, Q] = 0 when we take both N* = N and Q7 = Q. This means that we can
diagonalize N and 2 simultaneously. Then, we consider the case where we take
NT = N and QF = Q. 2 We take the following background magnetic fluxes,

F = a[NT(ImQ);;(idz" A dz7) = Fy;(id2" A dZ7). (3.16)
We find the gauge potential A,
A(z,2) = 7Im[(N(z + 7)) (ImQ) ' dz]

- _%T[(N(z +7))7 (ImQ) ~;dz" + %TKN (= +m)" (ImQ)';dz"  (3.17)

= A.dz' + AadZ,

where F' = dA and 7n denotes the Wilson line. In the main text, we take the van-
ishing Wilson line, namely 7 = 0. Then, we can obtain the following commutation
relations by using the values of the gauge fields A.:, A.; and Eq. (B0)

[DiaDj] i
[Di’DJ’] =I5 =0.

From the U(1) gauge symmetry, the gauge potential A(z,Z) = A(z) need to satisfy
the following boundary conditions,
Az +er) = A(z) + d¢., (2),
Az + Qer) = A(2) + dlae, (2),
where k = 1,2,3. Thus, we obtain
(e (2) = T[NT (ImQ) 'Tmz]y,
Cae, (2) = 7Im[(NQ)T (ImQ) 2], (3.20)
= 1[N (ReQ2(Im) 'Imz — Rez)|x,

(3.19)

and boundary conditions of spinor wave functions in magnetized 7°¢ under (NQ)T =
NQ

Yz + ex) = €rly(z) = NI Ty ),
¢<z + Qek) — eilaey, (z)¢(z) _ eiﬂ[N(ReQ(IHlQ)71IHlZ—ReZ)]k¢(z).

2The discussion can be consistent even if the asymmetric N and  are introduced under the
magnetic fluxes and the F-term SUSY condition (NQ)T = NQ.

(3.21)
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3.2 Introduction of wave functions in magnetized
T6

3.2.1 Dirac equation and rotation in magnetized 7°

Here, we study zero-mode wave functions on generic 7° with background magnetic
fluxes. Components of the spinor field ¥ can be represented by

VU= F—} ® F—] ® F_—] ol S U PR/ RS TG M/ T

= ['lel_;'_, 1/]3—7 ¢2—7 ¢1+’ ¢1—7 Q/)Q-i-) 7703-% ,QZ)/I—]T'
(3.22)

We introduce ;4 and ¢;_, (j = 1,2,3), as the positive and negative components
in terms of 6D chirality, respectively. Similarly, we introduce ¢}, = 9, and
i =1v___. We find that the Dirac equation, ilPgV = 0, is explicitly given by

Dsips_ + Datpa + Diapy— = 0,
D3¢£+ - D2¢1+ - D1¢2+ =0,
Do, + Dstpry — Dy = 0,
—Daytps— + Dythy + Dy} =0,
Dlwlur + D3thay + Datpg =0,
—D1tp3— 4 Dsihy— — Datpy_ =0,
—D1tpo— + Dotpy— + Dstpy_ =0,
D11y — Dotpay + Dygipsy = 0.

(3.23)

First, we consider a solution that only 1, = ¢, is excited and the others are
vanishing. We focus on the solution corresponding to wave functions with various
chiralities after we discuss only 9, = 17,. For the solution 9, = 1}, we
can describe the following Dirac equation

D11/1/1+ = D2¢i+ = D3¢£+ = 0. (3.24)

Then we can describe its solution as follows [64, 55, 78]

; T -1 TN—1
¢i++ =N em[Nz] (ImQ)~'Imz | 9 |:J . :| (NZ,NQ), (325)
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where J € Ayt denotes lattice vectors in A yr. The lattice A yr is spanned by N7e;,
(1 =1,2,3). We note that e;, (i = 1,2,3), denote three-dimensional standard unit
vectors. The periodicity in the index J can be written by

Te,
iﬂrf - 7/’i++' (3.26)

We can immediately verify Eq. (B2Z28) as follows

+++ 0

JINt + el
0

J+NTe; _ N - i [NZ]T (ImQ)~Hmz g [(J + NT@@')TN_I] (Nz, NQ)

_ N . eiw[Nz]T(ImQ)—llmZ .0 [ :| (NZ, NQ)

=N - eiﬂ[Nz]T(ImQ)’llmz
. Z eiw(m—i—JTN*l—i-ezT)TNQ(m-l-JTN*1+61T) . eQm(m—f—JTN*l—i—elT)TNz
mez3 (327)
=N 6i7r[Nz]T(ImQ)*1Imz
2 : eiw(m’-l—JTN*l)TNQ(m’—&—JTN*l) . eZm‘(m’—i—JTN*l)TNz
m/=m+el €73
JIN-L

— N - ei7r[Nz]T(ImQ)_1Imz .0 [ 0

1 (Nz, NQ)

_
=iy

Thus, we obtain |det N| of independent degenerated zero modes. This means
that we can realize | det N|-generation models from magnetized T°. For | det N| =
+3, we can derive three-generation models from magnetized T°. We define the
Riemann-Theta function with characters

0 |:Z:| (Z,Q) = Z 6i7r(m+a)TQ(m+a)627ri(m+a)T(z+b)’ a, b e R?’, 0e H?’. (328)

mezZ3

We define the factor N as normalization constant,

=

N = (det N)7 - [Vol(T®)]"% = (det N)7 - [det (Im€2)] "=, (3.29)

if det Im$2 > 0. Here, the wave function is normalized as

/ B2d®z(”) " = [det (2ImQ)) V26 (3.30)
T6



46 CHAPTER 3. MAGNETIZED T® MODEL

following Ref. [66]. We note that we can describe only ¢, when F;; = 7[N” (ImQ) '],
has positive-definite, that is, F; > 0. This is because 1, is well-defined only if
F;; > 0. Then, the other spinor components are vanishing under Fj; > 0. We will
use the wave functions with positive chirality, 1,y , written in Eq. (823) when
we analyze the number of zero modes in magnetized T°/Zy.

Furthermore, the solution for only the component )___ can be obtained by
flipping all chiralities in v, . That is, the sign of det N is flipped. Then, we can
describe ¥___ as follows,

TN (I~ JIN -
Y = NN Im) T mE g { 0 } (Nz, NQ). (3.31)
We note that we take the following replacement,
2=z, Q—Q, N-—=-N=N. (3.32)
Next, we consider the solutions that other components are excited. For other

Fj = n[NT(ImQ)~];;
like ¢»,__, where we describe the underline which represents all of the possible

we obtain not zero mode v, but other zero modes

permutations. In what follows, we focus on zero-mode wave functions of other
spinor components, that is, Y1y = ¥y, Yoy = ¢, and ¢35, = ¢__,. By
use of the replacement Eq. (BZ32), we can obtain the others components, that is,
V- =Y 4y, Yy =1, o, and Y3 =Y, . Here, let us consider the case where
only v, is excited and the others are vanishing. Then, the Dirac equation is given
by

D2¢1+ = D377Z)1+ = D1¢1+ = O (333)

By use of Eq. (B1I8), D;, and D;, we obtain Figt1, = Fig1, = 0. This implies
that we cannot derive non-trivial solution if we take Fis, Fi3 # 0. If we take
Fi5,Fi5 = 0, we can consider the factorizable torus, that is, 72 x T%. Then,
we study the case where spinor components ¢, = 1, __, 9y, = 9_, , and
Y34 = ¥__, are excited simultaneously because we would like to obtain the wave
functions in nonfactorizable T with magnetic fluxes. According to Ref. [65], we
can introduce Ansatz for solutions. In Ansatz, we can describe these components
by using a complex function . That is, we suppose ¥;1 = a0, (i = 1,2, 3), where
«; are coefficients [65]. We will see the details of ¢ and «;. By use of the Ansatz,
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we find the corresponding Dirac equation

(yDy + asDy)p =0
(1 D3 — azDq)Y =0, (3.34)
(e D3 + azDy)1p = 0,

(a1 Dy — ayDy + a3D3)p = 0

Here, we find
Oég(Oéng + 062D1>¢ + @2(0&1D3 — 043D1)¢ = (OéQDg —+ Oéng)w =0. (335)

Then, we find that the first three equations depend on each other.
In what follows, we suppose a1 # 0. We also introduce the ratios ¢ = z—f,

G2 = —g—i’ and ¢ = (q1,q2)".® We can derive the following integrable conditions

when we consider Eq. (B533),

Fy1 — qiFia + qi(Fi1 — Fys) — ¢oFo3 — 12 Fi3 = 0,
{ o1 — 41 Fiz + (i = Faa) — @2Fo3 — 142 B33 (3.36)

Fs1 — q1F55 — Q2(F3:§ - Fﬁ) — 1q2F15 — nglé =0.

Under the integrable conditions, we can obtain a non-trivial solution. Here,
we consider the magnetic fluxes F'. Since the F' is defined as the (1,1)-form,
F; = n[NT(ImQ)~!];; is a real symmetric matrix. This implies that the F' has six
degrees of freedom. On the other hands, since we can obtain two constraints from
Eq. (B338), we can consider four degrees of freedom in the F'. By using this, we
can represent I; by the coefficients ¢;, a real number N’ , and 2 x 2 real symmetric
matrix N/, that is,

Fjj = a[NT(ImQ)™";; + x [N (ImQ) ]y,

R R 1 _q—T T R ]‘ _QI _q2
7[NT(ImQ)~"];; = N’ { o =N @ age|,
—q (J((D i 2
—q2 G192 43
) TN AN 3.37)
T _ i'N'q {'N (
ey, = [T T
N{IQ% f 2]\7{2@1512 + ]\752(]% N{ﬂh j’ N{QCD Nfz(ll j’ NéQCD
= Niyq1 + Nipgeo Ny N1,
Niyq1 + Nooygo Ny, Ny

3If oy = 0, we can use ratio ¢ = g—z Then, we can consider a similar discussion.
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We find that they satisfy Eq. (B230), where N = N + N. By use of the above
background fluxes, we can explictly describe the solutions by [81,82] @

Uiy =N f(z,2) - O(2,2), (3.38)
where
f(2z,2) = exp [in((N2) (ImQ) Tmz — (N2)T (ImQ) "' Imz)]

= exp [in(Nz + N2)T (ImQ) ~'Imz] (3.39)
= exp [im(NRez + iMImz)" (ImQ) ' Tmz],

(;)(272) = Z em‘(erJTN*l)T(NQJrNQ)(m+JTN*1)€2m'(m+JTN*1)T(Nz+]\72)

mezZ3
_ Z em’(m+JTN‘l)T(NReQ+iMImQ)(m+JTN_1)€2m’(m+JTN‘l)T(NReeriMImz)

mezZ3
JTNfl
=0 [ 0 ] (NRez + iMImz, NRe2 + i MImQQ).
(3.40)
We define a following M
M=N-N. (3.41)

Similarly to ¥, ., we can describe the normalization constant N in Eq. (B23R)
N = |det N|3 - [Vol(T®)] "2 = | det N|1 - [| det (ImQ)|] 2. (3.42)

In addition, we can rewrite |det N| as |det M| in Eq. (B22), because |det N| =
| det M]|.

We consider the F-term SUSY condition (NQ)T = NQ in Eq. (BI3). Addi-
tionally, from Eq. (B33), we consider the Riemann condition (NReQ2+iMImQ)T =
NReQ+iMImQ and MImSQ > 0, namely NReQ2+iMImS) € H3. Then, the spinor
wave functions Eq. (BZ38) are well-defined and satisfy both Dirac equation and
the boundary conditions. Thus, we can obtain the wave functions with chirali-
ties (+ — —). In addition, the wave functions Eq. (B38) become v, in Eq.

4For Q = il,,, the wave function with various chiralities was studied in Ref. [65]. We prove
that the wave functions Eq. (B33R) satisfy both the boundary conditions Eq. (B221) and the Dirac
equation Eq. (B334) in Appendices O and O. The wave functions with SS phases and Wilson
lines are described in Appendix [E.
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(BZ9) when N = M. We can therefore introduce all spinor wave functions in
nonfactorizable T° with background magnetic fluxes Eq. (B37).
On the other hands, since the Fj; is a real symmetric matrix, we can rotate F;
by rotation matrix, that is,
FPE 0
FE = PRlF;Po=| 0 Fp™ Fp™|, (3.43)
0 Fz%art F;)gart

where Py can be element of SO(3) rotation group

cosfy 0 sinfy] [cosf; —sinf; 0O
Py = 0 1 0 sinf); cos@; Of. (3.44)
—sinfy 0 cosfy 0 0 1

Then, we can represent ¢; and go by 6 and 6y

tan 0,

@ =- q2 = tan bs. (3.45)

cosfy’

Also, we find the explicit entries in Fgart as follows

PPt = Fig + FQ?Q% + F33Q§ - 2(F1§Q1 — Fysqiqe + F13Q2)} cos” 0 cos” 0, (3-46)

F}{art — [Q(Fli - FggQg)(h + (—2F1:§Q2 + Fli + FSEQ;)Q% C082 62] 0082 92 + FQQ] COSQ 917
F:»f)gart = [F11¢5 + Fs3 + 2F13q0] cos® 0,

[
22 [
[
FR = [[2Fy3 + (Fi1 — Fs3)qe)qi cos® 0z + (Fiage + Foz — Fizq1)] cos 6; cos 6.

Therefore, the ¢; and g, correspond to parameters of SO(3) (or SO(6)) rotation.
We will describe the details of c;. In this basis, 14 __ can be excited if FZ"™ > 0. If
Ffiart < 0, the solution can be represented as the combination of ¢, and ¢¥__ .
This is because the rotation keeps 6D overall chirality invariant. Furthermore, we
can diagonalize the bottom right 2 x 2 matrix of Fgart by the rotation Pj

1 0 0
P;= |0 cosf; —sinbs]| . (3.47)
0 sinf; cosf;

Thus, we can specifically describe the background magnetic fluxes after the diag-
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. . . diag jp~diag podiag
onalization, that is, (Fi7 %, Fyy °, Fy3'®). Here, we take

dia, art
Fi = F7, (3.48)
F55%8 = [[sin 05 tan 2603 + cos f5] cos 0] F22™ + [[— cos 03 tan 205 + sin 03] sin 03] F2,
F;gag = [[— cos 03 tan 263 + sin f3] sin 93]F§;rt + [[sin 5 tan 203 + cos 65] cos 93]F3p§art,
and
2Fpﬁart
tan 293 = ﬁ, (349)
Fyy = F
if £ FRIE PR = FR we find
FP™(cos® 03 — sin® f5) = 0. (3.50)

Since we would like to consider F;;rt # 0, we can obtain tan? 63 = 1. In conclusion,
the flux diagonal basis can be defined by

w' = (P~ HY 2, (3.51)

where P = PoP; € SO(3). In the w basis, the solution ¢ becomes a single
component of ¢, .

We note that we can relate the wave functions with chiralities (+ — —) to
the wave functions v, by the rotation. Here, we take Ffiiag > 0, F;Qiag < 0,
and F;gag < 0. Then, the corresponding solution becomes 1, __ in the w’ basis.
Furthermore, we introduce w” = Rew" + i(UImw), where

1 0 0
U=1{0 -1 0. (3.52)
0 0 -1

The fluxes in the w” basis have positive-definite, so the corresponding solution
becomes ;. This means that we can consider the solution ¢, __ for F fiiag >0,
F;Qiag <0, F;gag < 0, and the solution 9, for Fldiiag > 0, deiiag > 0, and F;gag >0
by these rotations. In general, we use the following U matrix
sgn(FHee) 0 0
U= 0 sgn(Fe) 0 , (3.53)
0 0 sgn(Fa)
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where sgn(z) = 1 and —1 for > 0 and = < 0, respectively. After we rotate the
fluxes in the w’ basis by the rotation matrix P, we can introduce new complex
coordinate 2/ = Pw’ written by the original coordinate z,

2" = Rez + iRlmz, (3.54)

where R = PUP™! € SO(3) with R? = 13. In addition, we define corresponding
complex structure moduli

Q' = ReQ) + i RIm(2, (3.55)

where 2’ = 24+y. Thus, we can find the relation between the solution ¢'/, , (2/, ')
with the chirality (+++) in 2’ system and the solution ¥y, y(z, Q) with chiralities

(+——) as

e (,9)

=N\ - 6m‘[Nz’]T(ImQ’)_llmz’ .0 {JTN_I} (NZ/,NQ/)
) ) . TN—l
=N\ - em[NRez—HMImz]T(ImQ) Imz g [J 0 :| (NRGZ + iMImz, NRef) + ZMIII]Q)
= w]{4,N(Za Q)
(3.56)
We note that R = N"'M = PUP~! € SO(3). B
We then obtain
Vi =y =a g,
&%)
Yoy =y = 04_1 o) = b, (3.57)
«
Vo =g = — i = —gethy
ap

where ¢1,q2 € R. Here, we revisit ¢; and ¢ written in Eq. (B231). When we
suppose a1 = Reay + iImay € C, that is, Imay # 0, we expect that we derive

as = Reay + tIlmay € C,
? ? ? (3.58)

asz = Reas + ilmag € C,

®We can find the relation between (Rez,Imz) and (Rez’,Imz’) by the SO(6) rotation. Also,
if the fluxes F' take of the (1,1)-form in the z system, they can be also the (1,1)-form in the 2’
system. See the details in Appendix [H.
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namely Imasy, Imasz # 0. Since ¢, q2 € R, we should derive ¢7, ¢35, q1g2 € R from
Eq. (B24). This means that we can evaluate the values of oy, (i = 1,2,3), as

follows
«Q e Ne"
q1 = - =1 ; € R?
(03] |041’
a oo
p=-2 o 0% g
(05} |Oél|
2 (afa2)2
= cR .
qi PAE , (3.59)
2 (o[{ozg)Q
0 = € R,
2 oy |4
a¥) o
Q1QQZ—< 1) 42 3 € R.
v |

In other words, we should take

- ReayImas = Ima; Reao,

- ReayImag = Ima; Reag,

- (Reay)?(ReagImas + Reaslmas) (3.60)
= Ima; [Imag ImasReas + Imag ImasReas

— 2Rea; [ReasReas — ImasImag]].

Since we have supposed a1 # 0, we do not consider Rea; = Ima; = 0. If we
suppose Rea; = 0 and Ima; # 0, we find Reays = Reag = 0. If we suppose
Reay # 0 and Imay = 0, we find Imas = Imas = 0. Additionally, under Rea; # 0
and Ima; # 0 in nonfactorizable magnetic fluxes, where ¢; # 0 and ¢ # 0, we
also obtain

ReasImas = Reaslmas, (3.61)
which leads to a following formula
[(Rea;)? — (Imay )?]ReasImas = 0. (3.62)

If Imas = 0, we find Reag = 0, which leads to a3 = 0, namely ¢, = 0. If Reay = 0,
we find Imas = 0, which leads to as = 0, namely ¢; = 0. If Reay = +Imay, we
find Reas = t£Imay and Reasz = £Imag, which leads to oy = (£1 + i)Ilmay, =
+(1 £ ¢)Imay, (K = 1,2,3). They are consistent with the condition ¢;,¢ € R.
Then, we find that the coefficients « can be real or imaginary or complex numbers.
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Furthermore, we consider the coefficients «; in more detail. We have introduced
z system with the background magnetic fluxes on nonfactorizable T°. In the z sys-
tem, the off-diagonal components of the fluxes lead to various spinor components
excited simultaneously. We have also supposed that 6D overall chirality is fixed
as positive. Then, we have introduced the Ansatz ¢,y = a1, (i = 1,2,3), where
1 denotes a complex function satisfying the boundary conditions on magnetized
T%. We will mention these a; and .

Here, we mention the SO(6) rotation we have considered so far in detail. Since
10D N =1 SYM has SO(9,1) Lorentz transformation, we can derive transfor-
mation of its subgroup SO(3,1) x SO(6) on R*! x T% when we consider the T
compactification and the KK decomposition. Thus, we can introduce the SO(6)
rotation transformation on 7% from 10D A/ =1 SYM.

Furthermore, we need the Hermitian Yang-Mills equation to keep SUSY in
10D N = 1 SYM. This means that the background magnetic fluxes F' must be
(1,1)-form, that is,

F = Fj(idz' NdZ7), Fjj = F; =0. (3.63)

Therefore, we should keep the (1,1)-form under the SO(6) rotation.

Lastly, since 6D overall chirality defined by the I'” in Eq. (BR) is invariant
under the SO(6) rotation, when we fix the 6D overall chirality, we can consider
the SO(6) rotation in (Rez, Imz) basis, that is, we can define a following function
f = f(Rez, Imz) under the (1, 1)-form magnetic fluxes F

f: (Rez,Imz) — (Re(az),Im(bz)), a,be€ GL(3,C). (3.64)

This keeps chirality of the wave functions on magnetized T° invariant. In conclu-
sion, when we consider magnetized T°® model, we have the SO(6) rotation trans-
formation and the (1, 1)-form magnetic fluxes from 10D A = 1 SYM. This leads
to the F' and the real coordinates (Rez, Imz) taking chirality into account. In this
paper, we consider the SO(6) rotation in not only the diagonalization

(Rew, Imw) = (Re(P~'2),Im(P™'2)), P € S0(3), (3.65)

but the Zy-twist under identification z ~ Qg2 such that QF . = 15. We will
discuss them.

Then, we consider the fluxes diagonal basis given by w system. In what follows,
we take the following signs of the diagonal fluxes in the w system

ia, dia, dia,
Flies > 0, pies <, e <, (3.66)
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We then find only one spinor component with (+ — —) chirality corresponding to
114 in the w system. Note that the other components become zero. Then, we
need to consider double covering group of SO(6), that is, Spin(6)(~ SU(4)) when
we take rotations w = P~1z.

