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Spinless electric toroidal multipoles in ferroaxial KyZr(PO,), revealed by
symmetry-adapted closest Wannier analysis

Yu Xie, Rikuto Oiwa, and Satoru Hayami
Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan
(Dated: April 23, 2026)

From a symmetry perspective, ferroaxial order belongs to the same symmetry as time-reversal-
even pseudovectors. Experimentally, K2Zr(POy)2 is known to undergo a displacive-type phase
transition from a non-ferroaxial to a ferroaxial phase. To identify the key microscopic ingredients
driving this transition, we carry out a quantitative analysis combining density-functional theory
calculations and symmetry-adapted closest Wannier analysis. As a result, we show that electric
toroidal dipole, electric toroidal octupole, and electric hexadecapole, which belong to the same
irreducible representation, make dominant contributions to the ferroaxial transition. In particular,
we find that spinless electric toroidal octupoles, which originate from spin-independent off-diagonal
real hopping between the p orbitals on P and O atoms and between the d orbitals on Zr atoms and
p orbitals on O atoms, provide the most significant contributions. Moreover, we explicitly analyze
the orbital characters involved in the relevant hybridizations associated with these multipoles. We
further show that the relativistic spin—orbit coupling has a negligible influence on the ferroaxial
transition. These results demonstrate that spin-independent orbital hybridization between different

orbitals on different atoms plays a crucial role in inducing the ferroaxial transition.

I. INTRODUCTION

Ferroaxiality arises from the breaking of certain mirror
symmetries while preserving both time-reversal (7) and
spatial-inversion (P) symmetries [1]. Such space-time in-
version properties stand in sharp contrast to those of fer-
romagnetism, which breaks 7 symmetry, and ferroelec-
tricity, which breaks P symmetry [2, 3]. In this sense,
ferroaxiality is neither magnetic nor electric in nature,
and at first glance, it may appear to be a rather feature-
less state.

The experimental identification of ferroaxial transition
in RbFe(MoOQ4)2 has opened up an avenue of research [1,
4-6]. Indeed, ferroaxial order has since been discov-
ered in the materials NiTiO3 [7-10], CazIr3O;2 [11-14],
BaCoSiO4 [15], NagHf(BOs3)2 [16], Na-superionic con-
ductors [17], MnTiO3 [18], and EuTes [19]. In paral-
lel, theoretical studies have uncovered two characteristic
classes of physical phenomena associated with ferroax-
ial ordering: The first involves off-diagonal responses of
conjugated physical quantities, including antisymmetric
thermopolarization [20], longitudinal spin current gen-
eration [21, 22], and nonlinear transverse magnetiza-
tion [23, 24]; The second concerns cross correlations be-
tween chiral and polar degrees of freedom [25-27], exem-
plified by the electrogyration effect [7, 28] and surface-
induced chiral-domain selection [29].

In many ferroaxial materials, the ferroaxial transi-
tion is characterized as a structural transition accom-
panied by rotational atomic displacements. However,
studies of how such structural transitions affect the elec-
tronic degrees of freedom have been largely limited to
model calculations [30], and quantitative analyses have
been scarce [31]. Moreover, although several micro-
scopic mechanisms have been proposed for the elec-
tric toroidal dipole (ETD)—the order parameter of fer-
roaxial order—such as vortices of electric polarization
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FIG. 1: Schematic illustration of the intuitive images
of (a) ETD and (b) ETQ moments under cluster-type
orbital orderings. Red and blue indicate positive and
negative phases, respectively, and green arrows denote
the ETD.

[Fig. 1(a)] [32, 33] and cross-product—type spin—orbit cou-
pling (SOC) I x o [34], where I and o denote the or-
bital and spin angular momenta, their relative impor-
tance in real materials remains unclear. Furthermore,
recent studies have shown that cluster-type orbital or-
dering also leads to a net ferroaxial moment correspond-
ing to ETD [Fig. 1(a)] [14], as well as an antiferro-type
ferroaxial moment corresponding to an electric toroidal
quadrupole (ETQ) [Fig. 1(b)] [35, 36]. Consequently, it
is still unknown which electronic degrees of freedom play
the primary role in characterizing ferroaxial order. These
issues highlight the necessity of theoretical analyses that
start from realistic electronic structures in materials.

