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Symmetry classification of magnetic octupole current
based on multipole representation theory

Yuuga Takasu and Satoru Hayami
Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan
(Dated: May 11, 2026)

Magnetic octupole (MO) currents have recently attracted significant attention as a driving force
for the Néel vector dynamics in d-wave altermagnets, a new class of antiferromagnets that ex-
hibit nonrelativistic spin-split band structures. From a symmetry perspective, the MO includes an
axial-dipole component analogous to that of the spin, making it essential to clarify how MO cur-
rents differ from spin currents. We here investigate the correspondence between MO conductivities
and electronic multipoles, which provide a unified and powerful framework for symmetry analysis.
We derive the multipole representation of the rank-five MO conductivity tensor and classify its
symmetry-allowed components for all crystallographic point groups, in direct comparison with spin
conductivity. We show that time-reversal-even electric-type multipoles give rise to the dissipationless
MO current, whereas time-reversal-odd magnetic-type multipoles generate dissipative MO current
under an applied electric field. Complementing this macroscopic analysis, the linear-response calcu-
lations for a microscopic tight-binding model demonstrate how MO conductivities are activated by
symmetry lowering, exemplified by the symmetry reduction from m3m to m3. Our results elucidate
the symmetry distinctions between MO currents and spin currents, and provide insights into their

experimental identification.

I. INTRODUCTION

In recent years, antiferromagnetic materials exhibit-
ing nonrelativistic momentum-dependent spin-split band
structures have been discovered [1-11]. Such antiferro-
magnetic materials are referred to as altermagnets [12—
14], and several intriguing phenomena free from spin—
orbit coupling (SOC) have been proposed, such as the
spin current generation [4, 15-19] and linear and non-
linear piezo-magnetic effects [20-29]. In particular, d-
wave altermagnets, which exhibit nonrelativistic sym-
metric spin-split band structures characterized by the
product of the second order of the wave vector k and
collinear spin moment o, k;k;o for i,j = =,y,z, have
attracted considerable attention. In these systems, phe-
nomena arising from the magnetic octupole (MO) — the
lowest-rank magnetic anisotropy that couples to inho-
mogeneous magnetic fields [23, 30-33] — have been pro-
posed, such as the nonlinear magnetoelectric effect [34].

It has been revealed that MOs in d-wave altermag-
nets can couple linearly to the Néel vector and act as
secondary order parameters [23]. By focusing on the
similarities between this coupling and SOC, the concept
of an MO torque induced by MO currents — analo-
gous to the spin-orbit torque induced by spin currents
— has been proposed [35]. In parallel, theoretical stud-
ies have demonstrated Néel vector switching and domain
wall dynamics in d-wave altermagnets driven by such MO
torques [36]. These pioneering studies have brought MO
currents into focus in the context of Néel-vector dynam-
ics, and stimulated active investigation of their funda-
mental properties. Furthermore, first-principles calcula-
tions have revealed finite MO Hall conductivities in a
variety of 4d and 5d transition metals [37].

MO currents can be distinguished from spin currents
in certain symmetry settings, even though both are de-

scribed by axial response tensors [38]. This indicates
that, despite sharing the same tensor character, the two
currents are subject to different symmetry constraints on
their components and can therefore appear differently in
real materials. Symmetry analyses of such response ten-
sors are thus crucial not only for proposing experimental
setups to identify MO currents — by determining which
components are allowed or forbidden under given crystal
and magnetic point groups — but also for elucidating the
essential microscopic electronic degrees of freedom.

To systematically capture these symmetry constraints,
we employ the framework of electronic multipoles [39-
43]. Multipoles can be categorized into four types based
on their spatial inversion (P) and time-reversal (7") pari-
ties [42-44]: electric multipoles (E), corresponding to 7-
even polar tensors; magnetic multipoles (M), correspond-
ing to T-odd axial tensors; magnetic toroidal multipoles
(MT), corresponding to 7T-odd polar tensors; and electric
toroidal multipoles (ET), corresponding to T-even axial
tensors. These multipoles are directly related to response
tensors through symmetry considerations [45-47]. The
symmetries of the system restrict the activation of mul-
tipoles and, in turn, determine which components of the
response tensors can remain finite under a given symme-
try group. Moreover, symmetries link multipoles to mi-
croscopic electronic degrees of freedom [48], so that the
multipole framework serves as a powerful tool for explor-
ing and designing unconventional response phenomena
involving nontrivial couplings between electronic degrees
of freedom. For instance, unconventional longitudinal
spin currents originating from an electric ferroaxial mo-
ment have been proposed in the context of an ET dipole,
where the key microscopic ingredients have been identi-
fied [49]. For these reasons, multipole analysis is essential
from both macroscopic and microscopic perspectives.

In the present study, we investigate the symmetry con-



ditions of MO currents induced by electric fields. We
show the multipole representations of the MO conductiv-
ity tensors and clarify their symmetry distinctions from
spin conductivity tensors under all crystallographic point
groups (CPGs), thereby establishing key factors for ex-
perimental identification. We also discuss the role of
the T symmetry of the system on the MO conductivity.
We then perform linear response calculations for a tight-
binding model to elucidate the microscopic properties of
the MO conductivity associated with the symmetry low-
ering from the point group m3m to m3.

This paper is organized as follows. In Sec. II, we show
the relationships between the MO conductivity tensors
and the multipoles. We compare the obtained results
with those of the spin conductivity tensors (i) for the
case where the multipoles activated expressed by cubic
harmonics (c-multipoles), which are relevant to the CPG
m3m and its subgroups, and (ii) for all CPGs. Then,
we present the role of 7 symmetry on the MO con-
ductivity and show the relevance to multipoles from the
viewpoint of the dissipation based on the Kubo formula.
In Sec. III,we construct a basic tight-binding model and
present numerical results to demonstrate symmetry as-
pects arising from the microscopic details of the sys-
tem. Section IV provides a summary of the paper. In
Appendix A, we present the angle dependences of c-
multipoles and multipoles expressed by tesseral harmon-
ics (t-multipoles) relevant to the hexagonal point group
6/mmm and its subgroups. Appendix B presents the
relationship between the tensor components of the MO
conductivities and relevant multipoles. Appendix C sum-
marizes the same comparison as in Sec. IIB for the ¢-
multipoles. Finally, Appendix D lists the explicit forms
of the hopping matrices used in the numerical calcula-
tions.