Here, we analyze Spin(6) spinor rotations in complex basis (z, z), and apply
them to not only the transformations from the z system to the w system, but
also boundary conditions of spinor in magnetized T°/Zy orbifold models. First,
we generally analyze generators of spin(6)-algebra to introduce general elements
of Spin(6). We will describe the elements as S = {S,}, (a,b=1,2,--- ,7,8).
When we describe a spinor written in the w system as ", we can represent the
spinor rotation by the Spin(6) spinor rotation S**™ as follows

PV = SFMY?, (3.67)

where W# denotes the spinor written in the z system, namely the spinor in Eq.
(B22). Since we consider the (1, 1)-form of the fluxes F' = Fj;(idz" A dz’), we can
take 9 non-trivial Spin(6) generators. Specifically, according to Refs. [65, 1], we
can define following Spin(6) spinor rotation as the matrix exponential,

S#M = exp [Z 92.32@'5] = exp(4) = Z %(Al)ka (3.68)

where 0;; € R and

= 1 T
YW= —[I"" T'*]. 3.69
S0 ) (3.69)

Then, let us derive the spinor representation S € Spin(6) specifically. From
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Eqgs. (B3H) and (B69), we obtain all the generators ¥% as follows

;1
S =—(40’®1,® 1) = —i(0®’ ® 1, ® 1),

4
, 1
5= (Lo He') o L) = —i(l,® 0" © 1y),
;1
5P = L1 @1, ® (40) = ~i(L,® 1, ® 0%),
1 i i i
»1Z — Rk (—20%) @ 15) = 50" @0 ®1y),
- 1 _ ) s
S e [ R T S L
_ 1 _ 7 -
=070 (-207) @) = 50" et ® 1),
223—1(1 ®0o* @ (-2 2))—3(1 ®0* ®0%)
= 1 2 g g - 9 2 g g ),
- 1 . L
¥l = E(O'Z ® 0’ ® (—207%)) = %(O’Z ® o’ ® o),
2 = L(1,®0% @ (~207) = L1, ® 0* @ o)
= 512 o o)) = 5 \12 o wo ),

where X% will correspond to the diagonal components of the S**. We use following
relations derived from Eq. (B3)

[0%,07] = 40°, [0%, 0°] = =207, [0°,0°] = —207,

(3.71)

Then, we find (2% )2 =0 for i # j. When we consider i = j, we obtain the diagonal
components of the S

0151 = diag[—ith1, —ib11, —i011, —1011, +1011, +i011, +i0;71, +i041],
057 = diag[—ifly, —iba3, +ibaa, +ibaz, —ily3, —i0s3, +i0s3, +i0s3], (3.72)

‘933233 = diag[—iﬁgg, +i933, —iegg, +i‘933, —iegg, +i03g, —iegg, +Z€33]

On the other hands, when we consider off-diagonal components of the A’, we obtain
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the explicit forms as follows

(3.73)
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Therefore, we can obtain the A’

(3.75)

|\

A B
C D

A=Y 0,559
1]
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where A, B, C, and D denote 4 x 4 complex matrix, respectively
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[—i(611 + 0o + Os3) 0 0 0
A= 0 —i(011 + B9 — O33) 2i093 0
O 2i03§ —2'(911 — 922 ‘|‘ 933) 0
i 0 0 0 —i(011 — O — O33)
[0 0 0 0 0 26y 2if; 0
2ifh5 0 0 0 0 0 0  2iby
B = C —
%0 0 0o o’ 0 0 0 —2ifyq|’
i 0 21015 —2i013 0 0 0 0 0
[i(611 — 03 — 033) 0 0 0
D _ O i(@ﬁ - 92@ + 033) 2i923 O
O 2203? ?:(811 + 02@ — 033) O
| O 0 O i(@ﬂ + 02? + 933)

Here, we can generally prove that when we consider 8 x 8 complex matrices X'

and Y’ with shapes like the above A’, that is,

z11 O 0 0 0 0 0 0
0 @22 23 0 x5 0 0 O
0 30 233 0 235 O 0 0
Y 0 0 0 244 0 x4 x47 O
0 s 253 0 x55 O 0 01’
0 0 0 zga 0 g6 xg7 O
0 0 0 xm 0 @6 277 O
0 0 0 0 0 0 0 xsg
vy 0 0 0 0 0 0 0]
O w2 %3 0 z25 0 0 0O
0 w32 w33 0 w5 0 0 0O
v — 0 0 0 Yaa O wyae yar O
0 ws2 ys3 0 ys5 O 0 01’
0 0 0 Y1 0 yes yor O
0 0 0 yu 0 wyw ymr O
0 O O 0 0 O 0 yss

we derive products Z’

(3.77)

X'Y’" with the same shape. That is, all the positions of
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zero and non-zero components are invariant if we consider products

zz O O O O O 0 0
0 299 293 0 295 0 0 O
O 230 233 0 2z35 0 0 O
/ It 0 0 0 2z 0 246 27 O
SEXY = s 0 s 0 0 0] (3.78)
0 0 0 2z O ze6 267 O
0 0 0 znu 0 2z 2z O
O 0 0 0 0 0 0 2

where all the components of the Z’ are written as follows

211 = T11Y11,

292 = X22Yo2 + T23Y32 + TasYs2, 223 = T22Y23 + T23Y33 + T25Ys3,

Zo5 = T22Y25 + T23lYss + Ta5Yss, 232 = T32Y22 + T33Y32 + T35Ys2,

233 = T32Y23 + T33Yss + T35Ys3, 235 = T32Y25 + T33Y35 + T35Yss,

Z44 = T44¥a4 T T46Y6a T Taryr4, 246 = Ta4Y46 + TaeYes + Ta7Y76,

247 = TaalYa7 + TacYer + Tary77, 2s2 = T52Y22 + T53Y32 + Ts5Ys2, (3.79)
253 = Tpolos + Ts3Yss + Ts5Ys3, 255 = Ts52Y25 + T53Y35 + Ts5Yss,

264 = TeaYaa T Te6Y6a T Te7Yr4, 266 = TeaYa6 + TesYes + LTe7Y76,

267 = TealYar + TeeYer T TeTY77, 274 = T7aYaa + TreYea + T77Y74,

276 = T7ala6 + Tr6Yee + Tr7Yt6, 277 = T7aYar + Tr6Yer + TrrYrT,

288 = T'8glss-

Thus, when we consider the values of the S,;, derived from

o0

/ 1 /
Sup = [exp (A = ) i (A™) o, (3.80)

k=0

the (A)k, (k € Z, k > 0, a # b), are zero 1f Al = 0. Similarly, the (A4")%, are
non-zero if A, # 0. This means that Sy, = 0, (a # b), if A}, = 0. In conclusion,
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we finally obtain the Spin(6) rotation matrix S as follows

1 0 0 0 0 0 0
S3o S33 0 S35 0 0
0 0 Sea 0 Sgs Ser
0 0 S 0 S Sy O
0 0 0 0 0 0 Sgs

&

S = (3.81)

S O O O O O

o O O O o o o

Here, we can take S;; = e~ (011+922+%33) hecause of the definition Eq. (BEG8). This is
the specific Spin(6) spinor representation. By use of the S = {S,;}, we obtain
following spinor rotations

Yy = Sty + Sasth -+ Surh_ = (Sua + Sasq1 — Sarq2) V4,

Yoy = S + Sest—1— + Sert——1 = (Sea + Sesq1 — Serq2)V1——, (3.82)

Yoy = Suty + S+ S = (St Swr — Srrqe) b
Similarly, we can also derive the spinor rotations as linear combinations of the
Y1, 1o, and 3 when 6D overall chirality is fixed as negative. Therefore, the
SO(6) rotation leads to Spin(6) spinor rotations properly which keep 6D overall
chirality invariant.

We note that S,,, Swp, (a # b), are generally complex numbers. Since Eq.
(8W0) implies that we have only one spinor component corresponding to spinor
with (+ — —) chirality, we can take ®" as follows

®* =[0,0,0,¢,__,0,0,0,0]", (3.83)

where ¢, denotes the corresponding spinor component in the w system. From
Eq. (B382), we can derive

Vi = (S + Sasqt — Sar@e)V4—— = 4,
Yoy = (Sea + Sesq1 — Se7q2)V4—— =0, (3.84)
Yo = (S + Sreqi — Srrqe) V4 =0,

under the Spin(6) spinor rotation from z system to w system. Then we obtain the
following simultaneous equation

{ Se4 + Se6q1 — Se7q2 = 0,

(3.85)
S+ Seq1 — Srrg2 = 0.
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We then obtain the following non-trivial solutions of ¢; and g,

{(h} _ ! [564377 —574367} _ ! { @2 1 , (3.86)

] detS' |SeuSrs — Se6Sma oy |—ag
where
/ Se6 _867:|
S' = . 3.87
{576 Sy (3.87)

Under the nonfactorizable fluxes, since we can take f;; # 0, this implies that we
can assign the values of «;

a; =detS’ € C,
ay = SeaSr7 — S1uSe7 € C, (3.88)
az = SeeS74 — SeaS76 € C.

From Egs. (B24), (843), and (B=R), we can show following relations between
SO(6) and Spin(6) rotations
e tan 6,

=22 = -2 — tané,. (3.89)
Qq cos 6 Q1

Therefore, we find that the coefficients «; are generally complex numbers by the
Spin(6) spinor rotation derived from SO(6) rotation of the (1, 1)-form nonfactor-
izable fluxes. This is because the real rotation parameters 6;; can be non-zero,
that is, 0;; # 0 under the nonfactorizable fluxes.

Then, what are the «; and 1 in the end? Let us consider spinor wave functions
weeneral of various spinor components in magnetized 7. They can be written by
linear combinations of the basis complex functions {¢} in magnetized T°. Then,
we can take Weereral a5 follows

\Ijgeneral — chwk, (390)

k

where ¢ denotes complex coefficients. Here, for simplicity, we suppose ¢, = ¥
for all k. Also, we suppose ¢y = ag, (kK = 1,2,3), and ¢, = 0, (k = 4,---), for
simplicity. We impose the boundary conditions in magnetized T for the 7). Thus,
we can represent the spinor wave functions W8l by the linear combinations
of the basis ¢ with complex coefficients «;. In conclusion, when we suppose the
Ansatz ¥,y = ;1 for simplicity, we find that the coefficients «; are generally
complex numbers, according to the Spin(6) spinor rotation.
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Lastly, we mention properties of the metric in 2z’ system. From Eq. (B3E), in
real basis, the metric in z system, g, is given by

i1 13  ReQ| |dx
g=d:'dz' = [dz dy] {RGP’Q QQ] Lzy]‘ (3.91)

On the other hands, we can also write the metric in 2’ system, ¢’, as

- /
g =d""dz" = [dx dy] [ Ls RGQ] [dx] .

_ .92
ReQ) QY| |dy (392)
We can find Re€) = Re) under the SO(6) rotation keeping the metric invariant.
Similarly, we obtain Q0 = (). In what follows, we impose [Q,Q] = 0 to find
[R,] = 0 under [Q, Q'] = [, Q] = 0. This leads to QQ = Q'Q. By use of the 2’
system, we can introduce the chirality operator I'"" as follows

I'"=0*® (—0®) ® (—0®) = diag[+, —, —, +, —, +, +, =, (3.93)

where U = U; = diag(+, —, —). The I'” is the same as I'” in terms of theory in
magnetized 7% Then, we can regard the wave functions with positive chirality
(++ +) in 2’ system, that is, ¢, _,, as solutions corresponding to wave functions
with various chiralities in the z system. Furthermore, similarly to ¥, in the 2
system, the eigen equation of the Laplacian and the D-term SUSY condition in 2’
system can be derived by using the magnetic fluxes and the ¢/, | in the 2’ system.
In order to introduce them, we consider mass spectrum on bosonic sector.

3.2.2 Mass spectrum on bosonic sector

We analyze the mass spectrum of the 4D scalar fields. To obtain the mass spec-
trum, we consider dimensional reduction of 10D gauge boson. We would like to
derive the mass spectrum since we particularly focus on the D-term SUSY condi-
tion.

Dimensional reduction of 10D N = 1 super Yang-Mills theory

Here, we briefly review the dimensional reduction of 10D super Yang-Mills theory
(SYM) based on Refs. [42,78] and Appendix of Ref. [64]. For simplicity, we consider
U(2) gauge group. We can extend the discussion to U(N) gauge theory. We focus
on T compactification with background magnetic fluxes.
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First, the bosonic part of the SYM action is given by

Syn = d"w Te{FMY Fyn}, (3.94)

dg?

where M, N € {0,1,---,9}. We take real orthogonal coordinate system w?! by
using the following metric

nun = diag(—, +,+,- -+, 4+, +). (3.95)
Field strength Fj;y in the model is given by
Fun = 0 An — OnAy — i[An, An. (3.96)
Similarly, we can write gauge boson A,; as
Ay = By + Wiy = B4 U, + Wike g, (3.97)

where we denote the elements of the U(2) Lie algebra as (U,);; = 04i04; and
(ead)ij = 0ai®b; (a # D). By use of A, = Ay, By, is real and (W) = Wb, We
finally obtain

1
Ly = —=Tr (DyWnDYWYN — DyyWyDNWM —iGyn WM, WN]) + -+

242
(3.98)

Here, since we would like to derive mass terms, we take only quadratic terms of
W explicitly. That is, couplings such as 3- and 4-point interactions are irrelevant
in this paper. Here, the field strength for By is given by

Gun = OBy — OnByy. (3.99)

We also define a following covariant derivative
DyWy = 0yWx — i[ By, Wyl (3.100)
Then, we can analyze VEVs of the B; which can be regarded as magnetic fluxes,

Bi(w) = (B')(n) + C} (w),
W (w) = 0+ &2 (w), (3.101)

where (B}) # (B?). Then, we find U(1) x U(1) gauge symmetry. Here, &, n denote
the real orthogonal coordinates of 4D space-time and the T, respectively. we can
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then introduce a basis w = (§,n). Also, space-time indices can be written by
M = (u,1), where p=0,...,3 and 1 = 4,...,9.
Then, we get
i a 7,a ,ba ,ab 1 1,ba
Lyum :4_92(Gij - ng)(q’ I — prabphie)
1 a i,a 2 a 7YiFJ,a .102
- 2—g2[(Du<I>§’ DY) 4 (DB DI (3.102)
2 ba 1,ab N &Hoa\ M7 Fiab
o 2(DiWu )(DHOM) — (Diq)j (DI DY) + -
where
ab ab a b ab
D, W = o;W; i(Bf — B))W:". (3.103)
If we introduce the gauge fixing condition D@?b = 0, Eq. (B02) can be given by
2 j,ba abFi,a 1 a i,a a( Ty TYEdJ,a
Lyis = 5 3@ (G 5 (@1 (D, D) 4 (DD -

(3.104)

where (G)% = (G)% — (G)®

] ij

4D scalar mass

To obtain 4D scalar mass spectrum, we introduce the Kaluza-Klein decomposition,

B (w Z o @ (), (3.105)

where the wave functions in 7° satisfy the following eigen equation of the Laplacian
Agri(n) = Kndni(n). (3.106)
Here, k2 > 0 denotes the eigenvalue of the A. Then, the index n € {0,1,---}

denotes the excitation number, where k2 ; > k2. We substitute Eq. (BT0H) into
Eq. (B104) and consider integration with respect to the 5

S4D = Skinetic + Smass + - (3107)

where

Suneie = 3 [ € b DDA, () (3.108)

Simass Z / diE IM(20(G)E — K20,)ph™,  (a > b). (3.109)
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Here, we introduce the normalization condition,

9_2/d677 ¢f¢’§lb<77)*¢ffd(77) = 5mn6ac(5bd- (3110)

Next, we consider the coordinate transformation. We define complex coordinates
Zas 2 = (2mr) " (Pt 4+ in¥t3), where j = 1,2,3 and r = r; = ry = r3. This
comes from Eq. (B2). Then, we find

27 ab/ = 1 1 a . 1 a
7 (2) = o (@120 () + i T30 (),

2 71TT 2j+2.ab . 243 ab (3.111)
e (2) = —2W(<p TR (n) — P T (n)).

When representing Eq. (BI0R) in the new basis, we get

Skmetlc Z/d4 139051 ba DHDM) 7 b + hzj(pfz ba(D D“) z ab]
(3.112)

2 J 57 2 J
7T7" Z/d4 2 ,ba D D‘u) z ab z ba(D Du) z ab]’

where the metric is written in Eq. (B4). We rewrite the 4D scalar fields as

. 2 ; 3 2 5
S5z1,ab _ Lrgpzﬂab’ S527,(117 — ﬂgpzﬂ,ab’ (3113)

V2 V2

in order to consider canonical kinetic terms. We thus derive following 4D scalar
mass term

. 4i E
_ 4 ~27 ba ab 2 ~z7 ,ab
Srmass = § /d f |:(10n (W<G>zjzj - ’%n) Pn

i 4i
~zJ ba ab ~z9 ab
7 Gyt — B
+on ((27?7*)2( )iz ) 25
In particular, when we suppose (G*=2) = 0, the 4D scalar can obtain only U(1),—;
charge. Then, we can see 4D scalar mass spectrum in the U(1) gauge theory.

When we consider T2 compactification and the dimensional reduction of SYM in
Ref. [64], we find that their results are realized by Eq. (BII4).

(3.114)

3.2.3 D-term SUSY condition

We can define the Laplacian A in z system [[/8, 81,87

A=-2) {D.,D}. (3.115)
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We can verify that the solution ¥, . satisfies the eigen equation of the Laplacian
A:

3

Z széj

J=1

Ay =2 Virtr =2+ (0F 55 )41+ (3.116)

where the eigenvalue must be non-negative. In other words, we need to the con-
dition trF,:.; > 0, that is, the positive semi-definiteness of the A on 7% We will
use the A to derive mass spectrum in bosonic sectors.

The eigenvalue corresponds to the mass squared in 6D scalar field. Also, the
6D vector modes (A.i, Asi) have additional effects. From the discussion so far, we
can derive their squared mass matrix M? by using F.;.; = Fj; and A

(3.117)

MZ_A+4{_F’7 O}.

O F;
Since we obtain the eigenvalue of the A, M? can be rewritten in the diagonal basis
diagM?® = 2(A; + s + Ag) + 4 - diag[— A1, —Xa, =3, +A1, +A2, +As],  (3.118)

where we denote \; as the eigenvalues of Fj; = 7[NT(ImQ)~'];;. Then, trF}; is the
lowest eigenvalue of A. We note that the largest eigenvalue A; need to be equal
to summation of the remaining two eigenvalues \;, Ax to realize the massless
spectrum, that is,

A=Ay + Ak (3.119)

This corresponds to the D-term SUSY condition, that is, the condition to realize
the D-flat solution [64,78,05]. Similarly, we can obtain the D-term SUSY condition

=, O,

from the the eigen equation of ¢p___ for A given by

3

ZFZJ'23

J=1

A =2 T (3.120)

Next, in the 2’ system, we consider the mass spectrum from magnetic fluxes on
TY including two negative eigenvalues. We note that 6D overall chirality is fixed.
Similarly to the z system so far, for 4D scalar, the eigenvalues of M? are invariant
under the SO(6) rotation. That is, we can describe the squared 4D scalar masses
m?LD,Iv (I = 172?3)7

diag(mZDJ, m421D2>m421D,3) =D'MID =D"'MID', (3.121)
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where we denote the squared mass matrices in z, 2’ basis as M?, M2, respectively.
D, D' represent the digonalization matrices. We will obtain M’%. We can write
the spinor in 2/, W' as

¥ =10,0,0,%,,.,0,0,0,0]". (3.122)

This implies that the ¢/, | in Eq. (BIZ2Z) is the solution of the Dirac equation
D' . =0, (j =1,2,3). Also, We introduce the Laplacian A’ in 2’ system

3
A'=-2) {D.s,D.;}. (3.123)
j=1

Similarly to the ¢, in the z system, we get the eigen equation of A’

Ay =2 (0 F )Yy (3.124)

Therefore, when we denote lej = I the M’% can be written as

15159

ij

IQZA/ 4
e

(3.125)

By use of the eigenvalues of Fz/j’ A, we can derive
DI MED = 2N, 4 Ny 4 M) + 4 - diag[— N, =Ny, =5, +N], +N5, 5], (3.126)
We finally obtain the D-term SUSY condition [81,87]
Ny = X+ Ny, (3.127)

where X\, denotes the largest eigenvalue of lei Also, the other two eigenvalues are
written by X}, M. In other words, we can write the D-term SUSY condition using
the eigenvalues of F.i;, that is,

|)\[’ = ‘)\J| + ’)\K‘, (3.128)

where \; denotes the largest absolute eigenvalue. Also, A, A\ denote the others
absolute eigenvalues. Lastly, we comment on the D-term SUSY condition Eg.
(BIZR) in this paper. According to Refs. [96,07], we can regard this D-term SUSY
condition as the condition to vanish flux-induced Fayet-Iliopoulos (FI) terms £ = 0
for U(1) factors under vanishing vacuum expectation values (VEVs) of 4D complex
scalar fields. In what follows, we will consider this D-term SUSY condition.

On the other hands, if we suppose non-vanishing VEVs of the 4D scalar fields
with nonzero charges, the nonzero flux-induced FI-terms £(# 0) can be canceled by
the VEVs. We can therefore realize stable SUSY vacua if we take the (1, 1)-form
background magnetic fluxes and nonzero £ under the non-vanishing VEVs of 4D
charged scalar fields.
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3.3 Wave functions and Sp(6,Z) modular symme-
try

In what follows, we discuss the Sp(6,Z) modular symmetry. The Sp(6, Z) modular
symmetry is one of geometrical symmetry derived from basis transformation on
T® ~ C3/A. In other words, we can consider the Sp(6,Z) modular symmetry
under the T° compactification [66, 94, 98-105]. The modular transformation is
important to analyze Zy-twist and zero-mode numbers. By use of the modular
transformation, we can verify whether three-generation models can be realized
or not in magnetized orbifold models [68, 78, 801-82]. The modular symmetry is
also important, because this symmetry can control 4D low energy effective field
theory.” We will briefly show wave functions behaviors under the Sp(6, Z) modular
transformation. The details are described in the Appendix G.

According to Ref. [8], the Sp(6,Z) modular transformations can be realized
by the generators S and T'. ® The generators S and T can be written as

(05 14 15 B
S A B e | (3.129)

where the B matrix denotes 3 x 3 integer symmetric matrix. Then, z and {2 behave
as

S:(2,Q) = (-0, -Q), T:(2,9) = (2,Q+B). (3.130)

In what follows, we will briefly show the wave functions behaviors under the mod-
ular S and T transformations, respectively.

3.3.1 Modular S transformation

First, we calculate the wave functions behaviors under the S transformation. The
integer fluxes N are transformed as NT, however, we suppose the S-symmetric
fluxes, that is, N7 = N. Also, we suppose the S-invariant R = N~'M. Under
R? = 13 and [©,€)] = 0, since we can consider the wave functions with positive
chirality (+ + +) in the 2’ system, transformations of 2’ and Q' can be related to

6Recently, modular flavor symmetries have been focused on [IZ]. (See for early works
Refs. [, IR, 07-013] and for reviews Refs. [32,B3].)
"The Sp(2g,Z) modular group is explained in Appendix Q.
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the original S transformation ®

Q= - under S: Q — —Q7

3.131
= Q7' underS: z— —Q 7'z ( )

Then, we can describe the wave functions behaviors under the S transformation

Q-1 S 1 \/det ) 2miJTN=IK 1K e
)= Tae N 'y wra(Z:81)
KeAn

If we define the Siegel modular form f(§2) under the Sp(2¢,Z), (g = 2, 3), modular
transformation 7 in the z system, that is,

(= (3.132)

F(yQ) = [CQ + D p(7)f(Q), where v = {C D

A B] € Sp(20.7),  (3.133)

and we can regard k, p(vy) as weight and the representation matrix, respectively
[GR-105], we find that the wave functions can be regarded as the Siegel modular
form in the 2’ system.

3.3.2 Modular T transformation

Next, let us briefly show the T transformation of the wave functions. We require
the following condition for the background magnetic fluxes F’

(NB)Y = NB where (NB);; € 27 (3.134)

to be consistent with the wave functions and the T transformation. ® The wave
functions behaviors are written as

w1{4,N(27 Q+B)= eﬂ“TNilij}\Z,N@, Q) (3.135)
under the T transformation. This can be also described as
+++(Z Q/+B) 7erTN 1BJw+++( /’Q/> (3136)

in 2’ system.

8See the details in Appendix G
9See the details in Appendix G2.
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We mention (ST -- - )-invariant moduli for Zy-twist. They satisfy (ST --- )N =
16 and Q = —(Q + B)~!. This is important to count the zero-mode numbers in
magnetized T°/Zy orbifolds. Thus we derive

Ol (V2 Q) = pyic (ST - Yoy (2, ) (3.137)

under (ST ---)-transformation in the 2’ system. Here, pyr (ST ---) is representa-
tion derived from the modular transformations of the wave functions in magnetized
T6. We will use the modular transformation and the representation matrix when
we consider magnetized T°/Zy orbifolds models. In particular, for 2’ = z, we can
analyze the number of zero modes with positive chirality (+ + +) in magnetized
T®/Zy. Similarly, for 2/ # 2z, we can analyze the number of zero modes with
various chiralities in magnetized T°/Zy.

In chapter B, we will consider nonfactorizable T° /Zy with background magnetic
fluxes and analyze the number of the zero modes in magnetized T°/Zy.



Chapter 4

Magnetized TY/Zy orbifolds

We have discussed magnetized T® model. Then, we can extend the model to
magnetized T°/Zy orbifold models which we may construct richer flavor models
including three-generation structure. In this chapter, we introduce 6D lattices of
T®/Zy orbifolds. In particular, we focus on magnetized T°/Z; and T°/Z,, whose
lattices are SU(7), Eg root lattices, respectively. This implies that they cannot
be factorized as product of lower-dimensional compact spaces. We also introduce
background magnetic fluxes in the 6D lattices. Shapes of the fluxes N are restricted
by the F-term SUSY condition and generators of the Sp(6,Z) modular symmetry.
In what follows, we will see the details. By use of the modular transformations
of the wave functions, we can analyze the number of zero modes in magnetized
T°/Zy models. This chapter is along in Refs. [[7R, &1, 87].