Motivated by these considerations, we investigate the
prototypical ferroaxial material, KoZr(POy)2, which un-
dergoes a displacive-type ferroaxial transition at approx-
imately 700 K [37]. In this transition, the crystal sym-
metry changes from the nonferroaxial structure P3ml
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FIG. 2: (a) Crystal structure of KoZr(POy)s in the non-
ferroaxial phase (P3ml, top) and the ferroaxial phase
(P3, bottom). Atoms in blue, red, green, and orange
correspond to Zr, P, Og;, and Ooq atoms, respectively,
while K atoms are positioned underneath the P and Ogq.
Here, Og; and Og4 denote the O atoms at the 6i and 2d
Wyckoff positions in P3m1. The rotation angle ¢ of the
POy tetrahedra characterizes the degree of ferroaxiality.
(b) Nearest-neighbor (n = 1) bonds in Eq. (6), defined
by the shortest interatomic distances.

(#164, D)) to the ferroaxial structure P3 (#147, CL,),
as illustrated in Fig. 2(a). According to the rotation of
the POy tetrahedra (or ZrOg octahedra) by the rotation
angle , the vertical mirror symmetry o4 is broken while
retaining threefold rotational symmetry. Since ¢ takes
a finite value only in the P3 phase, it serves as a quan-
titative measure of ferroaxiality from the viewpoint of
the lattice degree of freedom. In this situation, it is ex-
pected that corresponding electronic ferroaxial degrees of
freedom also become nonzero. For example, it has been
confirmed for the cross—product—type SOC defined at the
P site [31], whereas systematic quantitative comparisons
among the various ferroaxial electronic degrees of free-
dom, including spinless degrees of freedom, have not yet
been performed.

In the present study, we perform a detailed quanti-
tative analysis of the ferroaxial compound KsZr(POy)s

to clarify the role of the microscopic electronic de-
grees of freedom under a static rotational distortion.
Employing density-functional theory (DFT) calculations
in combination with a symmetry-adapted closest Wan-
nier (SymCW) method [38, 39], we examine how the
ferroaxial-related electronic degrees of freedom evolve as
a function of the rotation angle. Within a complete mul-
tipole operator basis set, we find that various multipolar
degrees of freedom, such as the ETD, electric toroidal oc-
tupole (ETO), and electric hexadecapole (EH), emerge as
multi-site spinless bases that significantly affect the elec-
tronic structure. Especially, we demonstrate that the two
ETOs, expressed in terms of hybridizations between the
p orbitals on P atoms and d orbitals on Zr atoms and
between the p orbitals on P and O atoms, provide the
dominant contributions to the ferroaxial transition. We
further show that relativistic SOC has only a negligible
influence on the ferroaxial transition.

The remainder of this paper is organized as follows. In
Sec. II, we show the electronic degrees of freedom related
to ferroaxiality in the displacive-type ferroaxial transition
of KoZr(POy)z, based on the symmetry-adapted multi-
pole framework. Section III presents the electronic band
structures and orbital-resolved density of states obtained
by the DFT calculations. Section IV provides the ef-
fective tight-binding model derived from the DFT calcu-
lations using the SymCW method. Section V presents
a multipole-based classification of ferroaxial degrees of
freedom, which allows us to identify the essential elec-
tronic degrees of freedom arising from the entanglement
of orbital and bond. We also present the dominant multi-
pole contributions that emerge when the ferroaxial order
occurs. Finally, Sec. VI summarizes our findings and
presents the perspective for future studies.

II. FERROAXIAL DEGREES OF FREEDOM
BASED ON MULTIPOLE REPRESENTATION

Ferroaxial degrees of freedom can be described un-
ambiguously within the framework of the symmetry-
adapted multipole operator basis (SAMB), which has
been established recently [40]. SAMBs consist of four
types of multipoles, which are classified as electric (E:
@), magnetic (M: M), magnetic toroidal (MT: T), and
electric toroidal (ET: G) multipoles according to their P
and T parities [34, 41, 42]. For a given symmetry group,
each multipole X E (X =Q,M,T,G) is further charac-
terized by its rank [, the irreducible representation (IR)
I', and its component 7. Since the SAMB constitutes a
complete operator basis set in a given physical space, any
degrees of freedom, such as orbital, spin, bond, and their
composites, can be described in a unified way.