II. SYMMETRY OF MAGNETIC OCTUPOLE
CONDUCTIVITY

In this section, we investigate the symmetry of the MO
conductivity ¢7**, which is characterized as a rank-5
axial tensor as follows:

T = o B, (1)

where J*"* and Ej; for i,j,m,n,a = x,y, 2 denote the
MO current and the electric field, respectively. Here,
J is defined by using the MO operator 0%, =
{Lpm, Ly} +54/(202) as Jmme = {02, ,vi}+/2 [35, 37,
38], which is analous to the spin current [50]. The sym-
bols {-,-}+, vi, Lm, Sa, and h denote the anticommu-
tator, velocity, orbital angular momentum, spin angular
momentum, and the reduced Planck constant, respec-
tively.

In the following, we analyze the symmetry of the MO
conductivities using multipole representations. First, we
discuss the correspondence between the MO conductivi-
ties and the multipoles by decomposing the MO conduc-

tivities into the Ohmic and Hall parts in Sec. ITA. We
then apply this method to the spin conductivities and
compare the results with those of the MO conductivities
in Sec. II B. Moreover, we demonstrate the distinctions
among them under the 32 CPGs in Sec. II C. In Sec. II D,
we show that multipoles with different parities under 7
symmetry give rise to different contributions with respect
to the dissipation based on the Kubo formula.

A. Correspondence to Multipole

We first show the correspondence between the MO
conductivity tensors 077" and multipoles. We introduce
the symbols X and Y to distinguish polar and axial
tensors, respectively. We assume that the 7 symmetry
is present unless stated otherwise; see Sec. IID for
the role of 7 symmetry on the MO conductivity.
Depending on the crystal system, we use two types
of multipole notation: One is the c-multipole for the
cubic point group and its subgroups, and the other
is the t-multipole for the hexagonal point group and
its subgroups.  Following Refs. [45, 47], the nota-
tions for ¢- (or t-) multipole are given by X for the
rank-0 monopole, X = {X,,X,, X.} for the rank-1
dipole, X;; = {Xu, Xy, Xyz, Xo0, Xay} for the rank-2
quadrupole, X, = {Xgy., X2, X0, X, X0, X[, X0}

(: {meng;X§7X3u7X31)7X3a7X3b})
for the rank-3 octupole, Xijnl =
{ X4, Xy Xaos X80, X8, X5, X0 X0 X0}

(: {X407X4aaX4baX£u3XffvﬂXEJ7X457117X4537X4B712})
for the rank-4 hexadecapole, and Xjjim =

al al al a2 a2 a2 B B B
{X5qu5va5azv 5y 1 “*5z 7“5z 5y’X5z’X5wX5y’X5z}

1 1 2 2
(: {XSOaXSavXE)vagula X?UI»nganfa Xgu’Xfxﬁv ’ Xgu ’ ng })

for the rank-5 dotriacontapole. It is noted that ¢-
multipoles from rank 0 to rank 2 are the same as
c-multipoles. Angular dependences of multipoles are
shown in Table XI in Appendix A.

Starting from the decomposition of the orbital part in
O¢,.., the multipole correspondence is given by

{er Ln}-i— < Xo® Xij’ (2)

where X and X;; corresponds to L-L and Ly, Ly, +Lp Ly,
respectively. Thus, the quantity {L,,, L, }+ includes the
rank-0 and rank-2 multipoles; it is noted that no rank-1
multipoles appear owing to the symmetric tensor prop-
erty of {L,,, L, }+. Then, since the spin corresponds to a
rank-1 axial tensor, the multipole representation of O,
is given by

00, (Xo®Xi) Y =YY @ X;; &Y, (3)

where Y and Y’ originate from Xy ® Y and XY,
respectively, the latter of which is referred to as the
anisotropic dipole [51-53]. Thus, the rank-3 tensor gen-
erally includes two types of dipoles, one quadrupole, and
one octupole [54].



In a similar manner, since both the current J; (or ve-
locity v;) and the electric field E; transform as polar
dipoles, their product can be decomposed as

JiE; & Xo0Y @ X, (4)

where the rank-0 X and rank-2 X;; terms constitute the
symmetric components (J; E; + J; E;), whereas the rank-
1 Y represents the antisymmetric component (J;E; —
J;E;). In the context of electric conductivity, the for-
mer is called the Ohmic contribution, while the latter is
called the Hall contribution. By combining it with the
MO in Eq. (3), the correspondence between rank-5 MO
conductivity tensor and multipoles are obtained. The rel-
evant multipoles for the Ohmic contribution of the MO
conductivity are given by

(JiEj+J; E;)Oy,, < Xo®6Y ©5X;;D5YirD2XjkiDYijkim,

(5)
while those for Hall contribution of the MO conductivity
are given by

(JiEj—J; E;)O0%,, < 2Xo®3Y ©4X,;;B2Y; 10X, (6)

where coefficients of multipoles stand for independent
multipole numbers. Thus, the MO conductivity tensor
0" contains polar even-rank and axial odd-rank mul-
tipoles up to rank 5. From the P parity, X corresponds
to E (MT) multipoles (X = Q or T'), while Y corresponds

to ET (M) multipoles (Y = G or M).

Next, we express the tensor components in terms of
multipoles. As described above, ¢7"* is divided into
the Ohmic part o™O) and the Hall part gmme)

ij ij as
follows:

o_;‘;njna — O_Z?n@(o) + O_Z’;’na(H)v (7)

of" O = S (o 4 o), (8)
H

5 = gloe — o), (9)

where the Ohmic and Hall parts are characterized by the

symmetric and antisymmetric tensors for the interchange
. . ) . . mna(O) _ _mna(O)
of ¢ and j, respectively, ie., o;; = 0j;

. The Ohmic conductivity tensor is

and
mna(H) mna(H)
iJ - Y5

represented by the 18 x 6 matrix as

T Oyy Ozz Oyz z zy
yyr(M)  yye(H)  yye(H)  yyzH)  yyeH) yye(H)
Tz Yy zz yz 2T Ty
Tx yy zz yz T Ty
yze(H) _yza(H) yze(H) _ysa(H) | yze(H) _ysa(H)
TT Yy 2z yz zx Ty
zzx(H) zza(H) zaxx(H) zaxx(H) zaxx(H) zaxx(H)
zT Oyy Ozz y zx Ty
;gr(H) ;gr(H) oy U;yw(H) rgz(H) Uggz(H)
zz z
o Zzy(H) ;c;:y(H) o Zey(H) U;gy(H) o Zzy(H) i;w(H)
vy Jyyy(H) - yyy(H) - cyyyH) - yyy(H) - yyy(H)
TT Yy zz yz zx Ty
;;y(H) g2y jzzy(H) - zzy(H) Uziy(H) U;Zy(H)
yy 2z yz zx Y
vzy(H) - oyzy(H)  yey(H)  yzy(H)  yzy(H)  yey(H)
T yy zz yz zz Ty
groy®)  Jzzy(H) zey(H)  zey(H) ezy(H)  zzy(H)
TT vy zz yz zx T
cyyM)  jeyy(H)  zyy(H)  cyy(H)  oyy(H)  zyy(H)
zT yy 2z yz zT Ty
yyz(H)  yyz(H) - yyz(H)  yyz(H)  yyz(H)  yyz(H)
zT Yy zz yz zT Ty
zzz(H) zzz(H) zzz(H) zzz(H) zzz(H) zzz(H)
Tx Yy z Y zT Ty
ys(H)  _yea(H) ysa(H) _ysa(H) | yes(H) _yea(H)
Tz yy zz y zx Ty
zxz(H) zxz(H) zxz(H) zxz(H) zwz(H) zwz(H)
zT Oyy zz yz zx Ty
zyz(H) zyz(H) zyz(H) zyz(H) zyz(H) zyz(H)
Oxzx Yy zz yz zx Ty
(10)

where the column and row stand for the indices of the
MO and J; Ej, respectively. The Hall conductivity tensor
is represented by the 18 x 3 matrix, which is given by