4.1 Lattices of T°/Zy

Here, we briefly review the T°/Zy orbifolds. To obtain 4D A = 1 SUSY, we need
to classify the Zy twists. They were studied in Refs. [46,47]. Table B0 shows such

=, =

Zy twists [78]. Then, the condition of SUSY is written as
k1+k2+k350 (HlOd N), (41)

where we denote e?™*/N (i = 1,2 3), as eigenvalues of the orbifold twist. We
divide the 6D flat space by a 6D lattice Ag to construct the torus 7°. We divide
T by the Zy twist so as to obtain the T°/Zy orbifold. In order to construct
the 6D lattice Ag, we make use of Lie lattices. Since we obtain T°/Zy when we
impose Zy identifications on 7°, the 6D lattice has to have the Zy symmetry.

71



72 CHAPTER 4. MAGNETIZED T®/Zyx ORBIFOLDS

Then, the Coxeter element C' of Lie lattice can correspond to the Zy twist [88—
93]. In particular, SU(N) root lattice has the Coxeter element C. The Coxeter
element has the Zy symmetry, that is, C = 1. In what follows, we use Lie root
lattices. We also introduce complex structure moduli and magnetic fluxes to be
consistent with the Lie root lattice. We can see that T2 /Zy can construct the flavor

Orbifold | twists (ki, ko, k3)/N lattice
T9/Zs (1,1-2)/3 SU(3)3
16/ 74 (1,1,-2)/4 (SO(4)2h2 x SU(2)?

TY/)Z6; (1,1,-2)/6 (SU(3))% x SU(3)

TS )Zs_11 (1,2,-3)/6 SU3)P x SU(3) x SU(2)?, SO(8) x SU(3)
TS /7 (1,2,-3)/7 SU(7)

TS)Zs (1,2,-3)/8 (SO(8)) x SO(4)2

T/ Zs 11 (1,3,-4)/8 (SO(8)) x SU(2)

T /7151 (1,4,-5)/12 Es

T°) %12 11 (1,5-6)/12 (SO(8)) x SU(2)

Table 4.1: T%/Zy orbifolds and torus lattices.

structure in Refs. [70,[71]. Then, we focus on nonfactorizable T°/Zy orbifolds
shown in Table B0. We particularly focus on the numbers of zero modes on
T°/Zy with magnetic fluxes. Here, we consider nonfactorizable T°/Zy orbifolds,
that is, the T°/Z; orbifold with the SU(7) root lattice and the T°/Z,5_; orbifold
with Fg root lattice. We can derive the zero-mode wave functions in magnetized
T°/Zy orbifolds from linear combinations of the wave functions in magnetized 7
. We then use generators of Sp(6,7Z) to realize the orbifold twists. That is, by
use of Sp(6,7Z) modular transformation, we study the number of zero-mode wave
functions in magnetized T°/Zy. One can perform similar analysis in magnetized
T?/Zx B8], T*/Zx orbifolds [R0-82], respectively.

4.2 Nonfactorizable T°/Zy orbifolds
We define the boundary condition of the spinor ¥ = ¥(z, z) [80]
U (Q2,0z) = V(2,2)S"™" (2, 2), (4.2)

where the identifications z ~ Qz and QY = 13 on T° are imposed. St de-
notes the 8 x 8 complex matrix and we will see its shape. The V(z, z) denotes a
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transformation function. We use Eq. (B=1), that is,

S¢ 0 0 0 0 0 0 0
0 Sy Sz 0 S5 0 0 0
0 Sp Si3 0 S 0 0 0
Sevin _ 0 0 0 Su 0 S Siv 0
0 0 0 0 0 0 0 &g
1 0 0 0 0 0 0 0 ]
0 S;'See Si1'Ses 0 Si1'Sos 0 0 0
0 S'Ss2 S;1'Ss3 0 Si1'Sss 0 0 0
=3Sn 0 0 0 Sii' Sus 0 Si1'Si6 Siy'Sur 0
0 S1'Ss2 Si1'Sss 0 Si1'Sss 0 0 0
0 0 0  S;'Ses 0 S8 SiiiSer 0
0 0 0 S8y 0 S3'Sx SiSn 0
0 0 0 0 0 0 0  S;'Sss

(4.3)
Then, we particularly define the boundary condition of the ¢, ,, as follows
Ui1+(Q2,Q2) =V(2,2) - y44(2,2) = S Piga(2,2). (4.4)
We specify the V(z, z) as follows under the Zy-twist
V(z,2) = Spy = ¥™F, (4.5)

Here, (3 is a real number which can be described by

th1 + Oz + 033

b=- 2m

(4.6)

where 6;; are real numbers. Since the § must satisfies 3N =0 (mod 1), we find

N
BN = —%(611 + 0y +053) =L € Z,

(4.7)
27
011 + 093 + 033 = —Nf-

When we define and fix the above boundary condition of the ¢, there exists
degree of freedom of the U(1) global symmetry derived from the action. Then,
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we can introduce the boundary conditions of the wave functions with 6D overall
negative chirality taking the U(1) global transformations into account. In this
paper, since we particularly focus on analyzing the number of zero modes with 6D
overall positive chirality, we do not consider the degree of freedom derived from the
U(1) global symmetry. In the following, we perform counting the zero modes with
6D overall positive chirality in magnetized T°/Z; and T°/Z;5 orbifold models.

4.2.1 Magnetized T°/Z; orbifold

First, we consider the number of zero modes with positive chirality (+ + +) in
magnetized T°/Z; orbifold [78]. We focus on how to construct the 7°/Z; orbifold.
To realize the Z;-twist and the modular transformation, we use generators of the
Sp(6,7Z) modular symmetry Then, we can find the algebraic relation

(ST3TyTs)" = 1. (4.8)

We find that ST3T,T5 transformation can lead to the Z;-twist. Thus, we can use
the algebraic relation written in the S and 7' when we construct T°/Z; orbifold.
When we consider the ST5T,T5 transformation, we find

Q— —(Q+ B3+ By + Bs) ™!

Z—>—(Q+B3+B4+B5) Z,

for the complex structure moduli €2 and complex coordinates z. Then, we find
STsT,Ts-invariant moduli Q7 under det(Im€27) > 0

_2, _Ll 4 V7 i
w1 Wyg We Nd 2 14 i
1 7 j 1, 37,
Q7: Wq4 W2 Ws = —§—|—%Z —ﬁ —§+1—\4[Z . (410)
We Wy W i Ll sV, 1 VT
6 Ws W3 7 5t 510 5 1l

We can verify that we can construct the SU(7) root lattice in Figure BT [78].
Second, We can restrict the shape of flux N. From the F-term SUSY condition

Figure 4.1: The lattice of T°/Z,.
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(NQ7)T = NQy, the N can be parameterized by three independent integer param-
eters nii, n9g, and nss

ni N3z — No2 Moz — N11
N = [ N33 — N9 N99 ngz — N1 | - (411)

T2 — M1 N3z — N1 n33

Furthermore, we consider the T-transformation. Then, the NB has to be sym-

metric. In particular, the diagonal components of the N B should be all even, that
is, (NB);; € 27, (1 = 1,2,3). ". The NB, that is,

N33 — N2 UDP] N3z — N1
N(Bs+ By + Bs) = N9 2ng3 — N1p — Nog N3z +Nog — gy |, (4.12)
N33 — M1 N33 + Nag — Ny 2n33 — Ny
leads to the condition
N11 = N9g = N33z = 0 (HlOd 2) (413)

Then, the det N should be always a multiple of eight. We will count zero-mode
numbers in 7°/Z; with the flux N.
The number of zero modes

Next, we consider how to count the number of zero modes in magnetized 7°/Z;.
Since Q7 = —(Q7 + By + By + Bs) ™!, we find the ST3T,T5 transformation of zero-
mode wave functions with positive chirality (+ + +)

VE (72, Q)

\/ et[—i( 7+ B3+ By + BS)] Z o2miJIN"1K _miKTN~1(Bs+Ba+Bs)K | K
d Q2 e2mi e 3+Ba+Bs5)K | K z, 0
vdet N 1/)1\/( 7>

= 072 (ST T )R (2, Q)

I?EAN

(4.14)

Here, p(ST3T4T5) = p 7 (ST3T,T5) = p denotes representation of Zz — twist of the
wave functions. We note that the p has some Z; eigenvalues. Also, we suppose a
branch cut v/t > 0 for t > 0. Then, we find

V/det[—i(Q + By + By + Bs)] = e /4. (4.15)

1See the details in Appendix G2
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To classify the number of zero modes with positive chirality (++ +) in magnetized
T°/Zy, we focus on the eigenvalues of the p(ST3T,T5). Then, we take the trace of
p(ST3T4T5), o

€—7r7;/4

trp(ST3T4T5) _ Z eZWiI%TNfl(13+%(33+B4+B5))ﬁ. (416)

REAN

=

det

When we take det N = 8/, (¢ € N), we find the following three values of trp
trp = —1,+1, —V/7i, (4.17)

where we perform numerical computations in the region |n;;| < 400. On the other
hand, we can represent the values of the trp

6
trp = Z e,y = e/, (4.18)
k=0

where nj denotes degenerated zero-mode numbers in Z; sector with the eigenvalue
v*. We also have °0_ ny = det N = 8.

First, let us discuss zero-mode number for tr p = +1.

One can obtain [ng,ny,--- ,ns,n6] = [m + 1,m,m,m, m,m,m| for tr p = +1
because of Zgzo 7% = 0. Then, we find

det N =80=1+4+7m ="T7(m—1)+8. (4.19)

This implies that m — 1 should be a multiple of eight, that is,

m=19,.--. (4.20)

Therefore we do not obtain three-generation model for trp = +1. Similarly, we do
not find three-generation models for trp = —1.

Second, let us discuss zero-mode numbers for the trp = —+/7i. Similarly to

trp = +1, one can find [ng,ny, -+ ,n5,n6] = [m+1,m,m,m+ 2, m,m+ 2, m+ 2]

for m € Z™* because of 22:0 4% = 0. For m € Z*, Since det N is increased by 7m,
det N = 8/ leads to the following equation

8 =T+Tm="7m+1). (4.21)

2We can also calculate the trace trp(ST3TyTs) by using the g-dimensional Landsberg-Schaar
relation in Appendix [Al
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Then m + 1 should be a multiple of eight since 7 and 8 are coprime. Thus we
obtain the possible m

m="715---. (4.22)

This implies that we do not obtain three-generation model when trp = —/7i.

On the other hand, we can consider the D-term SUSY condition by tuning
ratios of areas of T? on the T? x T3 x T2 [72,95]. However, when we consider
the D-term SUSY condition Eq. (BII9) in nonfactorizable T° with background
magnetic fluxes, the D-term SUSY condition can be severe constraints. We will
verify whether we can derive three-generation models with 4D A = 1 SUSY from
magnetized T°/Zy or not. This means that we analyze models satisfying both the
F-term and D-term SUSY conditions.

4D N =1 SUSY in magnetized T°/Z;

In the region |n;| < 400 and |det N| < 1.0 x 10", when we denote O as 3 x 3
zero matrix, there is no model satisfying the F-term and D-term SUSY conditions
except for the trivial flux N = O. Therefore, we have no three-generation model
with 4D A = 1 SUSY in magnetized T°/Z; model.

In conclusion, no three-generation model is derived from magnetized T°/Z;
when we consider the wave functions with positive chirality (4+ 4 +). Similarly to
the wave functions with positive chirality (+ 4+ +), we can consider the number of
zero-mode wave functions with various chiralities in magnetized T°/Z;. See the
details in Appendix H. Lastly, so far, we have considered the wave functions with
vanishing Scherk-Schwarz (SS) phases. In the future, we would like to analyze
zero-mode wave functions with the non-vanishing SS phases in magnetized T°/Zs,
and verify whether three-generation model can be realized or not.

4.2.2 Magnetized T°/Z,, orbifold

Next, we consider the number of zero modes with positive chirality (+ + +) in
magnetized T°/Z,, orbifold [IZ8]. We can construct the Zj, twist by the algebraic
relation

(STV Ty Ty ' T5T) ™ = 1, (4.23)
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where we denote ST1T2T3_1T 516 as GG. We can find the G-invariant complex struc-
ture moduli 2 = Q45

-1 \/?32' By 14 \/?32- X oTTi/6  omif2  5mi/6
e = \/T?:Z 5= \/?gi —3+ \/ng = 73 emi/2 eTmil6 /6| (4.24)
_% + \/?gl _% + \/?32 %_ ?32 6571'2/6 657r7,/6 6771'2/6

This leads to the Ejg root lattice in Figure B2 [[/8]. We can restrict the shape of

(—ép)

6
=1

Figure 4.2: The lattice of T/Zs.

the flux N. From the F-term SUSY condition (N€;5)T = N5 and the algebraic
relation, we find that the flux N is symmetric. Additionally, we consider the T-
transformation, where 7' = TyT5T; ' TsTs. Then, N(B; + By — Bs + Bs + Bg) must
be symmetric. Also, the diagonal elements of the N(By; + By — B3 + Bs + Bg)
should be all even. Then, we find the flux N parametrized by nii, nis, and nq3

niyp Ni2 ni3
N = |ni nn n13 ; (4.25)

ni3 M1z N+ Nz — 2193

where n1; = njs = ny3 (mod 2). Here, we can regard G? as a Zg-twist. Similarly,

Wwe can see

G = (7 = (GP)' = (G = (G°) = 1. (4.26)
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Representation of modular transformation

We find Zo-twist generated by the G of wave functions with positive chirality
(+++)

= det|—i(Qo + B T
%{[(9122’912): \/ [ ( 12 )] Z eszfN 1K€mKTN 1BK¢]I§(Z7912)’

vdet N

I_('GAN

(4.27)

where B = By + By — B3 + Bs + Bs. Then, we can describe the representation
p(G),

Pi i, (G) = —Zez NeQ”iﬁlTN*&e”(ﬁlTN’lB@. (4.28)
Similarly, we obtain tr p(G)
trp(G) = e T Z 2K N (13+B/2)K (4.29)

vdet N P

EAN

Then, we also find

T
e am" BT A1 L BT N—=1 .. 1 T N—1 3
trp(G") = Z 2mi(RE N Ry + RE N Ryt RENT1RY)

([det N2 2
Ki1,Ka,-Kn€AN

T AN =1 R .. 1 T N—1 R
em(BT NT'BR -+ KIN~'BE,,) (4.30)

Wave functions with positive chirality (+ + +) in magnetized 7°/Z;,

We analyze the number of zero modes with positive chirality (+++) in magnetized
T®/Zy5. In what follows, the number of zero modes in Z;5 sector with the charge

k€ {0,1,--- 11} can be written as nj. That is, we obtain
11
det N = ny. (4.31)
k=0
Next, we find
11
kmx »
trp(G) = ) nges’. (4.32)

k=0
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Similarly, we find the following relations between the trace and the ny

trp(G?) = Z n + es’ Z nk—i—e%” Z i

k=0(mod6) k=1(mod6) k=2(mod6)
4, S,
— g ng t+es3 g ng + €3 5 Nk,
k=3(mod6) k=4(mod6) k=5(mod6)

trp(G?) = Z n +1 Z ng — Z ng — 1 Z ng,

k=0(mod4) k=1(mod4) k=2(mod4) k=3(mod4)

trp(G*) = Z ng+es’ Z ng et Z M

k=0(mod3) k=1(mod3) k=2(mod3)

trp(G°) = Z N — Z Nk

k=0(mod2) k=1(mod2)

(4.33)

(4.34)

(4.35)

(4.36)

By use of the relations, we can classify the number of wave functions in magnetized

T°/Z15. When we perform numerical computations in the region |ny;| < 400, we

can find the zero modes satisfying the F-term SUSY condition. Their degenerated

numbers are summarized in Tables B2 and B33 [[7g].
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Table 4.2: The number of zero modes in magnetized T°/Z,.

(detN [ 4] 8] 12 [ 16]20 | 24]24] 28[32] 32] 36 | 36| 40

tro(G) || =1 1| —v3i|—-1| 1 | —3i|-1|-1]1 1| —V3i| -1]|-1
tro(G?) || 1 [ -1 —v3i| 1| —-1|—V3i| 1 =1 1| —=V3i| 1] 1
trp(G3) || 2 | 4] 6 8| 10 12 2 [ 14]16] 4] 18 2] 20
trp(GH || 1 | =1 | V3i -1 V3i|-3|] 1|—-1]-1| v3i |=-3] 1
trp(GO) || 4 | 8| 12 | 16] 20 24 4 | 2832 8| 36 4| 40
no 1] 2 4| 5 6] 2] 7] 8] 4] 9 10
n 0] 0] 0 0] 0 ol 2] olo] 2] o 0
ny 0] 1] o0 1] 2 1] 2| 2 2
ny 0] of o0 0| 0 ol 1| o]l o] 2] o 21 0
ny 1| 2 41 5 6 7181 4] 9 4110
ns 0] o o 0| 0 ol 2] o]l o] 2] o 0
ng 1| o 1 2| 1 2| 2 2 | 2 4
ny 0] 0] o0 0] 0 ol 2] olo] 2] o 0
ng 1] 2 415 6 78 4] 9 4110
ng 0] of o 0| 0 ol 1| o]l o] 2] o 21 0
n10 0] 1] 2 1] 2 2 | 2 4
i 0] 0] 0 0] 0 ol 2] olo] 2] o 0
4D N =1 SUSY in magnetized T°/Z,
In magnetized T°/Zy5, we can take the consistent flux N
-5 13 3
N=1[13 -5 3|, (4.37)
3 3 2

where the flux /V satisfies both the F-term SUSY and the D-term SUSY conditions.
We can see det N = 36, trp(G) = trp(G?) = —/3i, trp(G3) = 18, trp(G*) = V/3i,
trp(G%) = 36. Then, we find the numbers of zero modes, that is, [ng, ny, - -+ ,n11] =
9,0,2,0,9,0,(3],0,9,0,4,0].

Also, we can take the other consistent flux N

3 3 1
N=|3 -3 1/, (4.38)
1 1 -2
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Table 4.3: Continuation of Table B2

(detN [[44 ] 48[52[ 52|56 | 60|64 ] 6468 T2[72] 72
trp(G) || 1 | =vV3i | =1 =1 1 | =3i| =1 =1 1 | =VBi| 1 | —/3i
trp(G?) || =1 | —v3i | 1 1| —1] V3| 1 L] =1 —V3i|-1| —/3i
trp(G3) || 22 24126 | 2] 28 30 32| 8] 34 36 | 4 6
trp(GY) || =1 V3i| 1 L —1] V3| 1 1| —1] V3| 3 | =3V3i
trp(GO) || 44 48 [ 52 | 4] 56 60 | 64 | 16| 68 72| 8 12
no 11 12113 5] 14 1516 | 817 18| 8 8
ny 0 ol o] 4] o0 0ol 0| 4]0 0| 5 4
ny 4 41 4] 5 41 5| 5|6 5 6 6
ns 0 ol o] 4] o0 0l 0| 4]0 0| 6 5
ny 11 12113 5] 14 1516 | 817 18| 7 7
ns 0 ol o] 4] o0 ol 0| 4]0 0] 5 6
ng 41 5| 5] 4 516 6] 5 6 6
ny 0 ol o] 4] o0 0ol 0| 4]0 5 4
ng 11 12113 5] 14 1516 | 817 18| 7 9
ng 0 ol o] 4] o0 0ol 0| 4]0 0| 6 5
n1o 4 504 4] 5 6| 5| 5|6 7| 6 6
ni 0 ol o] 4] o0 0ol 0| 4]0 0| 5 6

where the flux N satisfies both the F-term SUSY and the D-term SUSY conditions.
We can see det N = 12, trp(G) = trp(G?) = —/3i, trp(G?) = 6, trp(G*) = /34,
trp(G®) = 12. Then, we find the numbers of zero modes, that is, [ng, ny, - -+ ,n11] =
13],0,0,0,[3],0,1,0,[3],0,2,0]. Thus, in magnetized T®/Z;5, when we consider
the wave functions with positive chirality (++ +), we can obtain three-generation
models satisfying both the F-term SUSY and the D-term SUSY conditions, and

realize 4D N =1 SUSY.

Diagonalization in magnetized T°/Z,

We consider the wave functions with various chiralities and their zero-mode num-

bers in magnetized T°/Z;, [81,82]. Similar analysis can be carried out in mag-

netized T°/Zs;.

See the details in Appendix H. When we diagonalize Fj; =
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7[NT(ImQ12)~!];;, we can use the diagonalization matrix P € SO(3)

[ 1 1-3 1+v3

V29303 2303

_ | L 1-v3 1+v/3
P=1% 2/3-v3  2V/3+V3 (4.59)
1 1
L V3-v3  \/3+V3
[ cosfy 0 sinfy] [cost; —sin€; 0] [1 0 0
= 0 1 0 sinf; cosf; O [0 cosf; —sinfs
| —sinfly 0 cosfy 0 0 1] |0 sinf3 cosfs

[ cos B cosfy sinbysin s — sin By cos Oy cos B3 sin O cos Oy sin Os + sin O, cos O
= sin 6, cos 0 cos 05 — cos 8 sin f;

| — cos B sinfy  sin @y sin 0y cos O3 + cos O sin B3 cos Oy cos O3 — sin Oy sin O sin O3

where the P can be independent of the values of the magnetic fluxes. Here, we
can diagonalize (215 as

P70, P = diag (6727Ti/3, e /0, e5”i/6) . (4.40)

The P in Eq. (E239) leads to 6; = %71’, 0y = 0, that is, ¢; = 1 and ¢u = 0. This
implies that we can consider the wave functions ¥, =1¢_, and ¢¥__, =0 in
magnetized T°/Z,5. By use of the P, we can find the number of zero modes with
various chiralities. That is, we introduce the z’ system. When we describe the
spinor in 2’ system as W', only ¢/, | is excited and written in the W¥'.

In 2’ system, we can describe the Zy-twist boundary condition of spinor W'(z’)

V() = SVW(2). (4.41)

where we denote &', V' as the spinor representation and transformation function
in 2’ system, respectively. In 2z’ system, under the transformation z — €z, 2z’ can
be transformed as 'z’ that is, we can impose the identification z’ ~ Q'z' such
that 'V = 15 under z ~ Qz such that OV = 15. On the other hands, ¢f++,
(J € Ay) is written

1J (Q/

e (Qwiss s Lbgeist) (4.42)

twist

_ Vdet [—i(Qf i + B)] Z 2miI TN TIK riKINTIBK /K (o ) )

/‘ det N’ KGAN +-++ twist

under ST1T2T3_1T5T6—transformations. Here, we describe B = By + By — B3+ Bs +
Bg and Q.. = Re€)y + i RIm ;5.

twist
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We note that 1/, , . can be invariant under the & if we define the following V"’

V' =¥ where /N=0 mod1 and 3 # S in general. (4.43)
Here, we can see that this is consistent with the Dirac equation under the Zy-
twist in 2’ system. Then, by using of the ¢ . and the Zy-twist boundary
condition in 2’ system, we can analyze the number of zero modes by taking
U, = diag(+, —, —), Uy = = diag(—, +, —), Uz = diag(—, —, +).