For later convenience, we show the representative elec-
tronic ferroaxial degrees of freedom in KoZr(POy)s. We
here consider the unit consisting of upward and down-
ward triangles connected by the spatial inversion sym-
metry in Fig. 3, which corresponds to the POy tetrahe-
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FIG. 3: Examples of SAMBs belonging to the Ay, irreducible representation (IR) of the D34 point group in a six-site

cluster. The resulting As, multipoles are (a, d) the ETD, (b, e) the ETO, and (c,f
All the SAMBSs retain the spatial inversion symmetry in terms of the

are P-odd in (a)-(c) and P-even in (d)—(f).
inversion center denoted by the black dots.

TABLE I: Correspondence between the atomic orbital
hybridization and the atomic SAMBs in KoZr(POy)s
without the spin degree of freedom. The subscript as-
sociated with a multipole X = Q, M, T, G specifies its
rank.

Orbital Atomic SAMBs
P-even P-odd
s-5 Qo -
s-p - Q1, Th
s-d Q2, Tz -
p-p Qo, Q2, M -
p-d - Q1, @3, G2,
Ti, T3, M2
d-d Qo, Q2, Qu, -
My, M3

dra in Fig. 2(a). Since the ferroaxial degree of freedom
corresponds to the Ag, IR in the high-temperature non-
ferroaxial phase under the symmetry P3m1, we show how
to construct the electronic ferroaxial degrees of freedom
belonging to the Ay IR based on the SAMB.

The SAMB is constructed by the product of the atomic
degrees of freedom and the site/bond degrees of freedom;
the former is referred to as the atomic SAMB (denoted
by Y(a’F)) [43] and the latter is referred to as the cluster
SAMB (denoted by Y, ( " for site and Y(b " for bond)
for Y = Q,M,T,G [44 45]. The atomlc SAMBs rele-
vant to Kng(PO4)2, spanning the s-, p-, and d-orbital
manifolds, are summarized in Table I, where the P-even
multipoles (Qo, Q2, Q4, My, M3, and Ty) are activated

) the EH. The atomic SAMBs

in the orbital space with even-parity hybridization, while
the P-odd multipoles (Q1, Qs, G2, Ma, Ty, and T3) are
activated in the orbital space with odd-parity hybridiza-
tion. The cluster SAMBs relevant to KoZr(POy)s can be
obtained in an analogous manner by incorporating the
permutation symmetries among the sites [40].

Since the Ay, representation can be constructed from
the direct products A1z ® Agg, A1y ® Aoy, Eg ® Eg, and
Ey ® Ey, the SAMBs corresponding to the ferroaxial de-
gree of freedom are obtained by appropriately combining
atomic and cluster SAMBs in a way that preserves the
symmetry. We show several specific examples in the case
of the site-cluster SAMB in Fig. 3. The ferroaxial de-
grees of freedom can be constructed by arranging the
atomic electric dipole [Fig. 3(a)] and two different elec-
tric octupoles [Figs. 3(b) and 3(c)], two different elec-
tric quadrupoles [Figs. 3(d) and 3(e)], and electric hex-
adecaple [Fig. 3(f)] so as to satisfy spatial inversion and
threefold rotational symmetries. By taking into account
the rank of multipoles, the ferroaxial degrees of freedom
in Figs. 3(a)-3(f) are identified as two ETDs [Figs. 3(a)
and 3(d)], two ETOs [Figs. 3(b) and 3(e)], and two EHs
[Figs. 3(c) and 3(f)]. Similarly, one can construct the fer-
roaxial degrees of freedom by the product of atomic and
bond-cluster SAMBs by considering the bond degree of
freedom instead of the site one.

III. DFT CALCULATIONS

We calculate the electronic states of KoZr(POy4)2 based
on DFT calculations by using Quantum ESPRESSO [46].
In the following calculations, we adopt the PBE
exchange-correlation functional and use the scalar rel-
ativistic optimized norm-conserving Vanderbilt (ONCV)
pseudopotentials [47] downloaded from PseudoDojo [48].



We first use the experimental lattice constants a = 5.3233
A and ¢ = 8.8361 A for the non-ferroaxial phase with
the rotation angle ¢ = 0° [37]. Then, by performing
a structural optimization of the lattice constants and
atomic positions, we obtain the optimized lattice con-
stants a = 5.2759 A and ¢ = 9.0651 A, and the atomic
rotation angle ¢ = +16.89°, which is consistent with the
experimental value of ¢ ~ 17° in the ferroaxial phase
at 300 K [37]. Here the positive (negative) sign of ¢ is
defined as counterclockwise (clockwise) rotations of the
POy tetrahedra.