Uyz Ozzx O-Iy
yyz(H) _yyx(H) _yyz(H)
Oyz Ozx Ty
zzx(H) zzx(H) zzax(H)
yz Ozx Ty
yzx(H yzx(H yzax(H
GV jyze() ya(i)
zzx(H) zzxx(H) zzxx(H)
Oyz Ozz Ty
zyc(H) _zyz(H) _cyc(H)
yz zx Ty
zxy(H zzy(H zzy(H
oy (H) o= (H) o (H)
yyy(H) _yyy(H) _yyy(H)
Oyz zT Ty
Toy(H)  aay(H)  oy(H)
Oyz x Yy (11)
yzy(H)  _yzy(H) _yzy(H) |-
Oyz T Ty
zey(H) _zzy(H) _zzy(H)
T Ty
cwyy(H) _zyy(H) _cyy(H)
y Ozx Oxy
zxz(H) zxz(H) zxz(H)
yz Ozx Ty
yyz(H) _yyz(H) _yyz(H)
Oyz zT Ty
Oyz Ozx Ty
yzz(H yzz(H yzz(H
GUSE) U= ys(i)
zwz(H) zxz(H) zxz(H)
Oyz zx Ty
zyz(H) _zyz(H) zyz(H)
Oyz 2T Ty

where the column and row stand for the indices of the
MO and (J x E), respectively.

The correspondence between the MO conductivity and
the multipoles is obtained through the tensor-product
relation between multipoles:

qu = Z <11712§Q1»Q2\l1,l2;17Q> Xllqulzqzv

q1,92

(12)



where [ stands for the angular momentum quantum
number, ¢ represents the magnetic angular momentum
quantum number, and (l1,1l2; g1, g2|l1, l2;1, ¢) denotes the
Clebsch-Gordan coefficient.

Based on this expression, we sequentially apply ten-
sor products to the quantities associated with the MO
conductivity tensor. First, the coupling between L, and
L,, leads to the polar monopole and quadrupole X, for
I =0,2 shown in Eq. (2):

{Lms Ln}t+ HXl’q’

=3 S L L gl 1T )

qm qn TM,N

X ka:m ann YmYna (13)

where we take the linear transformation between the
dipole X, for a = z,y, z in the real-number expressoin
and X4, in the complex-number expression, which is

connected by X4, = >, Cak,Xq. Then, the multipole
decomposition of the MO term Xl//q// for I” =1,2,3 is

derived by combining Eq. (13) with the axial dipole Y1,
as

O?ﬁln < Xl”q”
= Z <l/7 1a q/7 qcéll/7 17 l//7 q”> Xl’q’i}lqa
q'\9a

_ Z Z Z (l',l;q’,qaﬂ’,1;l”,q">

@' \qo Gmsqn MM
X <17 17 qm Qn|1, 1, l/, q/>
X kaanknCakaYmYnYa. (14)

Similarly, the combination of J; and Ej; yields the multi-
poles Xl///q/// for 1" = O, ]., 2:

JZE] <> Xl”'q’”
= Z Z <1, ]-; q;, (Ij'la ]-a lmv qll/> Cikicjijina

qi,q5 1,J
(15)

where the monopoles and quadrupoles (or dipoles) corre-
spond to the MO Ohmic (or Hall) conductivities as men-
tioned above. Thus, the multipole component leq of the
MO Ohmic (Hall) conductivity is obtained by combining

Xlnqu and Xy g for I = 0,2 (I’ = 1) in the form:

O_Zzna(O/H) (_)Xl

»q
2 : "o, 1 I g % %
= <l 7l 54,49 |l 7l ;l7q>Xl”q"Xl’”q”’
q//7qll/
14" 4,95 9’ ,qa Gmqn T,J,m,n,00

Zl”,zm; q"q"" 151, q)

x (1,1; 45, ¢;]1, 1,1, ¢")

x (1,154, qall’, 1;17,4")

X (1,15 ¢m, qn|1, 11, ¢)

% Cit; Cjte; O Crker, Cokos Xi X Yo Yo Yar.
(16)

In Appendix B, we present the MO conductivities for all
c- and t-multipoles in the forms of Egs. (10) and (11),
given as the coeflicients of X;X;Y,,Y,Y, for each multi-
pole, derived as linear combinations of Eq. (16).

B. Comparison between the magnetic octupole and
spin conductivities

We show the differences between o7"* and the spin
conductivity of:; from a symmetry perspective. The spin
conductivity appears in the linear response regime as

Jit =oi,Ej, (17)
where J¢ is defined as {Sq,vi}+/2 [50]. Since the spin
transforms as axial dipole, the multipole correspondence
of the spin Ohmic (or Hall) conductivities are obtained
by combinations of axial dipole Y and Xy, X;; (or Y')
components in Eq. (4) [45, 47]. The Ohmic part of the
spin conductivities is given by rank-1 to rank-3 multi-
poles:

Y @ (Xo® Xi;) =2Y @ Xi; @ Yijp, (18)

while the Hall part is given by rank-0 to rank-2 multi-
poles:

YRY =X aYoX, (19)

We compare the nonvanishing tensor components of
the MO and spin conductivities from the viewpoint of
active c-multipole. Here, an “active multipole” denotes
a multipole component that is symmetry-allowed under
a given magnetic point group (MPG) to contribute to
the conductivity tensor, and thus can generate nonvan-
ishing MO or spin conductivity components. To clarify
the distinction between the two, we show which tensor
components of the MO conductivity and the spin con-
ductivity become finite under the corresponding active
(finite) multipoles (X or Y'), as summarized in the case
of Ohmic contributions in Tables I and IT and Hall contri-
butions in Tables III and IV. In the tables, we introduce



the following matrix representation of nonzero MO con-
ductivities:

{O%n}xm {O%n}fy {O%n}xz
{Ofrém yx {O%n}yy {O;);m Yz ) (20)

where {O%,, }:; lists nonzero tensor components of MO
Ohmic/Hall conductivities U;r_ma(O/ U for the input j-

directional electric field and the output i-directoinal cur-

J

As shown in Tables I-IV, there are mainly two differ-
ent points between MO and spin conductivity tensors.
The first difference lies in the rank of the active multi-
poles. In the MO conductivity tensor, multipoles of rank
0 through rank 5 contribute, whereas in the spin conduc-
tivity tensor only multipoles of rank 0 through rank 3 are
involved. This difference manifests itself in the distinct
conditions under which each conductivity tensor compo-
nent can contribute. As shown in Table II, multipoles of
rank 0, 4, and 5 contribute to the Ohmic-type MO con-
ductivity tensor, but do not contribute to the spin con-
ductivity tensor. Likewise, as summarized in Table IV,
multipoles of rank 3 and rank 4 contribute only to the
Hall-type MO conductivity tensor. Thus, the MO con-
ductivity tensor can appear even in cases where the spin
conductivity tensor is forbidden.

The second difference lies in the nonzero tensor com-
ponents when the input and output fields are applied
in the ij plane. For example, in the case of the active
dipole Y., no spin Hall current occurs in the xy plane,
while nonzero MO Hall currents with Oy, and OY, are
allowed, as shown in Table III. In addition, the MO cur-
rent generally contains spin components that are absent
in conventional spin currents. For instance, the Xy com-
ponent of UZ(H) satisfies J* = elvjacr?j(H)Ej [55] and car-
ries only the spin-a component, as shown in Table III.
In contrast, the X, component of o, neM) carries addi-
tional spin components that differ from those of the spin
current. These distinctions provide a way of an experi-

J

rent. Similarly, the nonzero components of the spin con-
ductivities are summarized as

{Sa}mm {Sa}xy {Sa}xz
{Satys [{Satyy [{Satys | (21)
{SQ}ZI {Sa}zy {Sa}zz

where {S,};; list nonzero tensor components of spin
(O/H)

Ohmic/Hall conductivities o7; . The corresponding
tables for the t-multipoles, i.e., Tables XII, XIII, and
X1V, are provided in Appendix C.

(

mental identification of MO currents and differentiation
from spin conductivity.

C. Classification under 32 point groups

We classify the active components of MO Ohmic and
Hall conductivities as well as spin conductivities in the
representation forms of Eq. (20) and (21) under each
CPGs except for the triclinic ones (1 and 1). The re-
sults are summarized in Table V. This classification is
based on the multipole classification under the CPGs
given in Table VI, where the primary, secondary, and
tertiary axes listed in Table VII are used. In these
tables, the abbreviation as Oy, = {0j,,0Y%,0%,},
0,. ={0,.,0y O;z}, 0., ={0%,,0%,,0%,}, Oy =

vz Cyzr v = Mo :
{Ogyv Ogya O;y}? OZ = {O;aw O;y?o,lzz} fOI' t= .’L‘,y, 2
all = {0y, 0.4, 04y, 0%, 0¥, 0%} is used for notational

simplicity. It is noted that the leftmost column of Ta-
ble V represents CPGs in which the same components
of the MO and spin conductivities become active, rather
than those in which the same multipoles become active
as in Table VL.

As shown in Table V, both MO and spin Hall currents
in the ij-plane are generated under all CPGs. In con-
trast, spin Ohmic conductivities are not activated under
some CPGs, meaning that the MO Ohmic current can
be distinguished from the spin one. For instance, under
m3m, 432, and 43m, only the MO Ohmic conductivities
are allowed with the active multipoles Xy and X4, as
shown in Egs. (5) and (18).



TABLE I. Symmetry-allowed MO Ohmic conductivity tensors and spin Ohmic conductivity tensors with activations from
rank-1 to -3 c-multipoles (¢-MP). The matrix elements only the upper-triangular parts are shown, since the lower-triangular
components are given by satisfying U:}ma(o) = a;';na(o), a;}ma(H) = —U}’Zna(H), 0?-(0) = U(-Xi(o), and afjﬁ(H) = —a;i(H). The
symbol — indicates no symmetry-allowed components. The abbreviation as Oy,,, = {Oy.,0%,,03,}, Oy. = {0;.,0}.,0;.},
O.. = {O,:zba:a ngv O;x}7 OI?! = {O;yv Ogya Oil/}? 02 = {O;Lsaca Of/yv O;z} for i = x,Y, 2, all = {Oy27 OZIa Ozyy Oza 0y7 OZ} is
used for notational simplicity.

c-MP[ MO conductivity [spin conductivity
[ 04,,0:,,0"| 03,,0;.,0" | 0%,,0;.,07 ] [ Sz ]Sy | S- ]
Yz Ogy: O;am Oz Ol&m ST -
L Og;w Oizy o* i L SCL J
[ O:y7 O;za Oy Ogya ng? OI O?m, i [ Sy ST — ]
Y, Ozy, 0y, 0% 1 024, 0y, O° Sy | S
L O;y7O§z70y n L S’y n
[ 0517052702 Olam Ogy7O§z7ox | i SZ — Sﬂc 1
Yz O;C:m 0527 O~ O;fya 0527 [0k Sz Sy
I 0L.0%.,0° ] | | 5.
Offm O?a:a ngv Oira O;u Oiy: O;za oY 1l Sy
0527 O;Jz -
Ofrn Og?‘? 0527 Oz Oazcgm 0527 Oy [ — Sz Sy i
X’U Olam O:zycy7 Ojam Oz 7 SI
O, i - |
_Oggjy70§z70?z!y,0§z Ogy7oéz,oy ngzogz7oz ] [ — Sll SZ )
Xyz Ogya O;zv Oz ng’ O;y Sr -
i 07,.0%.07 || | 5 |
[ Ozya O;z7 (0 Ogy: O;’/w o* O'Z‘z7 O;y | [ Sy Sz | — 1
Xzz O;y7 Ozzv Olzlzv O';z O;zv ng7 o* — Sz
I 03y,04:,0" || | Sy |
[ 0%,,0y..07| 05.,0Y%, 01y, 0%, 0" [S-] =[Sz ]
Xzy O;m Og,u OZ Oiya O;ljzv Oy SZ Sy
L O;zvogz,oimvozy _ L -
Olarn 0;17 nga OZ Ogy7 0527 Oy - SZ Sy
Yﬁfyz Ozlm Ogya Ojr: OI — Sz
Olam -
[ Ogy70§z70x ngcyaOszoy szvogzyoz ] [ Saf Sy Sz i
Y;ca Oz;w O§z> o* Olam SL —
L Oiy, 0z, 0" | L Sz |
[ 0:,,05.,0"| 02,0z, 07 o5, ] [ Sy |Se| — 1]
Yya O;‘ya Osz Oy O;z7 OZyJ,w OZ S’y SZ
i Ozy, Oy, O | i Sy ]
[ ngaogz7oz Ofm Ogyvoz:mom ] [ Sz — Sz i
Yza Ozam nga OZ Oazcya O;zv Oy SZ Sy
L O:zv O'}jza O~ ] L Sz |
[ O;y70§z705y70§z Oazcy7ozz,oy ngzogz7oz 1 — SU Sz
Yzﬁ Ogya O;zv Oz ngu O;y Sz —
L Ozy, 0%, 0% | S
[ O:Ziya O;Zz7 (oM Ogu: O§L7 o* O;z7 Oiu ] [ Sy Sz — ]
Yyﬁ Ogmcya ng: Ozszv O';z O:xv ng7 OZ — Sz
L 03y,04:,0" || | Sy |
[ 0%,,0}.,0%| 0j.,0%, 0%,,02,0 1| [S:]—[S: |
YZB OZL» ngv OZ Oazcya O;za Oy SZ Sy
L O:mvogz,oimvozy h L - ]