The zero-mode number in magnetized T6/Z12

We analyze the zero-mode numbers considering both the F-term and the D-term
SUSY conditions in magnetized T°¢/Z5. In regions |ny;| < 200, (i = 1,2,3), and
1 < det N < 500, we can find such three-generation models by using the modular
transformations, and the U;, (i = 1,2,3). ® For U; = diag(+, —, —), we can obtain
the modular transformations

1J (Q/

4 st 2> tswist) (4.44)

twist

e%” T 1 T 1
i TN-'K _miKTN='BK _ 1K (. )
E : € € P (7 Qeist)-

- \/ﬁ S twist

Then, the consistent fluxes N and the M can be written as

13 5 -3 ~5 13 3
N=|5 -13 =3/, M=|13 -5 3|, (4.45)
-3 -3 -2 3 3 2

where det N = 36. Then, we find zero-mode numbers in Zy sectors n;, (i =
0,1,---,11), that is,

[TZO, ni, N2, N3, Ng, N5, Ng, N7, 18, N9, N1io, nll] = [97 Oa 47 07 97 Oa 27 07 97 0’ 7 0] (446)

The others are

-3 3 -1 -3 3 1
N=|3 -3 —1|, M=|3 -3 1], (4.47)
—1 -1 2 1 1 -2

3Similarly to zero-mode counting on magnetized T°/Z;, using the U;, (i = 1,2,3), we can
perform zero-mode counting on magnetized 7°/Z; model. See the details in Appendix H.
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where det N = 12. We find zero-mode numbers

[n07 ni, ng, N3, Ny, N5, Ne, N7, Ng, Ng, N10, nll] = [7 07 27 Oa7 07 Oa 077 Oa ]-a 0]
(4.48)

For U, = diag(—, +, —), we can obtain the modular transformations

+++<Q:}W15tz Qthst) (449)

e 12 T 1 T 1
E 2m] N7'K _mK* N 'BK /
€ w+++ ( QtWISt)

\/\detN Kk

Then, the consistent fluxes N and the M can be written as

1 -5 —1 V3—-3 V3+3 V3
N=|-5 1 —1|, M=[V3+3 V3-3 V3|, (4.50)
-1 -1 =2 V3 V3 0

where det N = 36. Then, the zero-mode numbers are written as

[no,nl,nQ,ng,n4,n5,n6,n7,n8,ng,n10,n11 57 ]-7 4 0 5 2 4

(4.51)

Lastly, for Us = diag(—, —, +), we obtain the modular transformations
+++(QfLW15tZ Qrvist) (4.52)

e 1’ 2 TNTUK riKTNTIBE /K (2, )

\/\detN Kehn A

Then, the consistent fluxes N and the M can be written as

5 —1 1 V3—-3 V3+3 V3
N=|-1 5 1|, M=1|vV3+3 V3-3 V3|, (4.53)
1 1 2 V3 V3 0

where det N = 36. and each zero-mode number is

[n07 ny, Ng, N3, Ny, N5, Ne, N7, 18, Ng, N1, nll] = [577 7 27 477 57 177 7 47 0]

(4.54)

In conclusion, some three-generation models can be realized in magnetized T°/Z,
orbifolds. Then, we have used the wave functions with positive chirality (+ + +)
or the wave functions with various chiralities.
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Next, we would like to consider how to derive 4D Yukawa couplings from
nonfactorizable T° with background magnetic fluxes. When we consider realis-
tic models taking mass of matter particles into account, 4D Yukawa couplings can
be important.

In chapter B, we will consider the overlap integral of the wave functions in
left-handed, right-handed fermions, and Higgs sectors. This leads to 4D Yukawa
couplings.



Chapter 5

Phenomenological application

We have studied magnetized T, and its orbifolds T°/Zy. We have found that
three-generation models can be realized when we suppose magnetized T or T /Z,.
On the other hands, since the wave functions of magnetized T°/Zy can be ex-
pressed as linear combinations of the wave functions in magnetized T°, we need to
calculate explicitly overlap integral of three-point couplings leading to Yukawa cou-
plings when we derive Yukawa couplings in 4D chiral theory with three-generation
structure from magnetized T%/Zy. We note that we need to take chirality into
account in order to derive 4D Yukawa couplings properly. In this chapter, We cal-
culate overlap integral of the zero-mode wave functions with various chiralities in
left-handed, right-handed, and Higgs sectors [81,82]. Furthermore, we consider 4D
effective field theory with Sp(6,7) modular symmetry and its superpotential. We
will analyze the overlap integral behaviors under the Sp(6,Z) modular symmetry.
Lastly, by considering not only magnetized T, but magnetized T? derived from
magnetized T°, we can introduce non-Abelian discrete symmetries derived from
magnetized 7% or T° models.

5.1 Yukawa couplings in magnetized 7° model

5.1.1 Calculation for overlap integral leading to Yukawa
couplings

We would like to derive 4D Yukawa couplings when we consider realistic models.
Then, we consider Yukawa couplings. Our discussion of the calculation for the
overlap integral leading to Yukawa couplings is along in Refs. [b5, 81, 82]. We
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need to take chirality into account because we would like to derive 4D Yukawa
couplings in 4D N = 1 SUSY. Then, we should calculate the overlap integral
of the wave functions with various chiralities, which leads to Yukawa couplings.
Yukawa couplings can be described by three-point couplings of the spinor wave
functions in left-handed, right-handed, and Higgs sectors. Then, let us consider
chirality in each sector. For the Higgs sector, we denote the chirality of Higgsino
fields. In what follows, background magnetic fluxes for left-handed and right-
handed fermion sectors can be written by Ny and Ng, respectively. They may have
different magnetic fluxes and chiralities. Here, we note that we need to consider
the magnetic flux Ny in the Higgs sector satisfying Ny = Ny, + Ny because of the
gauge invariance.

We also describe My, Mg, My, where M; = N;R;, (i = L, R, H). According
to Ref. [114], when we describe the flux N under [N, Q] = 0, the [N, 2] = 0 leads
to linear combinations of the unit matrix 13, the moduli 2, and the inverse Q1,
that is,

N = k13 + koQ + ksQ 1, (5.1)

where k;, (i = 1,2,3), denotes complex coefficients. Then, N can be the integer
fluxes by choosing the k; properly. Then, we can represent the N, Ng

5.2
Ng = kigls + korQ + kapQ " (5:2)

This leads to [N, Ng] = 0 under [N,Q] = 0. Then, different chiralities in each
sector can be constructed. Similarly to [N, Ng| =0, [N,Q] = [R, Q] = 0 leads to
[Mp,, M| =0 and [N, M| = 0, respectively.

In what follows, we consider the wave functions in left-handed, right-handed,
and Higgs sectors, and the overlap integral. The overlap integral can represent
three-point couplings, which leads to Yukawa couplings.

Here, in magnetized T° with any complex structure moduli €2, we calculate the
overlap integral among other combinations of chiralities to obtain the 4D Yukawa
couplings in 4D A/ = 1 SUSY. We denote wave functions of the left-handed matter
field, the right-handed matter one, and the Higgs field by i, (I € Ay,), ¥,
(J € An,,), and 5, (K € Ay, ). First, we introduce the Yukawa couplings Y7/
as follows,

VI = g’ [ s ol vk ) (53
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where we denote ¢’ and o4 as the gauge coupling constant in higher dimensional
theory and a sign derived from the product of differences of fluxes between D-
branes, respectively [64]. Under Eq. (B3), we particularly consider the overlap
integral of the wave functions with various chiralities. That is, we calculate the
overlap integral taking chirality into account

C= /TG E2d’Z Yy, vy (20 0) - Ot (20 Q) - (N vry (2015 Qm))
— | — 2ImQ| (5.4)
: /01 d*z /01 dgy %IVL,ML(ZL, QL) : WGR,MR(ZK QR) : (w§L+NR,MH(ZH: QH))*
Here, we use the following relation derived from the Jacobian
d2d’z = | — 2ImQ|d>xvd’y, (5.5)
and the identifications, i.e., x ~  + e and y ~ y + e. Here, we define fy, and
0%, (2}, €) derived from Eq. (B338) as follows,

— im[Nez)])T (ImQ)) ~1Imz, @J ") =0 JTNZ_I N,z N,V 5.6
In=e ) Ne(zb ) = 0 (Nezg, NeSYy), (5.6)

where J € Ay,, 2; = Rez + iR/JImz, ), = ReQ + iR,Jm, and R, = N[lMg,
(¢ = L,R, H). In the Higgs sector, on the other hands, we can find

(OF, (2. U))" = O°x, (Zi, Up). (5.7)

Here, we can see that the wave functions are well-defined because of —MyImQ =
MgImS > 0. Thus, we find

Cox [ @'z [fy, - O, (4. 2] - [Fve - Ok U] - [, - K, (i )]
(5.8)

Since we would like to calculate Eq. (B3), we first calculate the product of the
wave functions, that is,

YNyt (21 QL) - R v (2 ), (5.9)

where I = Nyi € Ay, and J = Ngj € Ay,. By noting that z = Rez 4 ilmz =
z+(ReQ)y+i(ImQ)y, we can evaluate the product up to the normalization constant
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as follows:
I J
r(ﬁ]\/v[”]\4L (Z}/’ QlL) : wNR,MR(Z;%7 Ql]‘%)
o eiﬂ'[NLz’L]T(ImQ)_llmz . eiw[NRz%]T(ImQ)_llmz . @{\/’L (Z}/, Q/L) . @]{TR (Z}%, Q/R)
_ eiﬂ’[:):T(NL+NR)y+yT[(NL+NR)ReQ+i(MLJrMR)ImQ]y} (510)
Z eiﬂ(i)[ETQN,ME} } 627”'[ZTQN)?] ,627Ti(i)[ETQN,M37]
7
0, 05e79

where we have defined the 2¢-D real vectors:

J+ L x Yy
and the 2g x 2g matrices:
N, O
QN - |:O NR:| ’
(5.12)
e 0 MgImQ —iNgReQ| — | O M}

Here, we focus on the summation for indices fNL,fNR,E(NL + Ng). M’

MpImQ — iNReQ is irrelavant to the index summation. According to Ref. [b5],

we can use the following transformation matrix 7" under [Ny, Ng| = [Mp, Mg] =0
1 1 1, N'o
T/ = g g T/ T — g L
{aNLl —aNRl} 0 [1g —Ng'al]’

(5.13)

o B L [NSY ot
<T>1=<NL1+N31>1[R }

N;' —a”

N—1\T -1 -1 [ Ne' N
N AR R O |
with ¢ X g matrix «, and g X g unit matrix 1,. In what follows, we consider
how to calculate the series in the product 9y, ar, (27, Q1) - ¥R s (2R, Q). First,
we can take a = |Np||Ng|l, when |N| and |Ng| are coprime. This is because
a(N, Lo N R 1) takes integer values when both Ny and Ny are integer matrices.
We need this condition for the consistency with the series. Second, we can take
a as the least common multiple (L.C.M.) of |N;| and |Ng| when they are not
coprime. In general, we can find the «

|NL||NR|19 for ‘NL|, |NR| coprime,
L.C.M.(|Ng|,|Ng|)1, for the others.

(5.14)
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We can then calculate the overlap integral. See the details of the calculation for the
overlap integral leading to Yukawa couplings in Appendix 0. For o = |N||Ng|1,
and g = 3, we can obtain the overlap integral in magnetized 7

C = | — 2ImQ| - NiN;N-

1
/ d3y[677r[yT[ML+MR+MH](ImQ)y].
0

Z Z em(i)[KJFL]]T.Q/‘fVVj}lNR'-[K+L}} , e2m(z‘)[K+L”1]Tf"1évjv,‘lNR'
Gfez® 5 (5.15)
= | — 2ilmQ| - NuN;NG-
1 —
Y [ m (NIWR'JQIWRu],
— Jo
p,p
where
I . k
1=1-1, K= -1 - = 2 ) (5'16)
H [NR(%HV& (= ] +m)
o/ NelINR] _ { (M}, + My + (Mp)*]y }
N,M’ = / ar—1 1 ar—1
[(INLIINR)(MLN, " — MpNg )]y
INLI|Ng|[(RL — Rr)ImQ]y |’
and
Q,IJ{X}JJ\/I[IINRl
_ My + Mp + (Mp)” INLIIN|(MLN;H — MENZY)
— UINLIINRI(N M), = Ng'Mp)  (IN||NR[)(N'MIN ' + N MENEh
(5.17)

2 INL||NR|

Here, we denote ReQ'y =~ > 0, a = |[NL||Ng|ly, M} = MpImQ — iN Ref?,
My = MgImQ — iNgReQ, and (My;)* = MyImQ + i(N, + Ng)ReQ2. When we
apply M; = N;R;, (i = L, R, H), to numerical computations, we can obtain the
specific values of the overlap integral.

Furthermore, m is the solution for (N + NR)IZ = Nypi+ Ngpj + Nym. Also,
we take p’ € A‘NR|N§1,5E A|NL|N51. Then, we can replace m satisfying mNp (N +

Ng)™' € Z with m’ = m + pINL|(Ny + Ng)N; ' + p|Ng|(Ny, + Ng) Nzt
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For a = L.C.M.(|Ny|,|Ng|)1, = Lgl, and g = 3, we can also calculate the
overlap integral

C = ’ — QiImQ’ MMNk

1
_ / Pyle " ML+ Mp M) (9],
0

Z Zem(z’)[KJrLZ]TQ'JLVﬁ/I,-[K+L1] ) 62ﬂi(i)[K+Lﬂ1]TYﬁ‘1LNﬁM’]

G 01€73 FF (5.18)
= | — 2iImQ| - NoN; N
1 5
. Z/ dSy [eﬂ[yT[ML+MR+MH](ImQ)y] Ny [I(f] (iY/fVITM/7?:Q/§IfM/)]7
55 "0
where
- e S k
— = s K — 1 - > 519
1 [64] [NR(NL‘;JZR) NL( —J +m/) ( )

7 Lr { (M, + Mp + (My)"ly ] _ {[(ML + Mp + My)ImQy
[ )y

Y , = 5.20
M Lr(MyN; " — MpNg*! Lr[(Rr — Rr)ImQJy ] - (520

and
Q/LR , = |: Mi + M;% + (M}-I)* LR(MiNljl - M;%ngl) :| . (521)
MM A LR(NDP MY — Ng'Mp)  (Lr)>(Np"MpND' + Ng'MEpNgGY)

Here, we denote ReQ’ZITM, > 0, M; = MpImQ — iN ReQ, M = MzrImQ —
iNgrReQ, and (Mj;)* = MyImQ + i(Ng, + Ng)Re.

Furthermore, m is_)the solution for (N + NR)I; = Nyi+ Npj + Npm. Also,
we take p’ € ALRNgl,ﬁ € ALRNL—l. Then, we can replace m satisfying mNp (N +
Ng)™' € Z with m’ = m + §(Ny + Ng)N; ' + p(N, + Ng)Np'.

When we impose the following conditions taking chirality and symmetries into
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account
N =N, MT =M, Q7 =Q,
R=N"'M=pPUP'=pPUP' =RT =R,
[N,Q] = [N, Ng| = [R,Q] = [N,R] = [2,Q] =0,
Ny = Np + Ng, (MImQ)" = MImQ > 0, (5.22)
Npi+ Ngj+ Ny = (Ny, + Ng)k,
pE ALRN§17ﬁ € ALRNL_l’
Lg = L.C.M.(|NL|, |Ng|), N; = | det N|7 - [Vol(T®)] "z,

the specific C' is written explicitly

| — 2zImQ\ MAGNk . 29 NR(NL-ZJZR)_IJ\Z: (Z—j‘f‘ ﬁ_"L/) (6 Qy)

VI + Mg+ My)ImQf <= 0
(5.23)
’ 5(NL+NR)E7NLZ+NR;+NL”::“
where
Qy =(Lr)*[(N;! + Ny ReQ (5.24)

+i[(RLN;' + RgNp") — (R — Rr)(Mp + Mg + My) ' (R — Rg)]Im],

and y € H? [82]. We prove Eq. (6:23) in the Appendix . We can obtain the
modular 7" transformation of the C,

T : O = einli=i+m)" BNR(NL+Ng) ™ Np(i—j+m) | C (5.25)

where B satisfies (Lg)?[(N;' + Np")Bi; € 2Z under T : Q = Q + B. In what
follows, we will consider the modular transformations of the C'. In the future,
we would like to perform the numerical computations and verify whether realistic
flavor models can be realized or not from nonfactorizable T° with background
magnetic fluxes.

5.1.2 Proof of R% = 15

The C = C%* can lead to Yukawa couplings. Then, if we consider the Sp(6,7Z)
modular transformations of the C', we may discuss modular flavor symmetries by
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computations of these representations, so we would like to calculate these trans-
formations under the well-defined Riemann-Theta functions. We have found the
explicit form of the C'*

i _ | = 20m0l - NAGN; S ST (6 .6y) (5.26)
V(ML + Mg + My)ImQ)| PE 0 |
) 5NHE,NLZ+NR;+NL7¥L’
where
Qy = (Lr)*[(N;' + Ngz")ReQ (5.27)

+i[(RLN.' + ReNg') — (Rp — Rg)(My + Mp + My) " (Ry, — Rg)]Im()].
Then, we can calculate the Cik, Specifically, we rewrite Qy by a new matrix ng
Qy = (Lr)’N;'NgN; (ReQ + iRImQ) = (Lg)?N; ' NuNz'Q, (5.28)

where both Q%C = Qy and ImQy > 0 have to be satisfied as the Riemann condition,
and

R=(N;'NyNg")™"
X |RLN;'+ RgNp' — (Rp — Rp)[NL(RL + Ry) + Nr(Rp + Ry)] " (RL — Rg)|,
Q) = ReQ + i RImQ.
Since we have supposed [Ny, Ng] = [N, Q] = [N, R] = [R, )] = [, Q] = 0, we find
[R,Q] = 0 and can consider the following R, Rg, and Ry
Rp = PULP™', Rg=PUrP™', Ry = PUyP . (5.29)

Here, P € SO(3) denotes joint-diagonalization matrix. Also, U,, (e = L, R, H),
represents a sign of chirality in each sector such that U? = 13. In what follows,
we describe u’ € {—1,+1} as the components of U, on C', (i = 1,2,3) in order
to prove R? = 15. We note that (u})?> = 1. Furthermore, we describe A’ as the
eigenvalues of N, on C’, where A}, = X, + \i,.

When we perform the diagonalization of R, we obtain the following component

~ 1 o o o 1 — ubul
[PLRPl; = — - [ Nouh, + N, — 200 YL%r

=13 i (o i i (1 i , (5.30)
Ay RAL(UL + uly) + A (uy + ufy)
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where A} (ub + u'y) + No(uly + uly) # 0. In the following, we consider two cases,
namely u} = u', or u} # ul,.

Cod i
(I): ul, = uly
When we consider v} = u’,, we can evaluate
L R

A (U, + ) + N + ) = Ny (up, + uly) + Np(u + )
= (A + AR) (uy, + uiy) (5.31)

= )\%(uZL + u}{)

Under Ny # 0, since u} + uly; # 0 to satisfy \; (uf + uly) + A5 (ul + uly) # 0, we
find u} = uly = uly, that is, all the chiralities on C’ have to coincide including the
Higgs sector under u% = u%. Furthermore, since 1 — ufuly, = 1 — (u%)? = 0, we
finally obtain

15 1 i i 1 i i i
[P'RP); = SO (Npuh 4+ Npuy) = SO (Npuy, + Ngul) = uj. (5.32)
H

T

Thus, we find [P~1R2P]; = (u})? = 1.

(I1): vy
When we consider u} # uf, namely v} = —uf, we find

up +up =0 and  ubul = —1. (5.33)
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Then, we can calculate [P~'RP];; as follows

. 1 . o ANE NG
P'RPl; = — - [ \oud, + Nogh — ——— _CLTR :
B L R T
L (Nl N ) [N (i, + ) + Ny + )] — 4N A,
Al AL (ug, + uly) + Np(uf + up)

—[(AL)? + (NR)?] + (N, + Np) Ngujuly + (N + M) Apuuly — 20,05
AN (uf, + wly) + Ng(uf + uly)]
—(Ap + AR)? + (AL + M) (Ngug, + Npul)uly
N[N (uf, + wly) + Ng(uf + uly)]
(Ngup, + Apup)uy — (AL + Np)
g (uf, 4 ) + N (uf + uly)
(AL 4 M) (u, + ) — (Npul + Nguip)|uly — (AL + AR)
AL (uf, 4 ly) + N (uf + uly)
(Apup + Ngup)uy + (A, + \g)
g (), + ) + Ng(uf + uly)
AL Fupuly) + AR(L A+ upuyy)
A7 (uf, + uly) + Ng(ug +ufy)

(5.34)
Thus, even if u # u’, we obtain
[P~ R*P];;
_ (L2 4 upuyy)? + (V) (1 + ufguy)? + 20 Np(1 + ujujy) (1 + wjpuly)
O, 3 O+ 0 P+ BNl )0 ) o

C 2N+ ufuly) + 2(N) 2 (1 + uuly)
2(A0)2(1 + upuly) + 2(Ng)2(1 + wiuly)
= 1.

In conclusion, regardless of whether u% = u}, or not, we obtain [P~'R*P]; = 1
for any ¢. This means that we obtain R? = 1. From previous calculations, the
eigenvalues of R become +1 or —1. This is because R is real since all R, are
elements of SO(3). Also, we can diagonalize R simultaneously by rotation matrix

P € S0(3), so we find RT = R.
Examples of chiralities for magnetized 7° models

We take Up = diag(+,—,—), Ur = diag(—,+,—) under sign[P~}(ImQ)P] =
Umo = (+,+,+). Then we find that u3, is taken as —1 since this matches
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u? = u}, = —1. Furthermore, by considering fixed 6D positive overall chirality, we

should take the eigenvalues of Ry as (+, +, —) since the sign of the chirality matrix
Ry is flipped, or —Rpy when taking complex conjugate of the wave functions in
Higgs sector into account. Then, when we take u}; = +1 and u% = +1, we obtain

[P RP)y; = [P RP)y, = [PT'RP]g3 = —1. (5.36)
Thus, we can see that the eigenvalue in each sector and R are given by

NL:<+7_J_)7 NR:<_7+7_>7 NH:<+7+7_)7

- 5.37
Higgs" : (—,—,+) = (0,0,+1), R:(-1,—-1,-1), ImQ: (+,+,+). ( )

where Higgs* denotes complex conjugate of the wave functions in Higgs sector.
Here note that R = —13 under this condition, which means RIm{2 = —Im{2 =
Im(). Also, from Egs. (628) and (6237), we find that

sign[ P~ (TmQy ) P)i; = (Lg)*sign[P~ '[N, ' Ny Nz ' RImQ]P; = +1  (5.38)

for all 4, which means that we have verified the Riemann condition, namely ImQy >
0. In conclusion, we obtain

Qy = (Lr)’N;'NyN;'Q (5.39)

under Uy, = diag(+, —, —), Ug = diag(—, +, —), and U = (+, +, +).

Similarly, we can verify the other cases under Up,q = (+,4,+). When we
consider (I): Uy, = diag(+, —, —), Ug = diag(—, —, +) or (II): Uy = diag(—, +, —),
Ur = diag(—, —, +), we obtain R = —1;.

NL:<+7_7_)7 NR:(_7_7+)7 NH:<+7_7+)7

- 5.40
Higgs* : (—,+,—) = (0,+1,0), R:(-1,—-1,-1), ImQ: (+,+,+), ( )

NL:(_7+a_)a NR:<_7_a+)a NH:(_7+a+)7

- 5.41
Higgs* : (+,—,—) = (+1,0,0), R:(-1,—1,—-1), ImQ: (+,+,+). ( )

Magnetized T°/Z,

In magnetized T°/Zi,, the complex structure moduli are fixed as

PP = diag(e 3™, e 5%, es™). (5.42)



CHAPTER 5. PHENOMENOLOGICAL APPLICATION

98

Thus, we can take U, = (—, —,+). Even if we consider the above Up,gq,, and
assign Uy = (4, —, —) and Ur = (—, +, —), we obtain

7+7 (+ - _)7 NH (_ ) _)7
1 1
nggs ( 5, 5 5) (0 0 +].) R (—1, 1,—1), Im$) ( ,+),
(5.43)
or R = —13

5.1.3 Modular transformation of C' = C¥*

On the other hand, we can also see the modular S and 7T transformations of %%

by making use of 0} and R? =1
S:Q— -0 '=0)
T:Q—=Q+B=Q, —Q,+B.