Then, we perform self-consistent DFT calculations for
4+16.89° and ¢ = 0°. The kinetic-energy cutoff for the
Kohn-Sham (KS) orbitals and the total-energy conver-
gence threshold are set to 100 Ry and 1 x 10~'* Ry, re-
spectively. The k-point grid is set to 12 x 12 x 6. The ob-
tained band structures and partial (orbital-resolved) den-
sity of states (DOS) for ¢ = +16.89° and 0° are shown in
Figs. 4(a) and (b), respectively. According to the DOS
analysis, the s and p orbitals of P and Og;, and the d
orbitals of Zr contribute predominantly to the electronic
states around —20 eV S E < 7 eV, including the Fermi
level, which is set to 0 eV. In contrast, the s and p or-
bitals of Zr make negligible contributions near the Fermi
level. The contributions of the 4s and 3p orbitals of K,
as well as the 2s and 2p orbitals of Oq4 are also finite,
which are not shown in Fig. 4. Here and hereafter, we
denote two O atoms at the 6i and 2d Wyckoff positions
in Pgml as Oﬁi and Ogd.

IV. SYMMETRY-ADAPTED CLOSEST
WANNIER MODEL

In this section, we construct the symmetry-adapted
closest Wannier model for KsZr(POy4)s by using the
SymCW method, implemented in the open-source
Python library SymClosest Wannier [38, 39].

For the initial guess of the closest Wannier functions
(CWFs), we use the hydrogenic atomic s and p orbitals
for P, K, Og;, O2q and d orbitals for Zr, where the to-
tal number of orbitals is 53 in the unit cell. The s
and p orbitals of Zr are omitted from the model because
their contributions are negligible. The upper and lower
energy windows (fmax, min) and the corresponding
smearing temperatures (Omax,Omin), used for the CW
method [38], are set t0 (Lmax; min) =(4.8 eV, —23 V)
and (Omax, Omin) = (1 €V,0 eV), respectively. These
parameters are chosen so that the CW Hamiltonian re-
produces the DFT band dispersion with high accuracy
while keeping the spread of the CWF's sufficiently small.
We have also confirmed that the results and physical
interpretations remain unchanged within a reasonable
range of the energy windows and smearing temperatures.
Therefore, the conclusions obtained from the SymCW
model are robust against such parameter choices. Note
that the symmetry properties of the CWFs are inher-
ited from those of the original atomic orbitals used as
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FIG. 4: Band structures and densities of states (DOS)
obtained from DFT calculations, together with the fit-
ting results of the CW and SymCW models. Panels (a)
and (b) correspond to rotation angles of ¢ = £16.89°
and ¢ = 0°, respectively. In the left panel, gray lines
represent the DFT bands, while red and blue lines show
the band structures obtained by the CW and SymCW
models. The DOS per atom for orbitals of P, Og;, and
Zr are shown in the right panel; the in-plane (zy) and
dy = ds3,2_,2 components are represented in blue, the
out-of-plane component in orange, the s orbital in green,
and the 4p orbital in yellow. The proposed models repro-
duce the DFT results well up to about 7 eV above the
Fermi level, which is the energy range relevant to most
physical properties.

the initial guess [38, 39]. Therefore, SAMBs, a complete
orthonormal operator basis set {Z;}, can be defined for
the CWF space. Using this operator basis, the 53 x 53
closest Wannier (CW) tight-binding Hamiltonian, HW,
can be expressed as a linear combination of {Z;} as

F]' GAlg, Azg
HSymCW _ Z Zij, (1)
J
zj = Tr (Z; HV), (2)

where z; is the corresponding weight of each SAMB
Z; with the unit of energy (eV). Here, we ignore the
spin degree of freedom, whose effect will be discussed in
Sec. VC. We refer to this symmetrized model as the
SymCW model. The SAMBs {Z;}, belonging to the A,
and Ao, IRs of the Dsgq point group, are automatically
generated using the open-source Python library Multi-



Pie [40]. The total number of SAMBs is 96,439, by con-
sidering up to the 200 bond-clusters for each bond (the
maximum bond length is about the distance between the
home unit-cell and the 10th neighbor unit-cell).

[The band energy has been removed because it is not
discussed in the main text, and the expectation value has
been moved to a more appropriate place.]