TABLE II. Symmetry-allowed MO Ohmic conductivity tensors with activations of rank-0, -4, and -5 c-multipoles (c-MP). It
is noted that a corresponding spin conductivity tensor does not exist.

c—MP[ MO conductivity H c—MP[ MO conductivity
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TABLE III. Symmetry-allowed MO Hall conductivity tensors and spin Hall conductivity tensors with activations from rank-0

to -2 c-multipoles(c-MP).

c-MP| MO conductivity |spin conductivity
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TABLE IV. Symmetry-allowed MO Hall conductivity tensors with activations of rank-3 and -4 c-multipoles (¢c-MP). It is
noted that a corresponding spin conductivity tensor does not exist.

c—MP[ MO conductivity [c—MP[ MO conductivity
—10%2,0y2, 024, Ogy | Oy, O34, 0%, Oy [ —0%,,04.,07]07,,0;.,0Y ]
Y&UZUZ — OZya nga O;Vclyv O;x X4 - Ogyv O;xa o”
[ — Ogyzoyzvoy O:zzo'gzvoz i [ — 021,052702 O;y7ogzjz70y i
YIQ — OZUI, O;y X4u — Ogy) 0217 (o
[ — Ozyv O;xa Oz ngv Oiu ) _ nga ngv Oia:a Ovju Ozyv ngv OZz
Yya - O:za O'}jzv OZ X4'u — 0;:17 ng: O;m
— 0527 Ogr O%y’ O%za o* [ — O'gy’ O:Lz/za O;z 0227 O;yv O;z i
Yza _ Oacya Oyza Oy X;llz — —
[ — O£y70§z7oy O§z7ng7Oz | [ — O;zvozzvozz - i
vy — Or. X5, - 0%,,0%,, 0%
[ — ngﬂ sza 01‘ Oﬁm 1 | Oal;z7 OZy7 Ogy
Yyﬁ — 0517 ngv o* sz — O;y: ng7 Ozy
, [ -]00, |08, 0%, 07 5 [ -10%,,0;.,0"]0%,,0;.,07 ]
Yz — Oiu: O;za Oy X4z - Ofm
[ — OZya Oj:m o* Oﬁm 1
Xfy - O§T7 0527 OZ
[ — Ola'm O}t’gp O§17 O*
sz — O;y7 Oyz7 oY




10

TABLE V. Symmetry-allowed MO and spin conductivity tensors under the CPGs except for the triclinic ones. The upper and
lower panels represent the results for the Ohmic and Hall conductivities, respectively. In this table, the abbreviation as
S ={S:,Sy, S} is used for notational simplicity.

CPGs MO Ohmic conductivity [spin Ohmic conductivity
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TABLE VI. Even-parity multipoles up to rank-5 belonging to a totally symmetric representation in the 32 point groups. The
independent number of multipole (tensor components) under each point group for MO (spin) Ohmic and Hall conductivities
are given in the rightmost part. It is noted that all multipoles are activated under the triclinic point groups 1, 1.

Ohmic / Hall

CPGs rank O rank 1 rank 2 rank 3 rank 4 rank 5 spin [ MO
m3m, 432, 43m Xo X4 0/1| 3/3
23, m3 Xo Vay: X4 1/1] 8/5
4/mmm, 422, 42m, 4mm| X Xu Xa, Xy 1/2| 10/8
4/m, 4, 4 Xo Y, Xu Yo X4, Xau, X5 Yol yor 4/3|25/ 14
mmm, 222, mm?2 Xo Xu, X, Yoy- X4, Xau, Xao 3/3|22/15
2/m, 2, m Xo Y, Xu X, Xeo Yau, VO V) Xu, Xuu, Xao, X5, X, YL, Y2, VS |8/5(30/ 28
6/mmm, 622, 6m2, 6mm| X Xu Xao 1/2]| 8/7
6/m, 6, 6 Xo Y. X, ye X0 Yso 4/31[20/12
3m, 32, 3m Xo X, Ya X0, Xap Yao 2/2|16/ 10
3,3 Xo Y. Xu Y3a, Yap, Y Xao0, Xia, Xap Y50, Ysa, Yoo |6/ 3|36/ 18
1,1 all all all all all all 18 / 9|108 / 54




TABLE VII. Primary, secondary, and tertiary axes of seven crystal systems with respect to the symmetry operations in the
Cartesian coordinates [47].
[Primary Secondary Tertiary

Cubic @ooy  (111) _ (110)
Tetragonal [001] [100] [110]
Orthorhombic| [100] [010] [001]
Monoclinic [010]

Triclinic

Hexagonal [001] [100] [010]
Trigonal [001] [010]




D. Time-reversal property

We have so far assumed the presence of T symmetry.
Meanwhile, analogously to spin conductivity [15, 56-58],
the MO conductivity tensor likewise includes magnetic
contributions when 7 symmetry is broken. In the fol-
lowing, we investigate the role of 7 symmetry on the
MO conductivity o;7** by analyzing the Kubo formula
within the linear response theory [45, 47, 59]:

652) (&1]J7"" |€2) (S2]vil€1)
€, +10

e P

(22)

where e, V, and § denote the elementary charge, the

system volume, and the broadening factor, respectively.