_Q/—l)
Y (5.44)

(%) TmY, = (QQ) " m€Y, under (R, Q] = [Q, Q] =

Because of Im(—Q1) =
0 and R? = 13, we can calculate the modular S transformation of the Riemann-

Theta function part on the Ok under Nng = Npi+ Ngj+ Npm

(0, (Lr)*Ny'NgNz' Q%)

So|

— 0

o . (5.45)

=> 0 [NyﬁLR] (0, Ny €y),
PP
where

Ny = (Lg)*N;'NyNz' = (Lg)*(N;' + Nz, (5.46)
Lr=Lg(i—j+m). (5.47)

Because of the definitions of Lp = L.C.M.(|Nz|,|Ng|), Ny and Lg are integer
matrix, vector, respectively. Strictly speaking, the periodicity of the Riemann-
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Theta function is generally described as

9 a Jlg n (7,Q) = Z i (ki) T Qi) | 62m(m+a+ﬁ)T(g+E)
mez3
_ pim (/)T QA ) | 2mi(m/+a) T (Z+b)
%3 € (5.48)
‘e

=0 [é](zvﬁ)v

where 77 represents arbitrary constant vector with all integer components, so we
find m' = m + @ € Z3. In other words, we can take @ as an element of R?/Z3.
Thus, by using unit vector €, we obtain

L + N
Z 9 [ R Ya] NYQ/ Z 0 (—)»
[N
= ;9 YG

where Ly € Ag, . That is, we can obtain the modular S transformation under
Q- -0

(5.49)

(0, Ny (=)™ (5.50)

= o
—\/det NAQU /i) - Z S et -elNYGDR] (0, Ny Q).
pp DRGA Ny

Similarly, we consider the behavior of following coefficient derived from the Gaus-
sian integral and its Jacobian

| — 2ImQ| - NJNGN
\/KﬂiL%—AIR—FAIH)hHQ‘

under the modular S transformation. Since ImQg = Im(—Q7!) = (QQ)mQ
and N; = ||[N||7 - [Vol(T®)] 2 is invariant under the modular S transformation,

(5.51)

the coefficient becomes
| — 20mQs| - NWNGN, | = 2i(QQ)  mQ| - NN
VIMp + Mg + Mi)ImQs| — /|(Mp + Mg + My)(9Q) " ImQ)]
| — 2iImQ| MMNk
V(Mg + Mg + My)TmQ|

(5.52)

— ‘QQ“%
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In conclusion, we obtain the modular S transformation of the Ok = CLr in
magnetized 7'

Z e?ﬂ'izgﬁ;ll—jp{ . CﬁR (553)

\/ |det Ny’ 5R€ANY

~al—1 15 1L
— ki, 2072 - [Qy |2 ) 2w iLR Ny Dr | DR
\/ |det Ny| ﬁRGANY
For example, when we take 6D overall positive chirality such as Uy = (+, —, —),
Ur = (—,+, —), and Upng = (+, +, +), we have found RImQ) = ImQ, namely (2; =
Q). R = —15 always holds when we consider 6D overall positive chirality in left-

handed and right-handed sectors. Thus, we obtain the following transformation

N[
N[

2072 - |0

. . 1 .
S:0r = 7t . 1L~ T § e2miLrNy Dr . PR (5.54)
| det Ny | Drehy,,
s 1
e’ Q2 omilIN B D
— . e RY R, O R7

\/ |detNY| BREANY

where [QQ|~2|Q7 = |Q|72]Q|"2|Q|z = |Q|~2. This implies that the CL# can be
holomorphic functions of the . This is consistent with 4D N = 1 supersymmetric
and modular invariant effective field theory (EFT).

According to Ref. [1Z], in 4D N = 1 global supersymmetric modular invariant
theory, the superpotential W (®) in the action S

S = / d*xd*0d*0 K(®,®) + / d*rd®0 W(®) + h.c. (5.55)

is given by
W(®) =Y Yip,(7) - ") - 6, (5.56)
where ® = (7, ¢{")) denotes the chiral superfield. That is, 7, ¢/*) denote complex

structure moduli, chiral supermultiplets separated into each sector, respectively.
This is SL(2,Z)-invariant EFT. Specifically, when we take following

= [‘CL Z} € SL(2,2), (5.57)
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we can assume the following modular transformation in 4D EFT
ar +b
cT +d

We note that the chiral supermultiplets ¢!) are not necessarily modular form, so

;¢ = (er + d) M pD(7)0 ", (5.58)

we can take any values for k;. Furthermore, since the S has modular invariance,
this requires the following transformations for W (®) and K(®, ®)

W(P) — W(P), (5.59)
K(®,®) —» K(P,®) + f(P) + f(®),
where f(®) denotes Kéhler function appearing in Kéhler transformation. On the
other hand, we can extend these approaches to Sp(2g,Z) by using Siegel modular
form, according to Ref. [I06].

According to the discussion so far, when replacing 7 with €2, we can construct
4D N =1 SUSY and Sp(6,Z) invariant EFT derived from magnetized T° model.
Take an example for EFT with 4D A = 1 global SUSY and Sp(6,Z) modular
symmetry. With ® = (Q, (7)), when we assume the following transformations for
Q and ¢

Q—=Q=(AQ+ B)(CQ+ D)™, (5.60)
Q — 4 = (AQ + B)(CQ' + D)1,
o) — |CQ + DIFpD (7)p"),

where
A B , .
"=lo b € Sp(6,7Z), Q' =Re)+ iRImS, (5.61)

coefficient Y7,..;, in the superpotential W (®)

W(0) =Y ¥ip, (Q) - ") gl (5.62)
can become holomorphic function of ). Furthermore, we can consider a following
behavior under the modular transformation

Yir, = |CQ+ DIF® M ()Y, (5.63)
Lastly, the modular T" transformation of the OLr is written as

T:Ckr = emLiNy' BLr . O'Ln (5.64)

under Q’Y — Q; + B, where (NYB)ii € 2Z. Based on Refs. [61, 63,114, we will
use these modular transformations to derive non-Abelian discrete symmetries from
the background magnetic fluxes in the next section b=
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5.2 Non-Abelian discrete symmetries

5.2.1 Modular representation p/)(7)

In 4D N = 1 SUSY model under Sp(6,Z) modular symmetry, the chiral super-
multiplet in I sector, ¢!, can correspond to fermion (and its superpartner) zero
modes when we consider dimensional reduction from magnetized D-brane model.
Let us review dimensional reduction and the KK decomposition briefly.

In order to obtain 4D chiral theory including properties of the Standard model
from extra dimension, we have considered ten-dimensional (10D) gauge theory
with A/ =1 SUSY. The 10D action has been given by

1 i -
S = d* &Pzd®z | ———Tr(FMNF —Tr(AL'M Dy A 5.65
» x{/MG S e r( MN>+292 ( mN) ||, (5.65)
where FMN = 6MAN — GNAM - Z[AM,AN] and DM)\ = 8M>\ - Z[AM,)\] with
M,N € {0,1,---,9}. Here, we have supposed 10D flat background space-time
M as product of 4D Minkowski space-time R*! and the 6D compactification
M, namely

Mg = R¥! x M. (5.66)

Furthermore, we have supposed a flat compact geometry such as torus or its
orbifolds. When we consider the KK decomposition with magnetic fluxes back-
ground on 7, this would be a key for us to understand whether we can realize
the flavor structure in lepton and quark sectors. This is because analyzing chi-
ral superfield and the superpotential gives us Yukawa couplings. When we take
' = ReQ2 4+ iRImS2, we obtain the wave function after the S transformation under

NQ' N1 € H3 and NT = N [114]

wJ(_Q/—lzl7 _Q/—l) _ \/det (—iN_lQ’> Z e2m‘JTN*1K . 77/}K(zl7 Q/)

KeAn

(5.67)
= /det (=) Y [p(S)]sx - 0¥ (2, ),
KeAyn
and the T transformation
J '+ B) = 7riJTN*1BK‘6 K o
V(2 )=ce JK Y (2 ) (5.68)

[p(T)]JK . ¢K<Z/, Q,), where (NB)” € 27,
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where J, K € Ay and
(T = pT) = ™ NP 5 e (5.69)

We consider N with det N > 0. Since we can obtain zero-mode wave functions
with negative chirality when replacing N with —/N, we obtain

Py (1) = e TIN5 e = [ (D)) (5.70)

In the following, we consider finite discrete groups generated from {p(5), p(7)},
and we will describe them as G =< p(S5), p(T') > [I14]. First, we focus on the
values of representation of the S transformation, p;;(S), in particular, how to

calculate \/ det (—iN—1€Y) properly. Since we calculate products of square roots
of complex numbers det (—iN~'€)’), we have to consider the branch cut. Note
that, in the following, when choosing the branch cut of \/z = a + bi, we take it
such that \/z > 0 when z > 0, that is,

Vz=re®?  where r >0, arg(z)=0c¢c (—m, +n). (5.71)

Let us consider specific values of p;;(S) When we consider 6D overall positive
chirality, that is, det N > 0 under N~'Q’ € H? and N7 = N on magnetized T,
we can obtain

Vdet (—iN-1Q) = \/det (iN—1(—))
= /det (il3) - det(N 1) - det(—€Y)

B \/det (i13) - det(—€)
N det N

_ \/(—@') - det (=)
det N (5.72)

— /(i) det(—57)

det

Vi -/ det (=)

det N

e*T
= -/ det (=
vdet N ( )

if we choose the above branch cut. Here, we have supposed

g

p

V(=) - det(=) = +v/—i - /det(—) = +e~ T - \/det(— ), (5.73)
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where arg (det(—Q')) € (=%, +x]. Otherwise, we simply multiply a minus sign
—1 for the whole formula Eq. (BZ72), namely

jus s

Jdet (ZiN-10) = — e J/det(—Y), where arg (det(—)) € (—w,—g].
(5.74)

In this chapter, we take arg (det(—')) € (=2, 4n|. Similarly, when we take
6D overall negative chirality, that is, det N < 0 under N7 € H3 and NT = N

on magnetized T, we can obtain
Vdet (—iN—L) = y/det (iN—L(—))
= y/det (i13) - det(N-1) - det(—C)
B \/det (i13) - det(—€)
det N

_ \/(—i) - det(—€)
det N

_ i det (=) (5.75)
—det N

1 , ,
B \/—det]\f‘\/m

Vi ;
B \/—detN'\/m

et

= \/ﬁ 1\ det(—Q’),

where we have used — det N > 0 and chosen the branch cut. Additionally, we have

supposed arg (det(—')) € (—7r, —I—g} . Otherwise, we have to multiply a minus sign
—1 for the whole formula above. In this section, we take the above argument of
det(—£). We can therefore take the values of p;;(S) as follows

i

EE

p%’N)(S) = Zet < 2N for det N > 0,
p1a(8) = Ve (5.76)
pg‘;’N)<S) = \/ﬁ . eszTN_lK for det N < 0.

Here, in magnetized 7% model, we can obtain zero-mode wave functions with
negative chirality by flipping fluxes N with det N > 0 to —/V, that is,

N = N'=—N, (5.77)
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we then find det N’ = det (—N) = —det N < 0 and | det N’| = | det N|. ® We can
therefore compare p(S) for det N > 0 with p(S) for det N < 0.
The p(S) for det N > 0 is written as

(+,N) e 1’ 2miJTN-1K e 1 i JTN-1K
S)=——+—"¢ = .¢ ) (5.78)

2 )_\/detN V[ det N

On the other hand, p(S) for det N’ = det (—N) < 0, where N' = —N and det N >
0, is written as

by
+7t

(*»N’)< ) = € 2 TN LK
P1y Vv —det N’
ot

. €2m'JT(7N)‘1K

m (5.79)

et

/| det N|

When comparing Eq. (6278) with Eqgs. (5270), (5=9), we obtain a following relation

L ,—2miJTNTIK

oi™(8) = o T S) = [ Ms)]

(—N") (—(=N) (+N) (] (5.80)

prs (1) = piy (T) = [PIJ’ (T)} :
This means that these complex conjugates [p(S)]" and [p(T)]" for positive chi-
rality det N > 0 are equivalent to p(S) and p(T) for negative chirality det N' =
det (—=N) < 0. Thus, we can construct isomorphic groups, that is,

< p(5), p(T) >=< [p(S)]", [p(T)]" > (5.81)

whether we take 6D chirality as positive or negative. Similarly, we can obtain the
prs(S) in magnetized T as follows

1 o
L FINTIE g det N > 0,

_|_
pri(s) =4 VAN (5.82)

7T AT—1
4T NTE for det N <0,
v —det N
IThis corresponds to shifting positive chirality to negative chirality by replacing a flux M > 0

with M’ = —M < 0 in magnetized T2, where |M’| = |M| [64]. Note that we cannot realize such
flipping of the chirality in 7* models because det (—N) = det N always holds in magnetized T*.
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where we have supposed arg (det(—')) € (—m,0] under det N > 0. Meanwhile,
the minus sign —1 would be multiplied for the whole formula when det N > 0 and
0 < arg (det(—€')) < +x. Note that when det N < 0 and —7 < arg (det(—')) <
+m on T*, we find the following constant value

Vdet (—iN-1Q) = /det (iN-1(—))
= y/det (i1y) - det(N-1) - det(—€Y)
B \/det (i1,) - det(—€)
N det N
B \/(_1) - det(—€Y) (5.83)
o det N

B \/(+1) - det(—€)
- —det N

+1 ——
v —det N ( )
Additionally, note that p(S) depends on the integer fluxes N, on the other hands,

p(T) depends on not only the N but the B matrix in the T; generators. Then, let
us consider finite groups G =< p(S), p(T') > generated by (bZ7G) and (5R2).

5.2.2 Magnetic flux on 17°/Z,

In this paper, we have constructed T°/Z, with Eg root Lie-lattice derived from
the algebraic structure (ST,T5T; 'TsTs)'? = 1. Then, the integer fluxes N, the
complex structure moduli €215, these joint diagonalization matrix P, and the B
matrix of the 7" transformations are given by [[/8, 81, 87].

N M2 nis —1 - By 14
N=|nip nn n13 , Qg = \/ng —% — %gi —% + ‘/7?’2' ,
niz N3 N1+ Nie — 2ng3 —% + ?32' —% + ‘/75’1' % — ?31'
_ 1 _1-v3 1+v3
V2 2\/3\—/5\/?? 2\1/3\%\/3 10 1
P= \/Li 2\1/31—x/§ 2V21+¢§ » B= (1) i 11

V3-v3 /343

where det P = 1 and we find the P is independent of the background magnetic
fluxes. Note that the shape of the N is determined by the F-term SUSY condition
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(NQ)T = NQ. The diagonalized €, are given by

P70, P = diag (e72™/3, e/ £PTi/0) | (5.84)
that is, a matrix representing the sign of eigenvalues of Im€5, U, can become
Umma = diag(—, —,4). Additionally, since n;; = nj2 = ni3 (mod 2), at least we
find

det N = (n11 — 7112)[(7111 + nlg)(nu + N1 — 27113) — 271%3] =0 mod 4. (585)

Thus, we would like to analyze the representations p(S), p(T) = p(TyToTy ' T5T;)
in each positive det N. In particular, we will focus on the wave functions with
either positive or negative chirality. We will show two examples for |det N| = 4
because order of finite groups we can obtain is too large to specify the group.

Case 1: Positive chirality

When we consider 2/ = z and Q' = €, we obtain wave functions with chirality
(+++) in z system, namely ¥, , (z,). We can regard ¢/ (z,2) as the Siegel
modular form with modular weight § [IT4]. When we define Uy as the sign of
eigenvalues of the fluxes N, and take Uy = diag(—, —, +), we choose one of the
following N7, N,, and N3 matrices,

-5 -3 -3 ~1 1 -1 3 5 11
Ni=|-3 =5 =3[, Ny=|1 -1 —1|,Ns=| 5 3 =11/, (5.86)
—3 -3 -2 —1 -1 2 ~11 —11 30

where det N = 4. We can see that finite groups generated by p(S) and p(T) are
the same and they are A(48) x (Zs X Zs) whose order is 768. This can be consistent
with A(96) ~ A(48) x Zg realized in Ref. [I[14] because we consider another T}-
generator. We can also have at least two non-Abelian discrete subgroups ¥(192),

A(48).
Case 2: Negative chirality
We choose one of the following N matrices,

N: —N17—N2,—N3, (587)

where det N = —4. Finite group generated by p(S) and p(T) is A(48) X (Zg % Zs)
whose order is 768. Also, we have at least two non-Abelian discrete subgroups
¥(192), A(48). From the above results and Eq. (5X1), even if we fix 6D overall
as positive or negative, we can realize the same finite groups.
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5.2.3 Magnetized T°

We analyze finite groups derived from the modular representation of magnetized
T°. In what follows, we impose conditions (NB)T = NB and [N B);; € 2Z for the
modular T-transformations. We will call these conditions consistency condition.

det N = 43

When we take det N = +3 and the sign of eigenvalues of N, Uy = diag(—, +, —),
we choose the following N-matrix

-3 -3 2
N=|-3 -3 3]|. (5.88)
2 3 -3

We use the following 7} to generate finite groups

1; B

E: P
{03 13]
[—2 0 0 0O 0 2

where Bi=|0 -2 0|,By=1|0 -2 0}, (5.89)

0 0 —2 2 0 0
00 2 20 0

Bs=|0 2 0|.Bi=|0 20
20 0 00 2

These B matrices satisfy the consistency conditions. When we choose a B = B;,
(1 =1,2,3,4) or By and By, we can construct a finite group G; =< p(9), p(T;) >=
T' x Zsg, whose order is 192. 2

det N = +4

When we take det N = +4, Uy = diag(—, +, —), we choose the following N-matrix

3 -2 -1
N=|-2 -2 —2]|. (5.90)
1 -2 -1

2Even if we choose the same N-matrix, B;-matrix, and the other sign of \/det (—iN—1Q’) in
this model, we can see the same finite group T’ X Zs.
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We use the T;-generators with B;-matrices

109

1; B;
T, = {Oi 1;} ., where

[—2 0 0 -2 2 2] -1 —2 -1
Bi=|0 =2 0|, Bo=|2 -1 0/|.Bs=|-2 0 -2

0 0 -2 2 0 -2 1 2 1

-1 0 1 0 —2 2] [0 2 2
By,=10 1 =2|,Bs=|-2 -1 0]|,Bsg=1(2 10

1 2 1 2 0 0 2 0 0

[ 1 0 -1 1 2 1 2 =2 =2
Br=|0 -1 2|,Bs=120 2|,Bo=1|-2 1 0],

1 2 -1 12 -1 2 0 2

2 00
Biy=10 2 0
0 0 2

These B matrices satisfy the consistency conditions, and we can see B; + By1_; =
0, ( = 1,---,5), namely Tj_1 = Ty1_;. Then, let us consider the group G.
When we choose a B = By or B = Bjy = —Bj, we can construct a finite group
G1 =< p(5),p(Ty) >= (Zg x Zs3) X Zy, whose order is 32. This is the same as
G1o =< p(95), p(Tho) >. When we choose a B = By or B = By = —B,, we can
construct a finite group Go =< p(5), p(T2) >= T'" x (Z4 X Zs), whose order is
192. This is the same as Gy =< p(S5), p(Ty) >. When we choose a B = Bj or
B = Bg = —Bs, we can construct a finite group Gz =< p(5), p(T3) >= Zs, whose
order is 8. This is the same as Gg =< p(5), p(Ts) >. When we choose a B = B;,
(1 = 4,5,6,7), we cannot specify finite groups G; =< p(S), p(T;) >, whose order
is 384. Lastly, when we choose a B = By and B, we cannot specify finite groups
G2 =< p(9), p(T1), p(T2) >, whose order is 768.

det N = -3

Next we consider models with negative determinant det N < 0. When we take
det N = =3, Uy = diag(—, +,+), we choose the following N-matrix

-3 =30

-3 =20
0 0 1

N = (5.91)
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We use the following T; with B;-matrices

-2 0 0 -2 0 0
Bl = 0 —2 0 ,BQ - 0 —2 0 ,Bg - —BQ, B4 - _Bl- (592)
0O 0 =2 0 0 2
When we choose a B = By, (i =1,---,4) or B = B; and Bj, we can construct a

finite group G; =< p(S), p(T;) >= T" x Zg, whose order is 192. Next we choose
the following N-matrix

-1 0 2
N=10 1 0 (5.93)
2 0 -1
We use the T;-generators with B;-matrices
-2 1 i [—2 2 —1] -2 2 0
Bi=]1 0 1|,Ba=|2 0 2/|,B35=1]2 0 2
| 1 —2] -1 2 —2] | 0 2 =2
-2 2 17 -2 2 27 -2 =2 0
B,=|2 0 2|,Bs=12 0 2|,Bg=1-2 2 =2/,
|1 2 —2] | 2 2 —2] | 0 —2 =2
-2 =2 1
B;=1-2 2 =2
1 -2 =2

When we choose a B = B;, (i = 1,2,3,5,6), we can construct a finite group
Gi =< p(S),p(T;) >= T'" x Zg, whose order is 192. Lastly, when we choose a
B = B;, (i = 4,7), we can construct a finite group G; =< p(S), p(T;) >= Zs,
whose order is 8.

det N = —4

When we take det N = —4, Uy = diag(—, +, +), we choose the following N-matrix

—2 -2 -2
N=|-2 -1 —-1]. (5.94)
—2 -1 1
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We use the T;-generators with B;-matrices

-2 0 0] (—2 —2 —2 -1 0 =2
Bi=|0 -2 0]|,By=1|-2 -1 —1|,Bs=]0 -2 0
0 0 -2 -2 -1 1 -2 0 2
—1 -2 0 1 2 10 2
By=|-2 1 =1|,Bs=12 -1 1|,Bs=10 2 0|,
|0 —1 —1] 0 1 1 2 0 —2
2 2 2 2.0 0
B;=121 1|,Bs=10 20
2 1 -1 00 2

When we choose a B = B;, (i =1,2,7,8), we can construct a finite group G; =<
p(S), p(T;) >= (Zg x Zs) X Zy, whose order is 32. When we choose a B = B;,
(i = 3,6), we cannot specify finite groups G;, whose order is 384. When we choose
a B =B, (i =4,5), we can construct a finite group G; = T" x (Z4 X Zs), whose
order is 192. Lastly, when we choose B = By, B3, and By, we cannot specify

Giza =< p(S), p(Th), p(T3), p(Ts) >, (5.95)

whose order is 768.

5.2.4 Magnetized T*

Reduction from 7° to T*

According to Refs. [81,82], we can discuss magnetized T* models from magnetized
TS. In order to consider magnetized T*, we introduce the magnetic fluxes on T
We particularly realize magnetized T* x T?. When we take Nj, = 0 and ¢, = 0,

or #, = 0, we find the following formulae

ar N
Flpi b= [Fli + FZQQ% - 2F1§Q1] cos” 0, = m, (5.96)
FP = [2F1aq1 + Fi1q; + Fas) cos® 6y = N—{l
> cos?6,’

part I )
F3g _F33_N22a

F;gart = [Fi3q1 + Fys)cos b, =
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where ¢ = —tan 6, under go = 0. Next, we calculate F}; = PFEMP*1 using Eq.
(98). We can then derive

F; = PF2p!
iJ

[cosf; —sinty 0] | sz ~0 ~0 cosfy sinf; O

= |sinf; cos#; O 0 Ci;;“(h Cjo\glg —sinf; cosb; 0O
N! -

0 0 1 0 — N}, 0 0 1

[ N+ N/ tan?6;,  N'tan6, — N{, tan6; 0

= | N'tan6, — N], tan6,  N'tan26, + N, 0
0 0 N3,

N/WLN{ﬂJ% _N/QI "’N{l% 0

= |-Na+ Ny Ngt+ N, 0

0 0 N,

In particular, the (1,1), (1,2), (2,1), and (2,2) components of the F;; can be
regarded as T* part of magnetic fluxes. That is, we can find the magnetic fluxes
on T* with ¢, = —tan6,, g; = 0, N/, and N}, [b5]

2
GRS 590
According to the fluxes in Eq. (B292), spinors ¢, and ¢_, on magnetized T* are
excited simultaneously when we consider the nonzero off-diagonal components of
the fluxes [65]. The number of zero modes has been studied in magnetized 7% /Zy
orbifold models. (See Refs. [80,81]) In what follows, we will consider finite groups
generated by magnetized T¢. We particularly focus on differences of chiralities
between (++) and (+—). Similarly to the previous case on magnetized T°, we will
describe finite groups generated by p(S) and p(T).