The mean absolute error between the energy eigenval-
ues obtained from the DFT calculations and the SymCW
models under the Fermi level is evaluated as

0.02667 meV
Np | DFT _ SymCwW
_ Z Z Cnk €k ((,0 — :|:16890)’
"~ k n=1 NiNp 0.02238 meV
(o =10°),

(3)
where Ng denotes the number of eigenvalues below the
Fermi level and Ny, = 864 (12 x 12 x 6) is the number of k
points used in the DFT calculations. As shown in Fig. 4,
the CW and SymCW models accurately reproduce the
valence band structure of DFT calculations for both the
P3 (¢ = £16.89°) and P3m1 (¢ = 0°) phases. Although
the conduction bands above 7 eV, particularly those near
the K and H points, are not well reproduced, this inac-
curacy does not affect the results discussed below.

V. RESULTS AND DISCUSSIONS

In this section, we present an analysis on the spin-
less electric toroidal multipoles in the ferroaxial phase of
KoZr(POy)2, which affects the electronic structure. We
first show the explicit definitions of several SAMBs to-
gether with their physical interpretations, highlighting
their roles as key microscopic ingredients of the ferroaxial
order. We then present the evolution of their expectation
value of each SAMB with varying the rotation angle ¢
and identify the dominant contributions to the ferroaxial
transition.

A. Microscopic representation of ferroaxial
mutlipoles

Let us first show the microscopic representation of the
SAMBSs describing the ferroaxial order and analyze our
models for the P3 (p = £16.89°) and P3ml (¢ = 0°)
structures. The SymCW Hamiltonian in Eq. (1) can be
rewritten as

HY™W — Hepp 4+ Hiop, (4)

r O i (@]
Herr = Hewe + Hogp + Hoge + HG + HG,

(5)
200 Zr,K,P,0O¢;,02q

Hhop = Z Z H}(IQ/II)*NJL)? (6)

n=1 (M,N)

where Hg\é% is the crystalline electric field (CEF) term

at M = K, Zr, P, Ogi, Ooq atoms and H}(lﬂ/;_N’n) rep-
resents the spin-independent hopping term in the n-th
bond-cluster of the M—N bond between M and N atoms.
The explicit definition of the nearest-neighbor (n = 1)

bonds are shown in Fig. 2(b).

Each term is expressed as the linear combination of
SAMBs {Z;}, and their coefficients {z;} can be obtained
by computing Eq. (2). We consider 96,439 SAMBs by
including up to the 200 bond-clusters for each bond.
Among these SAMBSs, 14121 is the number of multipoles
belonging to the Agy IR of the Dsq point group sym-
metry. Especially, we hereafter focus on the represen-
tative ferroaxial SAMBs including ETD G,, ETOs Gg;
and G4, and EH Qy43, whose coefficients are significantly
large. As for the hopping terms, we restrict our analy-
sis to the nearest-neighbor term H}Elg/[_N’l)7 since we have
confirmed that the further-neighbor hoppings are negligi-
bly small, with their magnitudes decaying exponentially
beyond the second-nearest neighbors.

The explicit definitions of these SAMBs, together
with their coefficients and expectation values at ¢ =
+16.89°, 0°, are summarized in Table II. In order to
clarify the distinction between the multipoles that newly
belong to the identity IR in P3 and those that originally
belong to the identity IR in P3m1, we henceforth express
all multipoles in terms of their irreducible representations
under P3m1. Similarly, the SAMBs are constructed with
reference to the P3ml system. We confirm that all the
Ay, multipoles are negligibly small for ¢ = 0°, consistent
with the P3m1 symmetry.

Meanwhile, the As; multipoles take significant values
at ¢ = £16.89° under the P3 symmetry. By comparing
the coefficients z; and the expectation values (Z;) be-
longing to the Ay, IR at ¢ = £16.89°, we can clarify the
predominant contributions to the ferroaxial transition.
Here, the expectation value (Z;) is defined as

(@) = 5 DS okl ok (D)
nk

We find that both z; and (Z;) of the ETO Z{%*) in

H}(ll;; 96D have most significant contributions and those

of the ETO ng“) in H}(lf:o‘“’l) also make noticeable

contributions. Among the on-site CEF terms, the ETD

7\ in HQ% and the EH Z{%") in HZ) exhibit

comparatively large coefficients and expectation values.