&; is a set consisting of the band index and wave vector

k, and e, is the band energy with the eigenvector |;).
f(eg,;) is the Fermi distribution function,

1

f(ﬁfz) = 64(651. 7#)/kBT N 17

(23)

where pu, kg, and T are the chemical potential, the Boltz-
mann constant, and the temperature, respectively. The
velocity operator v; is defined as

10H

ﬁ%a (24)

v =
where H is the tight-bindign Hamiltonian.
The expressoin in Eq. (22) is decomposed into two com-
ponents according to the T parity:

mna(J) 6h5 Zf 651 652)
o;
ij — ¢
3
6152 2 (25)
y <§1|J}nm|§2>< 2|v;|&1)
(651 - 652)2 + 42 7
€ey Fee
O_mnoc(E) 122 f 651 (652)
s §162 (ee, — 652) + 02 (26)
<€1|ijna|£2><§2‘vi|§l>a
where Um"a(J) generates the dissipative MO current,

i3
whose mainly contribution comes from the & = & term

and is proportional to 1/4, while JZ"J"O‘( ) gives rise to dis-

sipationless one, which is independent of § in the clean
limit of § — 0. Noted that both amna(‘] and o mna(E)
are real quantities.

By acting the 7 operator on Jznjna(]/ ) one finds that
Z}na(‘} and amjna(E) exhibit opposite T properties:

Tl ™) = tymets, ol (21

T (o) = —t prunat,, o™, (28)
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where t 4 denotes the T parity of the operator A, defined
as T( ) = tAA OWlng to tjgnna = +1 and tvj — _1’

Jznjna(‘]) (azvr;na(E)) is constructed by M and MT (E and

ET) multipoles. Thus, O‘TT;na(J) vanishes in the 7T-even
system, meaning that dissipative MO currents are not
allowed under point groups whose symmetry operations
contain 7.

Meanwhile, the dissipative MO currents are symmetry-
allowed underthe point groups which does not contain 7.
Examples of such point groups include MPGs. MPGs are
classified into three classes according to the presence or
absence of 7 symmetry. One class possesses 7 symme-
try, while the other two do not. The first class consists
of ordinary CPGs, denoted by M, which include only
unitary symmetry operations G. The second class is the
gray MPGs, M| defined as

MID =G+ TG, (29)
which explicitly contains 7 symmetry. The third class is
black-and-white MPGs, MWD | given by

MU = H 4+ 7(C - H), (30)
where H is a halving unitary subgroup of G. From these
definitions, M and/or MT multipoles become active un-
der M® and MMD_ For example, in the case of the
black-and-white MPG m3m/, the M octupole M,,, is
activated in addition to E multipoles Q¢ and Q4 [47]. In
this situation, the MO conductivity tensor components
associated with Y,. become nonzero, which arises from
the dissipation process.

III. MODEL ANALYSIS

As discussed in Sec. II, the MO conductivity o7"*
becomes nonzero once the corresponding multlpoles are
activated. To demonstrate this, we calculate the MO
conductivity tensor in the cubic system, where the axial
ET octupole G,. belonging to the As, representation
under the point group m3m in Table VIII becomes active
through the symmetry reduction to m3.

TABLE VIII. The character table of m3m and the irreducible
representation (IRREP) of multipoles Qo, Q4, and Gay..

multipole (IRREP)|E 8C3 3Cs 6Cy 6C5 I 8ICs 3o 61C, 604
Qo, Qs (A [T 1T 1 1 1 1 1 1 1 1
Gy (Agg) |1 1 1 -1 -1 1 1 1 -1 -1

A. Tight-binding model

We construct a tight-binding Hamiltonian on a three-
dimensional simple cubic lattice under the m3m symme-
try, considering three p orbitals {ps,p,,p.} and three f



orbitals {f2, fJ, ff} at each lattice site. The choice of
the p—f orbital model is motivated by symmetry consid-
erations. Specifically, we start from a highly symmetric
cubic system in order to impose strong constraints on the
allowed tensor components, and then consider the min-
imal symmetry lowering from m3m to m3. Under this
symmetry reduction, the ET octupole G, belonging to
the Ao, representation emerges as the relevant order pa-
rameter, as shown in Table VIII. The p—f orbital space
therefore provides the minimal microscopic basis that can
host and activate this multipole degree of freedom. Al-
though similar MO responses may also occur in s—p or
p—d models, the p—f orbital space provides the minimal
basis in which the ET octupole G, is activated under
m3m — m3 symmetry lowering.
The Hamiltonian is given by

M= > (aolHE)ld'o) chyrarer,  (31)

k a,a o,0’

where c};ag and cpq, are the fermionic creation and an-
nihilation operators of the wave number k, the orbital
@ = popyspa f2, 2, f2, and the spin o =1,4. The
Hamiltonian matrix H (k) consists of four parts as fol-
lows:

H(k) = Huop(k) + Hsoc + Aps + 9Gyye- (32)

The first term, Hyop(k), represents the symmetry-
allowed first- and second-nearest-neighbor hopping
Hamiltonian based on the Slater-Koster parame-
ters [60, 61], which include {(ppo),(ppm)} for p or-
bitals, {(ffo),(ffm),(ff0),(ff¢)} for f orbitals, and
{(pfo),(pfm)} for the off-diagonal p—f hybridization.
Here, the second-nearest-neighbor hopping parameters
are scaled by a factor of 1/2; and the explicit forms of the
6 x 6 matrices in spinless space are given in Appendix D.
The second term, Hgoc, represents the spin-orbit cou-
pling (SOC), given by

HSOC = Z Z )\orb Ligia (33)

orb=p, f i=x,y,z

where Ao, for each p and f orbital (represented by: orb)
denotes the strength of the SOC. o; represents the Pauli
matrices and the angular momentum matrices L; are de-
fined by

00 0 00 i 0 —i 0
L.={00—i|,L,=[0 00),L.=|i 0 0],
0i 0 —i 00 000

(34
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where the basis functions are taken as {ps,p,,p.} or
{f5, fyﬁ , f2}. The third term represents the energy split-
ting between p and f orbitals, which is given by

0000 0O
0000 0O
W S
0000 AU
0000 0 A
where the basis functions are  taken as

{D, Dy D2, 15, ff, f2}. These three terms are symmetry-
allowed under the point group m3m.

To describe the symmetry reduction from m3m to m3,
we introduce the symmetry-lowering onsite hybridization
as the fourth term in the Hamiltonian, which is given by

9Gay> = (36)

OO oo o
oL OO oo
@ O oo oo
S oo oo
oo o O
OO O OO

Here, G, represents the ET octupole, whose operator
expression is given by yzg¥y + zzg) + xygi with g3 =
iL(L - L) except for the numerical coefficient [62], and ¢
is the coupling constant. When g # 0, the symmetry of
the system reduces to m3.