Lastly, we impose the consistency condition under the T transformation, namely
(NB)T = NB and [NB];; € 2Z. Imposing these conditions based on symmetries
generally leads to physical constraints of the values of the fluxes. We can analyze
the representation of the S transformation, p;;(.S), by the sign of det N.

det N = +3
When we take det N = +3, Uy = diag(+, +), we choose the following N-matrix

N:E;] (5.98)
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We use the T;-generators with B;-matrices

[—2 0] [—1 —2 -1 0
Bl - I 0 _2- 7B2 - -_2 _1:| 7B3 - |: 0 _11 )

[—1 2] [0 -2 0 2
B4 - I 2 _1- 7B5 - -_2 0 :| 7B6 - |:2 O:| )

(1 —2] 1 0 1 2 2 0
B7 - -_2 1 ] 7BS - _O 1:| 7-89 - |:2 11 JBIO - |:0 2] .

When we choose a B = B;, (i = 1,3,---,8,10) or By, By, and B3, we can construct
a finite group G = T" , whose order is 24. When we choose a B = B;, (i = 2,9),
we can construct a finite group G' = Zy.

det N = +4

When we take det N = +4, Uy = diag(+, +), we choose the following N-matrix

N = {_22 _42] . (5.99)

We use the T;-generators with B;-matrices

[—2 0] [—2 —1 -2 =2
Bl — i 0 _2_ 7B2 - -_1 _1:| 7B3 - |:_2 0 :| )
[—1 1] [—1 0 -1 -1
B4_-1 _2_7B5__0 _1:|7B6_|:_1 0:|7
[—1 —2] 0 2 0 1 )
Br = -2 1] B = 2 —2} o= [1 —1] ' Boyj = =B, (j=1,---9).

We find a symmetric structure on Bj. When we choose a B = B;, or Big_;, (i =
1,3,5,7,8) we can find a relation on finite groups G; =< p(S), p(T;) >= G19_;.
For i = 1 we find

G1 =< p(9),p(Th) >= G15 = (Zy X L) X Zs. (5.100)
For ¢ = 3,8 we find
Gy =< p(S), p(T3) >= G156 = Gs = G11 = QD(16) = Zg % Zs. (5.101)
For © = 5 we find
Gy =< p(S), p(Ts) >= G4 = Ay X Zy. (5.102)
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For ¢ = 7 we find
G7 =< p(S),p(T7) >= G12 =85, X Zy. (5103)

For ¢ = 2,4,15,17, we cannot specify finite groups whose order is 640.
For i = 6,9, 10, 13, we cannot specify finite groups whose order is 320.
When we take B = B; and Bj, we can construct finite group

G153 =< p(S), p(T1), p(T3) >= X(32) X Zy =~ (Zy X Zy) X (Zy X Zs3),  (5.104)

whose order is 64. When we take B = By, B3, Bs, and By, we cannot specify finite
group whose order is 384.

det N = +5

We choose the following N-matrix

N = E ﬂ (5.105)

We use the T;-generators with B;-matrices
Blz 2 0 782: 22 7B3: 0 2 ’
0 -2 2 0 -2 =2
34202’35: 2 =2 736:20'
2 2 -2 0 0 2

When we take B = B;, (i = 1,---6), we cannot specify finite groups whose order
is 480.

det N = 46

We choose the following N-matrix

10 2
N = 1
o 9 o100
We use the T;-generators with B;-matrices
-2 0 2 0
By = [ 0 _2} , By = {O 2} : (5.107)

When we take B = B;, (i = 1,2), we specify finite groups
T' x Dy (5.108)

whose order is 384.
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det N = -3

Next we consider negative determinant of the N, namely det N < 0. When we
take det N = —3 and Uy = diag(+, —), we choose the following N-matrix

N = {_12 _12} . (5.109)

We use the T;-generators with B;-matrices

-2 -1 -2 0 -2 1
Bl — [_1 _2:| 7B2 - |: 0 _2:| 7B3 - |: 1 _2:| )
0 -2 0 -1
B4 - [_2 0 :| 7B5 - |:_1 0 :| 7B6 - _B57
B7 = _B47 BS = _B37BQ = _B27B10 = _Bl-

When we choose a B = By, (i = 1,2,4,---,7,910) or By, By, and Bj, we can
construct a finite group G = T" x Z4 , whose order is 96. Lastly, when we choose
a B = B, (i =3,8), we can construct a finite group G = Zj.

det N = —4

Next we consider models with det N = —4 and Uy = diag(+, —). We choose the
following N-matrix

15 —13
N = : A1
{—13 11} (5.110)
We use the following T;-generators
-2 0 2 0
B, = By = : 111
=7 5= ) G.111)

When we choose a B = B;, (i = 1,2 or By and Bs, we can construct a finite group
G = (Z4 X Zy) % Zy , whose order is 64.
We choose the following N-matrix

14 —2]
N = . 5.112
[_2 N (5.112)

We use the following T;-generators

Blz{_Q 0},&:{_1 0],33:_1 O],BFF 0}. (5.113)
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When we choose a B = B;, (i = 1,4), we can construct a finite group G = Dy,
whose order is 8.

When we choose a B = B;, (i = 2,3) or By, By, and B3, we can construct a
finite group G = S, whose order is 24.

We choose the following N-matrix

N = {:i :;l] : (5.114)

Bl - 2 0 782: 2 ! 733: 22 7B4: -bl )
0 -2 1 -1 2 0 1 =2
[—1 0] -1 1 -1 2 0 -2
By = Bg = B, = Bgy = 11
5 I 0 _1- , 126 |: 1 0:| y D7 { 2 1:| s 28 |:_2 _2:| 9 (5 5)
[0 —1] )
By=|_1 4| Bori=-Bro-(j=12-.9).

We dercribe the case studies. When we choose a B = B;, (i = 1,18), we can
construct a finite group G = Dy, whose order is 8. When we choose a B = B;,
(1 = 2,4,15,17), we cannot specify finite groups whose order is 640. When we
choose a B = B;, (i = 3,8,11,16), we can specify finite group G = Dg whose order
is 16. When we choose a B = B, (i = 5, 14), we can specify finite group G' = S,
whose order is 24. When we choose a B = B;, (i = 6,9, 10, 13), we cannot specify
finite group whose order is 320. When we choose a B = B;, (i = 7,12) or B; and
By5, we can specify finite group G = Sy X Z4 whose order is 96. When we choose
B = By and Bj;, we can specify finite group

G =Y%(32) % Zy~ Q4 x Dy~ Dy x D, (5.116)

whose order is 64. Lastly, when we choose B = B;, Bs, B; and B;, we cannot
specify finite group whose order is 384.
We choose the following N-matrix

—4 10
N = . 11
[10 —241 (5.117)

We use the following T;-generators
-2 0 -2 -1 -2 =2 -1 0
B1_|:O _2:|7B2_|:_1 0:|7B3_|:_2 2:|7B4_|:0 _1:|7

(5.118)
-1 -1 0 1 .
B5: 7B6: 7B6+j:_B7—j7(j:1727"'79)'

-1 1 1 -2



5.2. NON-ABELIAN DISCRETE SYMMETRIES 117

When we choose a B = B;, (i = 1,12), we can construct a finite group G = Z,
whose order is 2. When we choose a B = B;, (i = 2,6,7,11) or By and Bs, we can
construct a finite group G = Sy x Zy. When we choose a B = B;, (i = 3,10), we
can construct a finite group G = Dy;. When we choose a B = B;, (i = 4,9), we
can construct a finite group G = D3. When we choose a B = B;, (i = 5,8), we
can construct a finite group

G = (ZQ X ZQ X Zg X Zz) A Z4 (5119)

whose order is 64. When we choose B = Bs and By, we can construct a finite group
G = S,. Lastly, when we choose B = By, By, B, By, Bs, B2 we can construct a
finite group G = (Zy4 X Zy X Zs) x Sy, whose order is 384.

det N = —5

We choose the following N-matrix

11 7
N = . 5.120
B (5.120)
We use the following T;-generators
Blz[—2 0]’32:{—2 —2]733:{0 2}’34:{0 —2]7
0 -2 -2 0 2 -2 -2 2
(5.121)

35:22’36:20‘
2 0 0 2
When we choose a B = B;, (i = 1,---6), we cannot specify finite groups whose
order is 240.

det N = —6

We choose the following N-matrix

N = E‘) _59} : (5.122)

We use the following T;-generators

B, = {_02 _02} By = [3 (2)] : (5.123)
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Lastly, when we choose a B = B;, (i = 1,2), we can specify a finite group 7" x
Q) D(16) whose order is 384.

In conclusion, we can see that various finite groups are realized in regardless of
the sign of det V. First we have performed numerical computations in magnetized
T°/Z15 model with the fixed Tj-generators by the algebraic structure. We find
that we can obtain A(48) x (Zg X Zs) with the order 768 in not only det N = +4
but det N = —4. We have calculated details of p(S) and p(7T"). Then, we expect
that the same finite groups can be realized in regardless of the 6D overall chirality
because of Eq. (BXT).

Next, we have performed numerical computations in magnetized 7% model with
the Sp(6,Z) modular symmetry, in particular, the consistency conditions

(NB)Y = NB and [NB]; € 27 (5.124)

for the modular 7" symmetry since we have supposed p, = py, = 0 in magnetic
fluxes and the chiral wave functions with the vanishing Wilson lines (or equivalently
the Scherk-Schwarz phases). When we take | det N| = 3 where three-generation
models can be realized, we obtain 7" x Zg whose order is 192. For |det N| = 4, we
can at least obtain the following two finite groups

G = (Zg X ZQ) X ZQ, T % (Z4 X Zg) (5125)

In magnetized T*, there are definite differences of generated finite groups by
the values and sign of det N. For det N = +3, we can obtain 7" or Z,. On the
other hand, we obtain 7" x Z4 or Z4 for det N = —3. For det N = +4, we can at
least obtain the following finite groups

(Z4 X ZQ) X ZQ, Zg X 227 A4 X Z4, (5126)
S4 X Z4, 2(32) X ZQ ~ (Z4 X Z4) X (ZQ X Zg)

On the other hands, for det N = —4, we can obtain the following groups

Z27 (Z4 X Z4) X Z4, D37 D4, 54, Dg, (5127)
S4 X Z4, Z<32> X ZQ ~ Q4 X D4 ~ D4 X .D47
(Z4 X Zg X Zg) X 84.

We just find a common group Sy X Zy in |det N| = 4. The others are different
each other. We can also see the Dy discrete symmetry in det N = —4 only. Since
there are lots of combinations of the fluxes N, we would realize other interesting
finite groups.



Chapter 6

Conclusion

In this paper, we have constructed magnetized T° model with fluxes N and com-
plex structure moduli €2, and considered the zero-mode wave functions. Our
main purpose is to verify whether we can realize four-dimensional (4D) chiral
effective field theory (EFT) with three-generation structure and 4D Yukawa cou-
plings considering chirality and symmetries derived from nonfactorizable com-
pact spaces such as T° or its T°/Zy orbifolds with background magnetic fluxes.
Then, we have introduced the Ansatz ¢,; = «a;¢, (i = 1,2,3), and the nota-
tion ¢ = Z—f and ¢ = —z—i’. When we introduce M and the Riemann condition
NReQ) + iMImQ € H3, the wave functions become well-defined and satisfy both
the Dirac equation and the boundary conditions in 7. We therefore obtain not
only the spinor wave functions with positive chirality (+ + +), but the wave func-
tions with various chiralities in magnetized T°. When we consider the SO(6)
rotation, we can also derive the Spin(6) spinor rotation, which can lead to the
values of the coefficients a; € C and the notation ¢q,¢q2 € R. By use of the
R=N"M = PUP~! € SO(3) derived from the diagonalization for the magnetic
fluxes, we can define 2’ system where the background magnetic fluxes become pos-
itive definite. In both the z system and the 2’ system, we find the Laplacian, its
eigen equation, and the D-term SUSY condition. When we consider the modular
transformations in the z system, we can also obtain the modular transformations
of the wave functions under Sp(6,7Z) modular symmetry in the z’ system. The
modular transformations are important to analyze the number of zero modes in
magnetized T°/Zy.

We have also studied the number of zero modes in nonfactorizable T°/Zy orb-
ifold models with background magnetic flux. We have constructed magnetized
T®/Zy twisted orbifolds by generators of Sp(6,Z), symmetric flux N, and com-
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plex structure moduli 2. By use of the Sp(6,7Z) modular transformation, we have
considered zero-mode numbers with the Zy charge in magnetized T /Zy mod-
els. First, we have focused on the zero modes with positive chirality (+ + +)
and verified whether three-generation models can be realized or not. By use of
representation derived from modular transformations of the zero-mode wave func-
tions, we can classify zero mode number in Zy sector. For T°/Z;, we do not
obtain three-generation model when the tr p € {+1,—1, —\/72} This can be
proved by properties of number theory. In addition, we have no solution satisfying
both the F-term SUSY and the D-term SUSY conditions in magnetized T°/Z;.
For T%/Zy5, on the other hand, some three-generation models can be realized.
These three-generation models can satisfy the F-term SUSY condition. Further-
more, three-generation models satisfying both the F-term SUSY and the D-term
SUSY conditions can be realized. This can be important to consider 4D realis-
tic models. Similarly to wave functions with positive chirality (+ + +), we can
also analyze the number of zero modes with various chiralities by using the 2z’
system. Then, we have some three-generation models satisfying both the F-term
SUSY and the D-term SUSY conditions in magnetized T°/Z;,. This can also be
important to consider 4D realistic models including 4D Yukawa couplings. It is
also important to verify whether the results are consistent with the Atiyah-Singer
index theorem on orbifolds [83-85], e.g. through the blowup with localized flux
and curvature [[IT5-117].

On the other hands, we have also calculated overlap integral of left-handed,
right-handed fermions, and Higgs sectors leading to 4D Yukawa couplings. We
take both chirality and symmetries into account. We note that we can derive the
wave functions with different chiralities in each sector. Since we can calculate the
overlap integral explictly, it would be interesting if we can apply our results to
realization of masses and mixing angles in quark and lepton.

Furthermore, we have considered its phenomenological applications such as
Yukawa couplings, non-Abelian discrete symmetries. The overlap integral leading
to Yukawa couplings is written by the Riemann-theta functions under Qy € H? and
Eq. (B222). We can also describe the overlap integral behaviors under Sp(6,7Z)
modular symmetry when we focus on the chiralities on magnetized T%, (g =
2,3), models. When taking the chiralities in left-handed, right-handed, and Higgs
(Higgsino) sectors into account, we find that the overlap integral leading to Yukawa
couplings can be holomorphic on  in 4D N =1 SUSY EFT. Under 4D N =1
SUSY EFT, we can also consider non-Abelian discrete symmetries derived from
Sp(2g,Z) modular symmetry on magnetized 1729, (g = 2, 3), when taking chirality
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into account. We find that we can derive isomorphic groups between positive and
negative chirality in magnetized T°. We have found some non-Abelian discrete
symmetries, that is, A(48) X (Zg X Zs), T" X Zsg, (Zs X Za) X Lo, T" X (Zy X Zs)
for |det N| = 3,4 in magnetized T°. On the other hands, magnetized T* can also
lead to some non-Abelian discrete symmetries, that is, 7', T" X Zy, (Zy X Za) X Za,
Zg X Loy Ay X Ly, Sy X Ly, 33(32) X Lo >~ (Zy X Ly) X (L X Do), (Zg X Ly) X Ly,
D3, Dy, Sy, Dg, Sy X Ly, ¥2(32) X Zo =~ Q4 X Dy = Dy X Dy, (Zy X Zy X Zy) % Sy.

Lastly, we have discussed magnetized D-brane models compactified on T, its
orbifolds T°/Zy. Meanwhile, there are lots candidates for the compact space
such as K3 surface, C'Y3 manifold. It would be interesting to analyze localized
modes in T%/Zy and T°/Zy. On the other hands, non-invertible selection rules
in magnetized D-brane models have been proposed (See Ref. [I18]). We are not
sure non-invertible selection rules on nonfactorizable T¢/Zy or T®/G,,, (G,: non-
Abelian groups [I19]), with background magnetic fluxes. Then, by studying them,
we may consider another realistic models in the future.






Appendix A

Landsberg-Schaar relation

We introduce the g-dimensional Landsberg-Schaar relation. This Appendix is
along in Ref. [66]. First, we consider N and B matrices, satisfying

NT = N,
BT =B
’ Al
(NB)T = NB, (A1)
(NB)“ € 2Z,
where 4,5 € {1,2,---,9}. We use the Poisson resummation formula to derive

the g-dimensional Landsberg-Schaar relation. Also, we introduce an infinitesimal
positive number € (0 < € << 1).
First, we introduce a function f(A). This is important to derive the Poisson
resummation formula with g X g symmetric matrix A,
flA) =D emHAK (A.2)
Kezs

The Poisson resummation formula is written by

1
A) = A™D. A.3
F(4) = = (a7 (A3
Next, we introduce following A~!
A =iB'N +el,. (A.4)

In what follows, we will consider the limit € — 40 when we derive the Landsberg-
Schaar relation. Then, we do not consider higher-order terms of € because they
are irrelevant to the Landsberg-Schaar relation. Then, we obtain A

A=—iBN'+eB*N2. (A.5)
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On the other hands, we describe f(A), that is,
F(A) = Z o~ K(=iBN " 4B N-2)K

KeZ9
_ }: efnet(BNflK)(BN*IK)em'fKBN*IK
KeZ9
_ 2: } : 6—7re(tJB+tLBN*1)(BJ-&-BN*lL)em(tJN-&-tL)BN*l(NJ+L)

LeAy JEZI
¢ -1 ot —1 2 1
— § e LBN~'L E e e (J+N—'L)B*(J+N L)7 (AG)
LeAn JeZ9

where we take K = NJ + L (J € Z9, L € Ay) in the third equality. We also note
(NB);; € 2Z in the fourth equality. By taking the limit ¢ — +0, we finally derive

lim f(4) = lim ——— 3 LN L (A7)

m ———
=40 e—~+0 | det B| €9/2
LeAN

where we consider the Gaussian integral. Furthermore, we can rewrite f(A™')/v/det A
as

FAT)

Vdet A
1 —mtK(iB™IN+ely)K
e g
Vdet A Z

KeZ9

—_

ot T -1
E eweKKe Ti'KBT'NK

vdet A Kene

1 t -t —1
Z Z —met(BJ+L)(BJ+L) —mit(BJ+L)B~'N(BJ+L)
e e
Vdet A /25 157
1 —mi* LBTINL Z —met(J+B~1L)B%(J+B~1L)
= Z e ™ e : (A.8)
Vdet A /5 JEL9
where we take K = BJ + L (J € Z9, L € Ap) in the third equality, and we use
(NB);; € 27 in the fourth equality. By taking the limit ¢ — +0, we finally derive

i — L (A7) = i AN L L s i
im ) = lim et e ™ )
e—=+0 v/det A e—+0 ’ det B‘ ’ det B’ 69/2 Lehs

(A.9)

where the Gaussian integral is considered. we also take (44)%/2? = e*™@/4 We de-
scribe the numbers of negative eigenvalues of B (N) matrix, n? (n?V), respectively.
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Lastly the g-dimensional Landsberg-Schaar relation is written as

—minly /2 wig/4 ,—minB /2
e minZ / -+ —1 e™9/%e - it -1
Z eI KN"'BK Z o T KNBT'K (A.lO)

\/|detN| Kehn \/|detB| Kehg






Appendix B

Non-trivial scale factors in
magnetized T°

We consider magnetized 7% model with the non-trivial scale factors. This Ap-
pendix is along in Ref. [8T].

The following discussion is consistent with the discussion in the main text. We

introduce the asymmetric fluxes N and complex structure moduli €2 under the
F-term SUSY condition (NQ)T = NQ and (Q7Q)T = QTQ. Specifically, when we
consider complex coordinates on C3, Z*

7' =2mri2t = 21 (at + QR 27 = 2mrE = 21y (at + QFyR), (B.1)

where we denote the complex coordinates on 7 as z*, We can then introduce the
flat metric g on C?

g =6,;d7'dZ

_ N2 7.0 ,750
= (27mr;)°dz'dz (B.2)

— (2mr,)? [da”  dy”] 1 Re) } [dﬂ |

(Re)T  (ReQ)TReQ + (ImQ)TImQ | | dy

In particular, we take the non-trivial factors 27r; into account. Also, we note the
background magnetic fluxes, the Dirac operator, and the Laplacian.

First, we can describe the background magnetic flux F' under the non-trivial
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factors
F = Fj(id2' A dZ)
F; : -
= —  _[i(2wr;)dzt A (27r;)dZ B.
(271'7”2‘)(277'7"]')[2( 7T7”) z ( 7'('7“]) Z] ( 3)
= G (idZ' N dZY),
where Fj; = n[NT(ImQ)™'];;, and G5 = (27”,5#”) This is consistent with the
Dirac quantization condition
/ dz'd7 F; = / dZ'dZ7G; = 2nN”. (B.4)
T6 T6

Here, We can represent G,; in magnetized T 6

[ﬂ'NT(ImQ>_1]Z’j [WNT(ImQ)_l],j

G’L'_' =
J (27T7’i)(271'7’j) (27’(’7‘2‘)(271'7"]')
I =g —q

S

—42 9192 G5

Niat + 2N{2Q1£J2 +Npptz N + Niyqz Nip =+ Nasgo
+ ]Yﬁ(ll +]Y{2QZ ]Y{I ]Yﬁ ’
Niyq1 + Naogo Ni, Ny

where N = N + N. Then, we replace F;; with Gy;. We obtain U(1) gauge fields
Azi, AZ{

DZi = azi — iAzi, DZ{ == aZ? - Z.AZ% <B6)
and
Dy, Dyl = Gy, Dyi = L D Dy=—D (B.7)
Zh il T Mg 2 277'7"2' " z 271'7’2' v ‘

We can derive the wave functions in magnetized 7% model with 27r; when we see
the following replacements

zi:>Zi, zi+ei:>Zi+ei, zi+Qijej:>Zi+Qijej,

(B.8)
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For the boundary condition of the wave functions ®,.(Z, Z), by using Z*, Gy, N,
we find

@T(Zi + 61'721' + ei) _ ez’[GﬁIn1Zj]q)T(Zi7Zi)7

O (7' + QY 7+ Qej) = MiCZ N (70 7).

Then, we find the wave functions with various chiralities and the scale factors,
/(2,7),

(I);](Z7Z):M’fr<272)'@r(zvz>v (BlO)

where N, denotes the normalization constant and

> N N () My s [N (Im) Ny
W2, Z)=exp |1 |Z* ImZz? + 7" ImZz7 ||,

[(2,2) = exp (2mr:) (277;) (27r:)(277))

_ JINYT
0,(Z,7) = 9[ }(NZJrNZ, NQ + NQ)

TarT—1
_9 l‘] év } (NZ',NQY),
(B.11)

with J € Ayr, (NQ)T = NQ, and NQ' € H3. The Dirac equation is written in
the Dirac operator

i, =i(l% Dy +T%Dy), ilp, ¥ =0. (B.12)

On the other hand, we also define the Laplacian A,,

3
A, =-2) {Dz,Dz}. (B.13)
i=1

Then we find
D=0, A=A, (B.14)

Then, we may derive the D-term SUSY conditions in magnetized T°® with the
non-trivial scales.