B. Numerical Results

We show the numerical results of the MO conductivity
for the Hamiltonian in Eq. (31). We especially focus on

the Hall contribution UT”D‘(H). Under the CPG m3 in
Table VI, Qo, G4y. and Q4 are symmetry allowed; no M
and MT multipoles are allowed owing to the presence of

the 7 symmetry. Thus, we obtain multipole correspon-
dence of UZ—ma(H) by combination Eq. (B58), (B81), and
(B88)
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2Q M1 8@l + 204 0 0
6Q5Y — Qu+2GL). — GL). 0 0
6QP — Qs — 2G4, + G, 0 0
0 0 0
0 0 2 + QE) Q4 - zly)z - G(z2y)z
0 Dl —Qu+a6%. + G%)Z 0
0 6Q52) Q 2G4, + G, 0
0 205" +8QY +2Q. 0
0 605" — Qu + 2G4 — GL. 0 N1
0 0 2 + QE) Q4 + G;cyz + Gwyz
0 0
1 2 1 2
D+ QP —Qs— G, — G2, 0 o
0 0 6Q%2 — Q4 +268Y), — GEE;)Z
0 0 6Q% — Qs — 2G5, + GO,
0 0 208" +8Q% +2Q4
0 8+ 0 - Qu - Gl - Gh 0
() + Q(() Q4 + Gryz + Gmyz 0 0
0 0
[
where the different superscripts (1), (2), --- represent  consistent with the discussion in Sec. IID. It results in

the same type but independent components in each mul-
tipole. Among the multipoles, the contributions from Qg
and @4 are present under high symmetric m3m, while
those from G, are present only under m3. Although
(Qo,Q4) and Gy, appears in the same tensor compo-
nent, we can separate their contributions by taking a
linear combination of two tensor components; for exam-
ple, E multipole components are given by 0( )(Q) =

%y(H) + ;ZMH) Qél) @Q(()Q) & Qy4, while ET multipole

components are given by a;I;)(G) = a%y(H) — U;ZI(H)

Gzyz @ Gwz from Eq. (37). It is noted that the dissi-
(H/J)

pative contribution oz’ "’ vanishes owing to the absence
of magnetic-type multipoles. In the following numerical
calculations, we set e = h = kg = 1. Other parameters
are set as shown in Table IX.

TABLE IX. Parameter settings in Figure 1 and 2.

parameter | value || parameter | value
(ppo) -1 Ap 2
(ppm) 0.4 As 0.5
(pfo) | —0.5 A 20
(pfm) 0.3 |4 215
(ffo) | —02 T  |0.001
(ffm) 0.1 I —-2.5
(ffé) |—0.05
(ff¢) | 0.01

First, we calculate the § dependence of ag(EI;)(Q) and

O';E;I;)(G) as shown in Figure 1. The data shows that

(H/] (Q,G) =0 and o H/E)(Q Q) 020 const, which is

that O’;I;)(Q) and og)(G) are constructed from 7 -even
multipoles as discussed in Sec. ITD, which has no contra-
diction with the 7-even Hamiltonian given in Eq. (31).

(@) (b)
0.0000
0.15 ~0.0001
-0.0002
0.10 -0.0003
~0.0004
0.051 -0.0005
000 -0.0006 .

10 1075 10 10° 102 107" 10° 10°10°10"*10°102107" 10°

6 0

FIG. 1. The broadening factor § dependence of (a) the
electric multipole Q components of MO Hall conductivities
UQ(CIZ_,U(Q) and (b) the electric toroidal multipole G components

of MO Hall conductivities o{y (G).

Next, we evaluate the contributions from @ and G
multipoles by varying the symmetry-lowering parame-
ter g. Figure 2 shows the g dependence of le{jl)(Q)
and ag)(G) demonstrating the activation of oo )(G)
due to symmetry lowering induced by the molecular
field. In addition, ag)(Q) expands in even powers of
g, whereas U;I;)(G) expands in odd powers, as shown in
Fig. 2. These results reflect the irreducible representa-
tions of Q(= 82), Q4) and G(= G;ly)z, G_Sczy)z) under
the CPG m3m, which belong to A;, and As,, respec-
tively. This feature is also consistent with our symmetry
argument in Sec. I1C.
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FIG. 2. The strength of the ET octupole g dependence
of (a) the electric multipole @ components of MO Hall con-

ductivities i’ (Q) and (b) the electric toroidal multipole G
components of MO Hall conductivities O'Q(JI;)(G).

TABLE X. Relevant rank ! and multipoles of MO and spin
Hall conductivities for the Hamiltonian in Eq. (31).

[ MO spin
rank [ 0<Ii<4 0<I<2
multipole | Qo, Q4, Gzy- Qo

Finally, we comment on the spin-current response in
the present tight-binding model. The spin conductiv-
ity is strongly constrained by symmetry and, in particu-
lar, only the conventional component associated with the
electric monopole sector is allowed, whose tensor com-
ponent is speficially given as JZﬁH)7 oi’gﬁH), and Ung), as
shown in Table X. Such a contribution behaves as an even
function of the order parameter and therefore does not re-
flect the activation of the ET octupole Gy .. In contrast,
the MO conductivity discussed above is directly induced
by the ET octupole order and exhibits distinct symmetry
properties. This clearly highlights the symmetry-based
distinction between spin and MO current responses in
our model.

IV. SUMMARY

In summary, we have derived a multipole representa-
tion of MO conductivity and provided its classification
under 32 CPGs. We have shown that the MO conduc-
tivity tensor components correspond to polar even-rank

J
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and axial odd-rank multipoles, where the multipoles from
rank-1 to -5 contribute to the Ohmic contribution, while
up to rank 4 contribute to the Hall contribution. In ad-
dition, we have presented the symmetry distinctions be-
tween MO and spin currents, which provides a key in-
sight for their experimental identification. Furthermore,
we have clarified that dissipative MO currents are gov-
erned by active M and MT multipoles, whereas nondis-
sipative MO currents are governed by active E and ET
multipoles. Finally, we demonstrate nonzero MO cur-
rent conductivity by performing the microscopic model
calculations.

Our multipole formulation naturally extends the polar-
type rank-5 response tensor—whose spatial parity dif-
fers from that of the MO conductivity—to include, for
instance, MT-octupole current conductivity via the ex-
change X > Y. This extension widens the class of ma-
terials capable of exhibiting MO currents, covering not
only d-wave altermagnets [38] but also potential f-wave
altermagnets and other multipolar systems. We expect
that this unified framework will guide the exploration
and design of octupole current active in a broad range of
materials.