Appendix C

Boundary conditions in
magnetized 70

We consider the boundary conditions of wave functions with various chiralities.
This Appendix is along in Ref. [1].

we can see that the wave functions ¢ = wﬁ\,M (j = JEIN7L J € Ayr) in
Eq. (B3R) satisfy the boundary conditions Eq. (BZZ) under the F-term SUSY
condition (NQ)T = NQ and the Riemann condition NReQ +iMImS) € H3.  For
the boundary conditions of the ey, (k= 1,2,3), we find

vz +en) =N - i INRe(z+ep)+iMImz] T (ImQ) ~ mz 1)
' Z mim+5)T (NReQ+iMImQ) (m+j) p2mi(m+j) T (NRez+iMImz) | o2mi(m+j)T Ney
meZ3

=e
= XDy (2),

irel (NT (ImQ)Imz
k (N7 (Im@) = mz) ), )

where 27+ New — 1 for any ey, (k = 1,2,3). Next, for the boundary conditions
of the Qey, (k =1,2,3), the components f(z,z) and ©(z, Z) can be written as

f(Z + Qek, 74 Qek) — 6i7r[NRe(z+Qek)—H’Mlm(z—i—ﬂek)]T(ImQ)’llm(z—i-Qek) (02)
_ ein[[N(z+Qek)]T+[N(Z+Qek)]T}(ImQ)_llm(z—l-Qek)

— 6iﬂ[Nz+N2]Tek . eiﬂ'[(]\?Q—i—]\?Q)ek]T(ImQ)*lIm(z—‘rQek.) i f(Z, 5)7

'We can verify that even if we introduce the asymmetric N and Q under the (1,1)-form
background magnetic fluxes and (NQ)” = NQ.
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O(z + Qey, zZ + Qex)
_ Z i (m+7)T (NReQ+iMIme) (m-+j) ezm(m+j)T[N(z+szek)+z\7(z+ﬁek)]
m
_ Z emi(m+i)T (NReQ+iMImQ) (m-+j) 627ri(m+j)T[Nz+N2] €2wi(m+j)T(NQ+J\~/Q)ek
m
_ E :em’(m+j+ek)T(NReQ+iMImQ)(m+j+ek)627ri(m+j+ek)T[]\72+N§]eZﬂi(m+j)T(NQ+NQ)ek

m

i 6—7r7ie£(NReQ-i—iMImQ)e;C . e—2wi(m+j)T(NQ+]\~/Q)ek . e—27‘rie£(]\7z+1§72)

.7 . _ . TN N A —
_ e, (NReQ+iMImQ)ey, | e 2miey, (N2+NZz) | @(27 2)7

where (NReQ) + iMTmQ)" = NReQ2 + iMImS 2. We then obtain

W(z + Qey)

_ eiW[Nz+NE]Tek . 6i7r[(NQ+NQ)ek]T(ImQ)’lIm(z—i—Qek) . e—wieg(NReQ—s—iMImQ)ek
ConieT (Nat N3
e 2miey, (Nz+NZ) | w(z)

—im(NRez+iMImz)e, . mi(NReQ+iMImQ)(ImQ) " Imzey, w ( Z)

=€ - €

_ eiweg[N(ReQ(ImQ)*llmz—Rez)]w(z)

— fX9ey (Z)¢(Z>‘

Therefore, we can see that the wave functions satisfy the boundary conditions.



Appendix D

Solutions of Dirac equation in
magnetized 70

We consider the Dirac equation and its solutions. In the main text, we take the
Ansatz, that is, ¥, = a1, (i = 1,2,3). By use of Eq. (B337), we verify that the
wave functions in Eq. (B238) are consistent with the Dirac equation Eq. (B=34).
This Appendix is along in Ref. [81]. We introduce the Dirac equation and the
(1,1)-form background magnetic fluxes F' = F,;(idz A dz). According to Eq.
(B33a), the Dirac equation is given by

(OélDQ + 042D1)¢
(Oéng — Ongl)w
(Olel — OZQDQ -+ OZ3D3>¢

0,
0, (D.1)
0.

To verify the consistency, let us take an example for (OqDl — oDy + ang)w =0.

~

We denote the wave functions as ¢» = N - f(z,2) - ©(z,2z). We then calculate
f(z,2) and @(2, z), respectively. For k = 1,2,3, we take covariant derivative
Dk = 5k - ZAk, where gk = agk and Ak = Aki

Dytp = (Op — i A0
=N -0x(f - ©) —iAwy (D.2)
= N[(Okf)-© + [ (0O)] — iy,
Of = [ in0[(N2)T (ImQ) 'Imz — (Nz)T (ImQ) "' Imz]
= —f-mi %[(Nz)T(ImQ)_l + (N2)T(ImQ) " + (N7 (ImQ) " Tmz), | ,
(D.3)
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where ITmz = (2 — 2)/2i, Imz = —Imz. Then, we find

5ké( 2, %) = Z emi(m+7)T (NReQ+iMImQ) (m-+j) Ok (e2wi(m+j)T(Nz+N2))
_ Zem’(m+j)T(NReQ+iMImQ)(m+j) . e2wi(m+j)T(Nz+N2) -5k(27rz'(m +j)TN2)
— o Z (m + j)ZT Nék omi(m+5) T (NReQ+iMIm®) (m-+j) €2m(m+j)T(Nz+Nz)

m

= 27i Z(m + DN - g(2, 2),

(D.4)
Oélglé — Oégggé + Oégégé
= 2mt Z(m + j)gT(oqNa - CYQNZQ + agNgg) . g(z, E)
= 27 Z(m + 5)F (Im€) g, (D.5)
(@ [NT(ImQ) Yy, — ao[NT(ImQ) "y, 4+ as[NT (ImQ) Ys,) - g(2, 2)

=0,

where we can directly verify a following identity using Eq. (B=37)

a1 [NT(ImQ) 1, — [N (ImQ) o, + as[NT (ImQ)~!]s, = 0. (D.6)
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Thus we find

(alDl — O./QDQ + ang)w
== N[Ollélf — Oégégf + Oégggf] . é — i(OélAl — 062142 + 063143)#}

=-N-f 7mi{a [%[ZTNT(ImQ)l + Z'NT(ImQ) ™Y, + [NT(ImQ)llrnZ]l}

[N () N () o+ (3 (D)

(3
T as [%[ZTNTUmQ)‘l + 2R (@) s + [N TUmQ)_IImz]‘”’] -0

- i(gi[al[zTNT(ImQ)_l]l — [T NT(ImQ) My + as[zT N1 (ImQ)~1s])y

= —5 ¢ [ (@[NT (@) )j — as N (@)~ ]j> + a5V (1))
— 2 (a1 [NT(ImQ) "'];1 — o[ N7 (ImQ) "] + as[ N7 (Im€2) ~3)]

=0,
(D.7)

where we can also verify

_T(Oél[NT(ImQ)fl]ﬂ — ap[NT(Im$2) "] j2 + [N (Im§2) 7] ;3)
(Oél[NT(ImQ)_l]ﬂ — ap[NT(ImQ) ]2 + a[NT (Im€2) )3

2 ) (e [NT(Im©) ;1 — 042[NT(ImQ) iz + as[NT (Im) ™];3)
)+ (e [NT(ImQ) ™M1y — o[ N (ImQ) '35 + as[NT (Im§) ' 13)
) (o [NT(Im) ]y — ozg[NT(ImQ) g9 4+ ag[NT(Im) ~]as)
—2ilmzs) - (g [NT(ImQ) 31 — o[ N7 (ImQ) Y32 4+ as[NT(ImQ) ~33)
) -0+ (—2ilmzy) - 0 + (—2ilmz3) - 0

2@Imz1

—2iImzy

—2iImz;

+ +
O/'\AA/-\/-\N

(D.8)

when we use ¢; = ao/ay, g2 = —as/aq, F, and Eqgs. (B337) and (D6).

We thus can prove (a1D1 — as Dy + a3D3)1/1 = 0. Similarly, we can also verify
(a1 Dy + oDy )tp = 0 and (a1 D3 — azDq)Y = 0. Thus, the wave functions ¢ in
the main text satisfy both the boundary conditions and the Dirac equation in
magnetized 7.






Appendix E

Wave functions with SS phases
and Wilson lines

We study magnetized T° model with the non-trivial Scherk-Schwarz (SS) phases
and the complex Wilson lines. (See Refs. [66,K51].) Note that we suppose that they
are independent of both z and z in this Appendix.

Similarly to the main text, when we consider the U(1) background magnetic
fluxes in Eq. (Bd8), they are independent of the complex Wilson lines 7, 7. Then,
We obtain the U(1) background gauge potential in Eq. (BI4). Here, the complex
Wilson lines are independent of both the complex coordinates z and their complex
conjugate z because of the U(1) gauge-invariant constant. We define following
complex variables to describe wave functions with the non-trivial SS phases and
the complex Wilson lines

2w =241, Zy=Z4+7, (E.1)

and stress that 7 is independent of both z and Z, namely

dn On on 0n
0z 0z 0z 0z 0 (E2)
or equivalently

02y 0zy 0z, . 0Zy
5 = =0 g =h g, =0 (E:3)

Then, when we consider the covariant derivatives Eq. (BZ0), we obtain following
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commutation relations which is the same as Eq. (BI8), namely

[Diij] = Fij?

That is, even if the U(1) gauge fields have the non-vanishing complex Wilson lines
n # 0, the relation Eq. (BI8) is invariant. In particular, we prove [D;, D;] = Fj;

2

using an arbitrary smooth complex function f = f (2,2):
(D, Dyf = [0 —iA,; 05 —iAz)f
(0 — A ) (0 — 1A ) — (O — 1A ) (0o — iAzz;)]f
= (0250, — 0.405)f — 103 (A f) — A, 0 f — Ay Ay f
+i0a(Ay f) +iAg 0. f + Ay A f]
— [0 A ) + (0 A) + [Ag, Ay Tlf (E-5)

z.

(024, — 04 f
2 102 (V) (1mQ) 7]+ 0us [(V2) ()], |
= [N"(ImQ) ;5 = Fjz,

J

where we have used the U(1) gauge symmetry and Eq. (EZ3). Similarly to Eq.
(EZ3), we can also prove the other commutation relations in Eq. (E4). We note
that since the Gamma matrices I'¥,I'? are invariant under the non-vanishing
complex Wilson lines, the Dirac operator i) is also invariant. Thus, the Dirac
equation is the same as Eq. (BZ3). Furthermore, we consider the U(1) gauge
background A(z,z) = A(z) with the non-vanishing complex Wilson lines 7 sat-
isfying the boundary conditions Eq. (BT9). When we introduce the non-trivial
Scherk-Schwarz (SS) phases, we can obtain following boundary conditions [66]

77D(2’ + ek) _ e2m’(aS)Tek .eigek(z)¢(z),

A , (E.6)
U(z 4 Qey) = 2B en . giCac, (2)y) (1)

where o = [af, a5, a5]T and 8% = [87, 85, B5]T, (0 < of, 87 < 1), denote the SS
phases for ey, Q2e, directions, respectively. We can replace non-vanishing Wilson
lines with the non-trivial SS phases because we can redefine the SS phases through
redefinitions of the wave functions and an appropriate gauge transformations.
Then, both the Dirac equation (B=23) and the commutation relations (BIR)
are invariant under the non-trivial SS phases and Wilson lines. This means that



139

we can consider background magnetic fluxes which are consistent with the Dirac
equation even if we have the non-trivial (o, 3°) and the complex Wilson lines 7.
Therefore, wave functions with the non-trivial («®, 3%) and the 7 satisfy the Dirac
equation on 7. See the details in Appendix [J.

When we consider the wave functions with positive chirality and the non-trivial
SS phases satisfying both the Dirac equation and the boundary conditions Eq.
(E), we can find the following solution (See Ref. [G6]):

(J—}—as,ﬁs) _ N . 6—27Ti(J+aS)TN71ﬂS X eiTr[Nz]T(ImQ)*llmz .0 |:(J + OZS)T]V_I:| (NZ, NQ)

+++ —(85)T
(E.7)
Similarly to Eq. (B=28), we can also find periodicity of the fluxes N in the wave
functions
E\}]+NTen+Oé ,BS) — wg\}]+as,ﬂs). (ES)

Additionally, by use of z, derived from Eq. (EII), we can obtain the wave
functions with the non-trivial SS phases (a”, 3%), the non-vanishing Wilson lines 7,
both of which are independent of complex coordinates (z, z), and various chiralities
in magnetized T, 9:

N e [T N,
= Mas 59) * f (20, Z0) - Oas,95) (200, Z)
where 2z, = 2417, 2, = Z+ 17, and
(,as 59) LN 2RI TNTIES | —2nija S _ A\
jas =(J+a« )TN_I, N : normalization constant,
F(2, Zp) = VT @mQ) M, in[Nz,]T (In@) " mz, (E.10)

Nz! = NRez, + iMImz, = N(Rez, + iRImz,),
R=N"1'M e SO(3), @ =ReQ+iRImQ.

Note that the coefficient N 5.55) is independent of z and z. Thus, the N S 55)

invariant under shift transformatlons 2z — ztepand z — 24+Qeg, (k= 1,2 3) T he
wave functions in Eq. (EM) satisfy the Dirac equation (B=34) and the boundary
conditions (E®). Similarly to Appendices O and D, we can directly verify that.
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On the boundary conditions for ey, (k = 1,2, 3) directions, we obtain

; ; T -1
¢(z + ek) VO ezw[NRe(zw—l—ek)—i-zMImzw} (ImQ) ~ ' mz,,
) Z ewi(m—i—jgs)T(NReQ-&-iMImQ)(m—f—jiVS)

meZ3

. e?ﬂi(m+jivs)T(NReszriMImzwf(ﬁs)T) . 627ri(m+jivs)TNek (El].)

T (NT -1 (ST
— i (N (ImQ) "' Imzy) | eZTrz(a )ek . w(z)

_ eQWi(aS)Tek . eixek(Zw) . ¢(z)’

where we have used j% = (J 4+ o®)" N~ and p2milm+5) New _ 2mi(a®)Tey, g0 any
er, (k=1,2,3).

Next we consider the boundary conditions for (e directions. Under z — z +
Qey, (2w — 2w +Qe), when we calculate each component f (2, Zy), é(aS,BS)(Zw, Zw),
we find

f(Zw + Qek, Zy + Qek> _ ein[NRe(zw—i-Qek)+iMIm(zw+Qek)]T(ImQ)_IIm(zw—i-Qek)

_ eiﬂ[[N(zw+Qek)]T+[N(2w+Qek)}T} (TmQ) ~ 1 Im (2 +Qey)

o o (E.12)
_ ein[Nzw+N2w]Tek . eiw[(NQ—l-NQ)ek]T(ImQ)_llm(zw+Qek)

' f(zwagw)a

é(aswgs) (Zw -+ Qek, Zw + Qek)

_ Z 67ri(m+j£’5)T(NReQ—i-iMImQ)(m—&-ng) 27ri(m+jivs)T[N(zw+Qek)+N(5w+Qek)—(,BS)T]

e

m
_ 2 :eﬁi(m+ji\’s)T(NReQ—i—iMImQ)(m—&—jgs)627ri(m+jivs)T[]\Afzw—i—Nzw—(/gS)T]
m
) eQni(m+jiVS)T(NQ+NQ)ek
_ E :em(m‘i‘jgs+6k)T(NReQ+iMImQ)(m+j55+3k)627Ti(m+jiv5+ek)T[NZw+N5w—(,85)T]
m
) 62m(m+jgs)T(NQ+NQ)eke_nz‘e{(NReQ+iM1mQ)ek
o 2mi(m+iNg) T (NO+NQ)er | —2mie] (Nzuw+Nzu—(85)T)

_ 677”'65(NReQJriMImQ)e;C i 72ﬂie£(Nzw+N2w7(ﬁs)T

(& ). é(aSﬁS)(Zw,Zw),

(E.13)
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where we have used (NRef2 + iMImQ)”T = NReQ + iMImSQ. We then find

W(z 4 Qey,)

_ 6iw[Nzw+N2w}Tek . eiﬂ[(NQ—&-NQ)ek]T(ImQ)’llm(zw—l—Qek) . e—wieg(NReQ—&—iMImQ)ek

. 67271'1'6{(]\7211;4’1\72107(65)11) . w(z)

—im(NRezw+iMImzy ey (E14>

—e mi[(NReQ+iMImQ)(ImQ) ~Imzy ey, eQﬂi(ﬁS)Tek i ¢(Z)

- €

_ eiweg[N(ReQ(ImQ)’llmzw—Rezw)] i e?ﬂi(BS)Tek . w(z)

— o2mi(B%) e | gixae,(2) W(2).

Therefore, when we consider the non-vanishing SS phases and the complex Wilson
lines, the wave functions satisfy the boundary conditions Eq. (E®) in magnetized
T°. Similarly, we can verify that the wave functions v in Eq. (EX) are the solutions
of the Dirac equation Eq. (B23d). We can verify whether the wave functions in Eq.
(EQ) satisfy the Dirac equation by replacing z written in the wave functions Eq.
(B33R) with z, = z + 7.






Appendix F

Relation between z and 2’ systems

In this paper, we have defined 2z’ system as coordinate in which the fluxes com-
ponents F,.» are positive definite [81,82]. Then, by use of the R = N~'M =
PUP~ € SO(3), 2 and its complex conjugate z' take of the forms

15+ R 15 — R _

7' =Rez + iRImz = z+ z,
1 2—R 1 ?i-R (F.1)
7 = Rez — iRImz = 32 z+ 32 z,

which implies that we can derive (z/, Z") basis from (z, z) basis. Since we obtain
Rez’ = Rez and Imz’ = RImz, when we consider (Rez, Imz) basis, we can find

Rez 1; O3] |Rez Rez’
= . F.2
[Imz} - {03 R} [Imz] [Imz’ (F.2)
This is (proper) SO(6) rotation in the (Rez, Imz) basis because R € SO(3). That
is, (Rez’,Imz’) basis can be derived from the SO(6) rotation in the (Rez,Imz)

basis. Similarly, we can define Q' = Ref2 4+ iRImf2. On the other hand, we have
introduced the following fluxes F,

F = F.:(idz Ndz) = Fz(idz' NdZ'). (F.3)
By use of Eq. (E), we can find
dz' NdZ' = R(dz N dZ). (F.4)
Moreover, when we consider the Hermitian Yang-Mills equation in the z system

FZZ - Fgg - 0, <F5)
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we find the corresponding equation in the 2’ system, that is,
FZ’Z’ == FEIEI == 07 (F.G)

where F./., Fzz denotes components of the (2,0), (0,2)-forms, respectively, in the
2" system. This means that when we consider the (1, 1)-form fluxes in the z system,
the fluxes also take of the (1, 1)-form in the 2’ system. This also leads to the F-term
SUSY condition in the 2’ system, namely (NQ')T = NQ'. Furthermore, since we
have defined the 2’ system as coordinate realizing F,/>» > 0, we can automatically
derive the Riemann condition N € H3 if we impose the Hermitian Yang-Mills
equation in the (z,z) basis. Lastly, when we consider the rotation such as Zy-
twist in the (Rez,Imz) basis, the corresponding rotation can be derived in the
(Rez’, Imz’) basis.



Appendix G

Sp(2g,7) group and modular
transformations

We consider the details of the modular transformations in magnetized T°. This
Appendix is along in Refs. [78,80]. According to Refs. [[/8 80,81, 105], the symplec-
tic modular group Sp(2g,Z) is defined by the following 2g X 2¢ integer matrices:

e 3. (1)

satisfying

o, 1
v =, J= { g g} . (G.2)
-1, O,

A, B,C, D denote g x g integer symmetric matrices, and Oy, 13 correspond to g X g
zero, unit matrices, respectively.

The generators S and T;, (i = 1,2,---,3(g + 1)), are represented by

O 1 1, B,
sz[g } ﬂ:{g ] (G.3)
_19 Og Og 19

For g = 2, we can represent the B; as

S T P O 0t
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For g = 3, we can also represent the B; as

0

B, = By = , (G.5)

L
T
_ o O O O O

By = ,Bs = (G.6)

co o oo o
oo o oo o
_— oo O = o
oo oo o

0
0
1
0
0

The complex coordinates z and complex structure moduli 2 in 79 are transformed
as

z— (CQ+ D) 'z, (G.7)
Q— (AQ+ B)(CQ+ D)™, (G.8)

respectively, under the Sp(2g,Z) modular symmetry. In this Appendix, we con-
sider the wave functions with positive chirality in z system, ¢, ,,. We can also
apply the following discussions to the wave functions with various chiralities.

G.1 S-transformation

We represent the S generator by

S = {_0133 éj . (G.9)

Then, = 7+ Qy and Q are transformed as
S:(2,Q) = (Z5,Qs) = (=712, -Q71), (G.10)
under the S transformation. We define the complex coordinates, the moduli after

the S transformation as Zg = —Q 717 = Zg — Q7 !¢g and Qg = QL.

G.1.1 Magnetic fluxes under S-transformation

We describe magnetic flux on T
1
F = §p[JdXI AdX7

1 ‘ | ) . ) .
= §<pxx)ijd$z A dx? + §(pyy)ijdyZ A dy’ + (pay)izda’ A dy’, (G.11)
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where X! = (2%, 4%), i = 1,2,3 denotes the real coordinate. Since the magnetic

flux F' after the S transformation can be given by ¥s = —¢ and ys = 7
L g i J L s i J S i J
F= §<pz$)1]d$5 N d‘TS + i(pyy)ijdys N dyS + (pzy)ijdxs A dyS
— §(pfx)ijdy A dy’ + i(pfy)ijdx A da? + (pfy)z;dx A dy?, (G.12)
we obtain
piz = Pyys

pfy = (pfﬂy)T'

In what follows, we suppose p,, = py, = 0 for simplicity. Then, we find that the

flux N = pQLif under S becomes
S:N — NT. (G.14)

We can verify that the F-term SUSY condition (NQ)T = NQ satisfies under the
S transformation and symmetric €2

(NsS25)" = (NT(= )"
= (@) 'NQ(—Q )"
— NgQg. (G.15)

This implies the consistency between the F-term SUSY condition and the S trans-
formation.

G.1.2 S-transformation of zero modes

In the main text, we have introduced the zero-mode wave functions with positive
chirality (+ + +)

- , _ . TN-1
YN(Z,Q) = N - VAT Im)nE g [J]\(; ] (N2, NQ). (G-16)

In what follows, we consider the S transformation under the condition N = N7
This is because the magnetized T°/Zy models in the main text implies that we



148APPENDIX G. Sp(2g9,7Z) GROUP AND MODULAR TRANSFORMATIONS

should restrict the symmetric fluxes N. In conclusion, the zero modes wj’N (Z,9Q)
behave as

(072 -7 = VAN TR/ Y TR (2,0)

REAN

\/dt ) P AT 1
ed_etl ﬂz 2N R R (7,9), (G.17)

under the S transformation. Here we denote Ay as lattice spanned by Ne;.
In what follows, we prove Eq. (GI1). According to Ref. [I05], we find

0(—Q 17, —Q71) = /det (/i)™ L 0(2,Q), (G.18)

under ) € Hs.
Next, we replace 7 with Z+ N~1.J in Eq. (GOI8). We then rewrite

JIN-1

0

0 (7,Q). (G.19)

(—Q17,—Q1) = et (i) - 7Y g [ ot

Here, we have used the following relations

a a o
0l- -|(ZQ=0|-|Z+0V,Q
b_|_b/ (27 ) [b <Z+ ? )7
o B (G.20)
o Ea (7,Q) = @07 +2miaT (FHh) g [% (7+Qa,Q),

where @,V € R3.
Then, we replace Q2 € Hs with N='Q;, where N denotes the flux. Then, the
Riemann Theta-functions are well-defined. Thus, we can see

0 (—Q'NzZ,—Q7'N)

fTN-1]

det(N-1Q/7) - ¢ (N 19)12-9[ ](Z,N‘IQ). (G.21)
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The right-hand side of Eq. (GZ21l) becomes

0 e
0 [J_TN1] (57 N_1Q) _ Z emé_TN 1Q€e2ﬂzﬂ(z+N L) (G22)
7e73
_ Z Z oriNa+E) NTIQ(Na+R) 2mi(Na+R) " (24N 1J)
KGAN aczs

Z 2miRTNLT Z omi(NG+E) NTIQ(Na+K) 2mi(Na+R)" 2

KeAn aez3
. T AT—1
= Y IRy [K év ](NZ, NQ),
I?EAN

where the summation variable I can be expressed by two variables @ € Z* and
K € 73 Thatis, | = Ni + K, (K € Ay). We note that the N, Q7! are
commutative because of [N, Q] = 0. Then, we can express Eq. (GZ21)

7T AT—1
/ [‘] o ](N(—Q-la,zv(—ﬂ-l))

ﬂ [>T \T—1
det(N=1Q/i) - e (W72 7 2T INTR g [K év ](Nz, NQ).