Finally, we discuss possible experimental routes to de-
tect MO currents. First, Néel-vector switching in d-
wave altermagnets might support the generation of MO
torque induced by MO currents through the coupling be-
tween the Néel vector and the MO moment [36]. Second,
the observation of MO Hall magnetoresistance [37] and
MO accumulation—the MO counterparts of spin Hall
magnetoresistance [63] and spin accumulation [64, 65],
respectively—can provide indirect evidence of MO cur-
rents. The former may manifest itself as a Néel-vector-
dependent magnetoresistance in heavy-metal/d-wave al-
termagnet bilayers, while the latter may appear in the
angular dependence of resonant x-ray scattering [66].
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Appendix A: Angle dependence of multipole

We give angle dependence of ¢- and t-multipoles in Table XI, where angle dependence of ¢-multipole up to rank

two is the same as c-multipole one.
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TABLE XI. Angule dependences of ¢- and ¢-multipoles normalized by fs dQX;X; = d;; up to rank 5, where S, Q, and J;; are
the unit sphere, the solid angle, and the Kronecker delta, respectively. 2 = x? + y? + z°, and cyclic denotes the cyclic
permutation r -y — z — x.

rank  c-multipole angle dependence rank ¢-multipole angle dependence
1 o \ﬁz(—3r2+522)
0 XO 2/ 3 Xz 473
1 X. X, X V3z \/§y V3z X \4 70z(1273y2)
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2 2 2 2
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du 8y/mrd 4y v 16+/mrd P 1 /mrE
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Appendix B: Multipole expressions of MO conductivities

We show multipole expressions of g’z”ma(o JH)

which expressed as the following form:

up to rank-5 multipoles including t-multipoles as well as c-multipoles,

mna(O/L) T o
Uij =
07”(0 Uwr(o) g;;ﬂ,(o) (,yur(o U;-;T(O) 0.;1/7(0) ”Trfy(0> (72;”(0 O.;Z?/(O Uy’y(0> U;-;y(o U;yJ(O) U.;;;z(o) U?JJZ(O) U;;Z(O Uyll(o) ”;52(0) U;gZ(O) (Bl)
zzxz(0) vyI(O) 222(0)  yzx(0)  zew(0) xyx(0)  exy(0) _wyy(0) _2zy(0) _wzy(O) zay(O) _ayy(0) _z2z(0) _yy=(0) _222(0) _yz2(0) z22(0) _ayz(0)
] Ty Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy Tyy yy Tyy I
”gr;w(o Ugg'(o) 0;;%(@ 07;'5'(0 aﬁg”“)) U;gr(o) ”;zfy(0> UZJJ?/(O Zv(o Ug;y(C') UZ”(O U;;JJ(O) U;;Z(O) (772/;2(0) U::::Z(O) Ug;’(o) U;;Z(O) 0-;32(0)
mna(O/T) T
Uij
af””(o) ag;/w(o) af;t(o) ozjw(o) a;fr(o) offﬂo) Uz’;z/(o) avw(O mz(O) a;;:z/(o) Uzm/(O) a:gv(o) atfl(o) 01/32(0) aiﬁz(o) ay;:(0> J;§Z(O 1J/wz{0) (B2)
o520 [yyr(0) zz0(0) yza(0) zww(0) wya(O) ¥(0) Ly (©) 7zy(()) o¥2(0) ;zzy(0) jayy(0) wwz(0) [ yyz(0) 222(0) yz2(0) zz2(0) ay=(0)
aﬁz(o) agzw(o) a;;z(o) og;w(o) J§£I<O) U:gﬂo) U«wy(o) avw(O mz(O) a;{;y(o) azrv(o ;Zy(o) a;;f:(o) 0;/;;2(0) U;z:(o) ag;:(@ J;zZ(O ruZ(O)
mna(O mna(O/L mna(O/T .
Here, o;; ©) g decomposed into the longitudinal part o;; (O/L) With i = J and the transverse part o;; O/T) With
mna H ~mna O H
i # j, and o M) ig shown in Eq. (11). We aditionally show the normalized MO conductivity &,; ( ) for better
mna(O,H)

readability, Whose multipole do not obey Eq. (16) but have the same irreducible representations as one of o, i
in arbitary point groups. The independent multipole degrees of freedom are distinguished by the superscript (1) for
the integer [.

1. rank-0 c-multipoles

( mna<0/L>)T
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000 000000-X000000 X
000 Xo 000000 0 000000 —Xp |. (B3)
000-X,000000 Xo 000000 0
.
mna(O/T) _
(75) =
0 —Xo Xo 0 0 00 0 o0 0% 0 000 %0
00 000 -2X,0-Xo 0 00 0 0023 0 0 (B4)
00 00X 0 00 0 -%00 -XoX000 0 0
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11. rank-1 c-multipoles with normalization
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where the multipole components with superscript (3) and (6) of 5;? ne(O/T) 46 not appear.
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12. rank-2 c-multipoles with normalization
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14. rank-4 c-multipoles with normalization
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16. rank-3 t-multipoles with normalization
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where the multipole component with superscript (5) of &Z-l ne(O/T) Joes not appear.
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17. rank-4 t-multipoles with normalization
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18. rank-5 t-multipoles with normalization
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Appendix C: Comparison between the magnetic octupole conductivities and spin conductivities
for t-multipoles

We give nonvanishing tensor components of MO and spin conductivities with activations of ¢t-multipoles correspond-
ing to Tables XII, XIII, and XIV. As shown in Tables XII-XIV, the conclusions discussed in Sec. Il B—mnamely,

e certain multipoles generate only the MO currents,
e the MO conductivities carry different spin components from the spin conductivities, and
e the ij-plane in which the MO or spin currents flow differs even for the same multipole component,

do not depend on whether the c¢- or t-multipoles are used.

Appendix D: Hopping Hamiltonian

Here, the hopping matrices with basis functions {p.,py,p-, ff , ff , ff} are given below for each parameter
{(ppt), (ppt), (pf1), (f1), (f 1), (ff1), (ff1), (ff1)}, presented in the following form:

H;p Hztnf
ot i I E (D1)
pf Ir
where t € {0, 7,0, d}.

1. First-nearest-neighbor hopping Hamiltonian

The abbreviation as c(k;) = cosk;, s(k;) = sink; for i = x,y, z is used for notational simplicity.

k 0 0
Hy, = 2(ppo) 0 cky) O (D2)
0 0 k
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TABLE XII. Symmetry-allowed MO Ohmic conductivity tensors and spin Ohmic conductivity tensors with activations rank-3

t-multipoles(t-MP).

t—MP[ MO conductivity [spin conductivity
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TABLE XIII. Symmetry-allowed MO Ohmic conductivity tensors with activations of rank-4 and -5 ¢-multipoles (¢-MP). It is
noted that a corresponding spin conductivity tensor does not exist.

t—MP[ MO conductivity [t—MP[ MO conductivity
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TABLE XIV. Symmetry-allowed MO Hall conductivity tensors with activations of rank-3 and -4 ¢-multipoles (¢-MP). It is

noted that a corresponding spin conductivity tensor does not exist.

t—MP[ MO conductivity [t—MP[ MO conductivity
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