KeAy
(G.23)
We can calculate the phase of zero modes. That is, we can prove
g - 6i7r(NZ)T~(ImQ)*1Im(E) N em(—mfls)T(Im(—Qfl))*11m(—9715)' (G.24)
Therefore we obtain
em'(fNﬂflz*)T(Im(fﬂfl))*lfm(fsrlz)emZT(Nflﬂ)*lz _ eiﬂ-(NZ)T(ImQ)’llmZ' (G.25)

This leads to the S transformation of zero modes

7 1L _ \/det —i92) i JT N1
U (-7l - = Ry i Z TN TR YR (Z,). (G.26)
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G.2 T-transformation of zero modes

The T; transformations correspond to a shift of the lattice vector or complex
structure moduli in the C®. We describe the T} generator

13 B; .
T, = [O?;, 13] , where ¢ =1,---6. (G.27)
Similarly to the S transformations, the complex coordinates 2" and complex struc-
ture moduli €2 behave as

T:(39Q) = (7r,Qr) = (£,Q + By), (G.28)

under the T; transformations. When we define zZp as complex coordinates after T’
transformation and omit the index 7, we obtain

P T Qf = Fr = Fr+ (Ut B)ijr = 7= 7+ Qf

After the T transformation, the magnetic flux F' can be written as

1 i 1 i j i ]
F= Q(pg))zjdf% A dry + 5(?@?)@61% A dyg + (P5))igdaly A dy,
1 , 1 Z, ‘
= 0t e+ LD+ BB — (BD) + (BAD it

+ () — (D) B)]yda* A dy;.

(G.30)

From Eq. (G=30), the components p,,, py,, Pzy should satisfy the following relations
(1)

Py’ = Dz,
P = pyy + Bp,. B + (Bpa, — (Bp{™)T), (G.31)

Thus, the condition p,, = py, = 0 leads to the following relation

(Bpay)" = Bpay. (G.32)

This is consistent with the 7" transformation.
Then, we find

(NB)' = NB. (G.33)
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This is because we should introduce both the Dirac quantization condition p,, =
2rN7T and the symmetric B. We find the F-term SUSY condition after the T
transformation

(NeQp)T = (Q+ B)'NT = (N + (NB)Y = NQ+ NB = NyQp, (G.34)

which implies that the F-term SUSY condition is consistent with the T' transfor-
mation.

Next we consider the T' transformation of zero modes. Here, all diagonal com-
ponents of N B should be even because of the consistency with the 7" symmetry

O(NZ,N(Q + B))
= ) exp(mir” N(Q + B)im + 2rim" N7)

MEZ3
_ em’rﬁTNQer%rimTNE em'mTNBm
> (G.35)
meZ3
} : emmT Nom+2mimT Nz 1

meZ3

= O(NZ,NQ).
By replacing 7 with Z+ (Q + B)N~7.J, we find
O(N(Z+ (Q+B)NTJ), NQ+ B)) = 0(N(EZ+ (Q+ BN TJ), NQ). (G.36)

Eq. (G20) leads to the following formula

I AT—1 o [ a1 .
eljgy ](NZ,N(Q+B)):e‘”iﬂNlBJ9 Jg] (NZ+ BJ,NQ) (G.37)

:T I
_e—wiﬂN*1359 JIN!

- g | (NENQ)

L | rar—1
= eI TNTIBTg [‘] %V ](NZ,NQ).

On the other hands, the phase factor e™2"(UmQ)~ImZ written in the zero modes
is invariant under the T transformation. Therefore, the T transformation of zero
modes is written by

WI(Z,Q+ B) = ™ N BTy (2 Q). (G.38)
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G.3 A-transformation

We consider a following matrix v with A € GL(3,Z) [80]:

)= {’g ( Aol)T} | (G.39)

Transformation using the above v is called the A-transformation. Under the
A-transformation, complex coordinates and complex structure moduli are trans-

formed as
17— AZ

! . (G.40)

v:Q — AQA".
In real basis of the complex coordinates,

T4 = AZ, (G.41)

ga = (A", (G.42)
where

Az = Az +Qy) = 24 = x4+ AQATy,. (G.43)

Regarding the background magnetic fluxes I, we can calculate the A-transformation
of the F' as well as the S and T transformations

1 i 1 i j i /
F= §(Pfx)ijdﬂf,4 A dxy + §(p§,4y)ijdy,4 A dyy + (ph,)ida’y A dy’y

1 A 1 A A . .
= §(ATpfo)ijd$z Ada? + §(A_1pyAy(AT)_1)ijdyz A dy’ + (AT pg, (AT)™Y)izda" A dy?
1 i 1 i j i j
= §(pxz>z]dl’ Adr? + i(pyy)ijdy VAN dyj + (pwy),;jda: A dy]
(G.44)
Then we obtain these components after the A-transformation
pfx - (AT)_lpzmA_la
Py, = Apy, AT (G.45)
p;?y = (AT)_lpa:yAT'
When we suppose p,, = py, = 0, we obtain

Ny=ANA"! (G.46)
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from N = 27Tp£y.
The A-transformation is consistent with the F-term SUSY condition, that is,

(NAQ4)" = (ANATAQAT)T

(G.47)

G.3.1 A-transformation of zero modes

We consider the wave functions behaviors under the A-transformation. In the
following, the integer fluxes N are invariant under the A-transformation , namely
N = ANA~!. We can find the following transformations of the Riemann theta-
functions

0 = Ty _ mimT AQATm _2mimT AZ
0 H (AZ,AQAT) = > e e

MmEZ3

miMTQM 2miMTz
=) e ¢ (G.48)

Mez3

where M = AT'm € Z3 and Q € H3.
When we replace 2 with Z+ QAT N7} we can obtain

FTN_I j’TN—lA

T -1
(Az,AQAT):e[ ; JAN

0
0

(7,Q) = 0 (2,Q), (G.49)

where [N™1, A] = [N, A] = 0. Also, we replace Z, Q with NZ, NQ. Then, we find

[;TNI __"TNfl

(ANZ, ANQAT) = 0 |/ .

0 (ANAT'AZ, ANA"1AQAT)

e (G.50)
gTAN—1

(N2, NQ).
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Regarding the phase factor e™® HT(ImQ)"Mm? o the wave functions under the A-

transformation, we find

em‘(ANA”AE)T(A(ImQ)AT)*lAImZ _ em‘(Nz)TAT(AT)*l(ImQ)*lAflAImz*
(G.51)

67rz'(N;3‘)T(IrnQ)_1 Imz

Finally, the A-transformation of the wave functions becomes

WA (AZ, AQAT) = 279 (2, Q). (G.52)



Appendix H

Wave functions in magnetized
T%/27

In the main text, we have considered the wave functions with positive chirality
(+++) in magnetized T°/Z; [78]. Similarly to zero-mode counting in magnetized
TC/Z,5 [81,82], we can also clarify the number of the wave functions with various
chiralities (+ — —), where the underline denotes the possible permutations. We
can derive the w system, that is, the diagonal basis of the magnetic fluxes, by
using the diagonalization matrix P. If P € SO(3), we can then introduce the
R = N"'M = PUP~ € SO(3) which determines signs of the eigenvalues of the
fluxes, that is, the chirality. Let us take the P € SO(3) and obtain the number of
zero modes with various chiralities in magnetized T°/Z.

By use of numerical computations, when we consider the eigen vectors of the
Q27 in Eq. (B0), we can take the P € SO(3) as follows,

[0.32798528  0.73697623  —0.59100905
P = 10.59100905 0.32798528  0.73697623
10.73697623 —0.59100905 —0.32798528

(H.1)
P11 P12 D13

—p13 pu piz | € SO(3).
L P12 P13 —Pu

According to numerical computations, we find that the above P can let the fluxes

NT(Im$2;)~! diagonalize, so we can construct the R = PUP~! € SO(3).
Similarly to zero-mode counting in magnetized T /745 written in the sub-

section 22, when we take U; = diag(+, —, —), we find the following modular
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transformation of the wave functions on magnetized T° given by the 2’ system,

fi(-]+-&-( ,Ulz,’ ,U1) (H2)

6723787% ST A7 —1 7T A —1
§ 627er N KemK N—B7K /K (2/79/(]1)7

T T AN +++
/| det N Kehn

where Q;; = ReQ; + iPU,P~'ImQ;, and B; = B3 + B, + Bs. Then, we perform
the numerical computations of the zero-mode counting, however, there is no three-
generation model satisfying the F-term SUSY condition.

Similarly, when we take U, = diag(—, +, —), Us = diag(—, —, +), respectively,
we find the following modular transformations of the wave functions on magnetized
T6

Y

f++ (Q/UQ Z/’ Q/UQ )
9

eas ™

_ Z 2miJIN-'K miKTN-1B;K 1K /Y
- |d t N € € ’ +++(Z7 Uz)?
€ KeAn
1J / / /
e ( Us® s U3)
2miJIN-IK _miKTN-1B;K 1K IO
§ : € € P (2 Q)

e2s
/| det N Kehn

where Q= Re{; + iPU;P'TmQy, (1 = 2,3), and B; = Bs + B, + Bs. We
take the fluxes NV written in Eq. (ET1) on the main text. Then, we perform

pusys

the numerical computations of the zero-mode counting in regions |n;| < 200,
(1 =1,2,3), and 1 < det N < 500, however, there is no three-generation model
satisfying the F-term SUSY condition. Additionally, in these parameter regions,
we do not obtain any generation models satisfying both the F-term SUSY and D-
term SUSY conditions. In conclusion, we do not obtain three-generation models
in magnetized T°/Z; orbifold when we assume that 6D overall chirality is fixed
as positive, and consider the wave functions with various chiralities under the
vanishing Scherk-Schwarz (SS) phases. In the future, we would like to analyze
the SS phases and verify whether three-generation models satisfying the SUSY
conditions can be realized or not.



Appendix 1

Calculation for overlap integral

I.1 Calculation for products of wave functions

We introduce the details of the overlap integral leading to Yukawa couplings. This
Appendix is along in Ref. [81]. We can calculate the product of the wave functions

77ZJJIVLJ\/IL(Z/L? QIL) ’ wj{vaMR (Zﬁq, Qiq) as follows

I J
¢NL,N[L (21, 9%) - ¢NR,MR(Z;%7 Q%)
x eiw[NLz/L]T(ImQ)_lImz ) em[NRzﬁ]T(ImQ ~mz ®NL(ZL7 0% ) G)NR (ZRv Q' )

_ eiﬂ[(NL+NR)Rez+i(ML+MR)Imz]T(ImQ “1Imz (__) ( 2 O ) . @NR (ZR7 Q/R)

— eiw[xT(NL-i—NR)y—i-y [(NL+Ng)ReQ+i(Mp+Mpg)ImQy] @ ( /L7 QIL) X @J{IR(Z;% Q/R)

_ em[acT(NLJrNR)eryT[(NL+NR)ReQ+i(ML+MR)1mQ} Y]
Z em(é}+Z)T(NLReQ+iML1mQ)(Zl+Z) ) ezn(ingj)T(NRReQJrz‘MRImQ)(?zJJ)
WY/

) €2m(ZI+Z)T(NLx+(NLReQHMLImQ)y) ] 62m(z}+§)T(NRx+(NRReQ+iMRImQ)y)

— eiﬁ[:ET(NL—‘rNR)y—‘ryT [(NL—‘rNR)ReQ-i-Z(ML-‘rMR)IHIQ}y]

Z ez‘w(i)[ETQN,ME] ) em[ETQN)Z] ] €2m‘(i)[iTQN,M}7}'

(L.1)

In Egs. (610), (b12) and (B13), we consider
i+0| - [# = [7
X=1", 7=, (1.2)
z

E: - —
J+ 4
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and the following 2¢g X 2¢g matrices:

e[l )

O Ng|’
f (1.3)

Ny = =

From these definitions, the following quantities can be written by

L"QnuL = LT(T) ' TYQua (T )L
= (L") YT Qua(T)) (T ™HT'L),
LTQNX = LT((T) ' THYQN(T) ' T X
= (LT(T) T QN (T))((T) )T X),
LTQun Y = LT(T) ' T)Qua (T) )Y
= (L"(T) )T Quar(T)")((T)H)TY).

(14)

The Q’N v, @ are written by

_ M, + My, (MLNp* — MpNgt)al,
(NI M) = Ng'Mp) a(Np"MNp + Nt MENG o™
Ni + Ny O

O a(N; '+ NghHaT

Qs =T Qnu(T)"
Q/N = T/QN(T/)T _ |:

(L5)
and the vectors LT(T")~Y, (T")"H)TX, and ((T")"1)TY:

ET(T’)—I (i+ )N+ Ngh) lNRl“‘(J"‘@)(N "+ N 1NL1] , (1.6)

[T+ 0) — (F+ 6)](N; 4+ Nyt Lot

MﬂN?+NR)@+£) 2 (VD N )G )

(aHT(N; '+ N1~ [(2—1—61) (j "‘52)] , (I.7)

()7L = [

(T)™H'X = m and  ((T)"HTY = m . (L8)
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In what follows, we consider the calculations for the overlap integral with the
value of a = |Np||[Ng|l, following Refs. [63,81]. Then the ¥, 5 (27,9Q7) -
VR ain (2 Q) is expressed as follows

1 / / J / /
wNL,ML (21, 9%) - ¢NR,MR(ZR7 Qx)
o em#t (NLANR)y+y T [(NL+Nr)ReQ+i( ML +Mp)ImQ]y]
. § eiﬂ(i)[ETQN,ME] . 62ﬁi[ETQNX} . e2ﬂi(i)[ETQN,M?]
0,02€79

— imleT (NL+NR)y+y " [(NL+Nr)ReQ+i( ML+ Mp)ImQly],

Z T OIETT )TN MTT)((T™HTL)] | 2ril(LTT)(TQNTT)(T)TX)]

01,0579

. 2mi(O(LTT )TN T (T~ TY)]

— oimleT (NL+NR)y+y " [(NL+Nr)ReQ+i( My +Mp)ImQly],
Z DI+ NLA+(G+E)NR)(NL+NR) ™ (M7, +Mp)(NL+NR) ™ (N (i+0)+ N (7+62))],

01,6229
2mil(FHO)NL+(G+H2)NR) (NL+NR) T W(NL+NR)e | o2mi(0)[((+00) Ny +(G+E)NR)(NL+Nr)~ (M7 +Mp)y,
2mi@H0)— G+ (NS NG "o~ (N My =N Mp)y,
e D) NL+(+E)NR) (NL+NR) My Ny =M N Dla” (o= )T Nr(NL+Ng)~ NL (=) +(01—£2)],
ewi(i)[(f—f)—&-([}—@)}NL(NL+NR)*1NRoF1a(NL71M’L—nglea)(NL-i-NR)*l(NL(Z+Z1)+NR(;'+Z2))_
e DD+ —E)(N N ) T am ta(Np MY N NG P M N DaT (a7 )T (NN ) 7H )+ (G —E2)
— oimleT (NL+NR)y+y T [(NL+Nr)ReQ+i( My, +Mp)ImQy]

Sy T OIENL+TNR+RANL)(NL+NR) ™ +E](M] + M) [(NL+NR) ™ (Npi+Npj+ Noim)+]],
03,0,€29 ™

627"7;[(;NL+;NR+7?LNL)(NL+NR)_1+Z3](NL+NR)5E . 627"7:(7;)[({NL‘F;NR-FT?LNL)(NL+NR)_1+[3}(M£+M;3)y~

a7 7, N NL(Np+NR)INg | 7 - _
=T 4) ML R L (NI INR|) (N My =N M)y

.. - - N 1,7 ’ _1 , —1 NR(NL+NR)71NL i I e
T OIONL+INrA+RNL)(NL+Ne) ™ 3] [(INLIINRD(ML Ny =M N OS5yt (=i 4m)+a)

i (8) [(F—f i) (ML LN T INR v N N R (NEMY — N MII(N+Np)~ (N i N g+ Ny i)+ L
elﬁ(l)[(Z—J+m)(W)+ 4][(INLIINR) (N, " Mp—Npg" MR)[(NL+NgR) ™ (NLi+Ngrj+Npm)+ 3]_

PN T i N (N_1+N_1)71 = — — — _ (N_1+N_1)71 s NN =
=) (N B (VLI NRDA N M N =N M N W il — )+
7

INLIINRI
(1.9)
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where the relation (N, ' + Np')~! = Ny (N + Ng)"'Np = Ng(Np + Ng) "INy is
satisfied under [Ny, Ng] = 0. The wave functions of Higgs sector in magnetized
TS can be written as

[wﬁH NL+NR MH(Z/I{’ Q, )]*

77,71" X T € 1 m

=N - [T (NL+NR)y+y" [(NL+Np)ReQ—iMyImQy] | g— [5\/ +NR)( HvQ/ )

=N - e~ imleT (NLANR)y+y " [(NL+Nr)ReQ—iMp ImQly]

Z e (8 +k)T[(NL+Ng)ReQ—iMpImQ) (¢4 +k) | 6727Ti(€§+k)T[(NLJrNR)(er(ReQ)y)fiMH(ImQ)y]7
eZ3

(L.10)

where k = KN;' = (—K)(=N;'), K € Ay, with Eq. (&1), we perform the
integration over x in C'
1
/ d3x€i7razT[NL+NR—(NL+NR)}y,
0

Z Z627ri[(7NL+5NR+mNL)(NL+NR)*1+@]T(NL+NR)ze—27ri(z73+E)T(NL+NR)$ (L.11)

b3,04,003€73 M
and the following rule
03 =0,
T o (L.12)
(iNp +jNr+mNL)(NL + Ng)~~ = k.

This can correspond to the selection rule. By use of Eqgs. ([9), (I10), and ([T2),
the C' in Eq. (B4) is calculated as follows

C = | — 2ImQ| - NN
1
/ d3y[e—w[yT[ML+MR+MH](IH19)y]_
Z Z o OIF+C] T M+ Mp+ (M) R+05]) | o2mi() [F4-8]T M7 +Mp+(Mpp)"ly.

03,04€73 (I.13)
2@ A+ T [(INLI|I NI (N My —Ng Mp)ly,

o OE+E]T [(INLIINRD (M, N =My N [+
O 2T [(INLIINR (NS My~ N Mp)|F+5),

LT N INRDA (NS My N =N M N I+3))

where (M};)* = MyImQ + (N, + Ng)ReQ and h= Alflf,jﬁvj\’f;' L({— j +1m).
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1.2 Calculation for C

According to Ref. [§1], we can derive the overlap integral. For o = L.C.M.(|Ny|, |[Ng|)1,

Lrl, and g = 3, we can find the integral part

C = | — 2ImQ| - N\N;N,

0 ~ =
03,04€73 P,p

where
4 k
= |3 K = 1 N [.14
1 &j | [NR(NLEZR) M(i = i) e
. [ (M}, + Mp + (Mp)*Jy } _ [[(ML + Mg + MH)Imﬂ]y} (1.15)
MM [LR(ML N — MENR ]y Lg[(Ry — Rp)ImQy |’
and
Q= { My, + My + (M) Lr(MNp* — MpNg?) } (1.16)
MM Lp(Np "My = Ng'Mp) (L) (N MNp' + Ng' MpNgh]

Here, we denote ReQ’ﬁM, > 0, M; = M ImQ — iN,ReQ, Mj; = MgrImQ —
iNgReQ, and (M},)* = MyImQ+i(Np+ Ng)ReQ). Furthermore, m is the solution
for (N, + Ng)k = Ni + Ngj + Ny, and § € ALRN;,]?E Apn-1- We can then
replace 11 with m’ = m + (N, + Ng)N;* + p(Ny + Ng) Nz

In the main text, by imposing Eq. (622), the C' is written by

O — | - 2iIII1Q| . -/\/;-/V;Nk Z 9 NR(NL‘E]ZR)ilNL (Z_ j’_‘_ 77:”2/) (6’ a )
- ’ = »S4Y
VI(Mp + Mg + My)ImQ)| e 0
(1.17)
' 5(NL+NR)E7NL;+NR5‘+NLT%7
where
Qy =(Lgr)*[(N;! + NgHReQ (1.18)

+i[(RLN; ' 4+ RrNR") — (R — Rg)(Mp, + Mg + Mg)™' (R, — Rg)]ImQ).

1 < - 35 r> = — — -
/ d3y efﬁ[yT[ML+MR+MH](ImQ)y], Z Zem’(i)[K—kLl]T.Q'gffM/.[K+L1].ezm(i)[K_,_Ll}TY/]LVI’%M/

Y
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To prove this result, We consider the following Gaussian integral

/oo ef%XTAx+bTxdx _ (2|;7;)|n . e%bTA—lb’ (119)

where A is a symmetric positive-definite matrix. Then, we would like to introduce
the above C. From Eq. ([I4), we get

C= | — ZiImQ’ MMNk

1 N S e
: / dy | e Mut MMyl (me)y) Ze—w[K%lJTQ'N’?Mf[K%ﬂ.€f2ﬂ[K+LﬂTY’N’,‘1Mf
0

0301673 Fp
(1.20)
where
— — — — —1 — - - pad T

(K—i— 1)T _ |:(k3+f3)T, <NR(NL';]£R) Ny, (Z _]-+m/) _'_54) ] , (1.21)

L k+ 0

K + - - -2 g )

P | R N (i) + 6
Qv = (1.22)
|:(ML—|—MR+MH)IHIQ LR(RL - RR)III]Q
Lp(Ry — Rp)ImQ  (Lp)*[(Ru N, + RpNR")(ImQ) — i(ReQ) (N, + NY]J

- Lp [(ML +MR+MH)IHIQ}y

Y/ = 1.23
M Lg[(R; — Rp)ImQy (1:23)

In what follows, we can explicitly calculate the values of the C by properties of
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the Riemann Theta functions

1
T/ - L
dy e —7lyT [Mp+Mpg+Mp](ImQ)y] - K+L1] Q NM/[K'i‘Lﬂ . 6*27F[K+L1] Y NM’
[ P

(3,0,€73 Fp
T -1
NpN7'Np NpNzing - -
Z Z { R L G- ]+m/)+f4:| (Lr)?[(RLN "+RrNp ) ImQ—i(N; '+Np; ) ReQ)] %( —F+ )+l
Pip (2€Z3
1 - — - —
. E : dy | e~ R+l (Mp+Mpt- M) (@) [y +5+s]
[3623 0
NpNg'N T
X€—2W|:LR[(RL—RR)IHIQ} {M(Z ]+m )+€4j|:| [y-i-k-i—fg]
NRN "N B 2 -1 -1 nr—1 NRNH Np, R
Z Z L (—j+m)+l1| (Lg) [(RLN, +RrNp ) ImQ—i(N, +Np HRe) Ix (i—F+m/)+0y

,p 44623

-1 T
0o r[NeNg'Np - - o
) / dy/ e—wy’T(ML—i-MR—i-MH)(ImQ)y’ ) 67271' [LR[(RLfRR)ImQ] %(l ]+m )+e4:|:| y/

1 NaNg'Ne 2 2 =]
= 0| T (6= 3+ ) (0, Qy),
\/|(ML+MR+MH)IIHQ| ;55 0 i
where y’ zy+i£+€§, and
Qy =(Lg)*[(N;! + Nz Re (1.24)

+i[(RLN; '+ RegNg') — (Ry — Rg)(My, + Mp + My) Y (Ry, — Rg)]ImQ)].

Here, the Gaussian integral in Eq. (TTY) is used. We obtain the C

_ = 2mQ - NiNGNG S NaNg'No (75 5y
\/|(ML+MR+MH>IHIQ|

’ 5NHE,NL?+NR3+NL7$L'
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