Z'(7G3b) Zg?za)
Y

Therefore, we focus on these four terms, ,

ZgGZ), and ZéQ‘“’), and present their microscopic defini-
tions and physical interpretations.

Figure 5(a) shows a schematic representation of Z(7G3”),

corresponding to Fig. 3(e). Z;G“) is given by the vor-
tex structure of the spinless atomic E quadrupoles (an)7



TABLE II: Definitions of SAMBSs belonging to the Ay, IR of the D3q point group symmetry for P3 (¢ = £16.89°) and

P3ml (p = 0°) structures. z; is the coefficient of the SAMB given by Eq. (2) and (Z

;) is the expectation value of the

SAMB given by Eq. (7). The symbols Q@ and Q®/P) represent the atomic electric and site- or bond-cluster electric
bases, respectively. The subscript of Q® and Q®/P) represent the notation of electric bases, which are summarized
at References [34, 40]. The column of “Hybridization” represents the corresponding Hilbert space. The rotation angle

@ is defined in Fig. 2.

SAMB Hybridization zj [eV] (Z;)
© = +£16.89° © = £16.89°
(p=10°) (p=10°)
HSY 7 = 5 (@ e Qi QY Q™) (s Ol On)  Fre W T
)= 5 (047 005" -0 5 05) poumon VAN e
) 20w = Qi) & Q) R B o H s il
Hr(.ip Og6i»1) _ % (Q<a, Eu) o ng,Eu) _ Q(a Eu) o Q(b Eu) ) (p, P|s, Og1) (79'7:57%1%711) (qg‘zdgixlégz)
=3 (Q(a Eu) g QI Bw) _ (B g (b Bu) ) (s, Plp, Oc:) (—1.2%32530*“) (?2174;1391—21)
7 = 55 (Q(a o™ - oo Eg)) (p, Plp, Oei) (1.4;3338*10) (Tll.ggxxll(?:l)
R I A My X oo
HEO A< (G ol W00l ™)  wakon i T
Zy = 75 (Q(a R I Eg)) (d, Ztls, Os) (—2.6%32550-“) (Tﬁl.é?;xxft?—_lli‘)
Z(Gm) % (Q(a Eu) o Q(b Eu) Q(a Bu) g QP Bw) ) (d, Zxlp, Og:) (Tﬁﬁ):ll(()):;z) (itlli)?:f(?:;)

Gza a, By b, Eu a, By b, Eu
2§ = 51 (™ @ Q™ — P @ Qi (d, Ztlp, On) +4.35 F3.80 x 107"
—\/éan’Al“) ® Qib,Agu)) , 4r|p, Usei (451 > 10711) (—128 « 10,12)
Q a, By b, Ey a, By b, Ey
2§ = 32 (™ @ ™ - QP @ Qi (. Zelp, Ou) +1.67 F1.72 x 107"
L2 QA ng,Am) P AHP 6 (L1556 % 10710)  (1.15 x 107 1)
Q%)), which are defined in the (ps,py,p.) orbitals as between P and Og; atoms in the home unit-cell, Z(7G3b) is
010 1 0 0 given by
V2 V2
Q%Eg) =5 (1) 8 8 . QB = 5 8 _01 8 tl(c;iy,PCpm,Osa + h.c.), (9)
(8) where cLy’P (¢p,.04) is the creation (annihilation) opera-

Thus, ZgG‘%) represents the spin-independent off-diagonal
real hopping between p orbitals at nearest-neighbor P
and Og; atoms. As shown in Fig. 5(b), for the hopping

tor of the electron with p, (p,) orbital at P (Og;) atom in
the home unit-cell. Note that the hopping parameter ¢,
is related to the coefficient 27 as t; = 27/v/2. As shown in
Figs. 5(b) and (c), this hopping is allowed only in the fer-
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FIG. 5: (a) Schematic representation of Z;Gsb). (b) Focusing on the region enclosed by the black rectangle in (a), ZgG:”’)

corresponds to the spin-independent off-diagonal real hopping between the p, orbital at Og; site and the p, orbital at

P site, (c) and this off-diagonal real hopping is allowed in the ferroaxial phase with ¢ # 0. In the same manner, panels

d), (e), and (f) illustrate the schematic representation of Z(G“‘)7 corresponding to the spin-independent off-diagonal
11

real hopping between the p,(Ogi)-d..(Zr) and p(Osi)-d,(Zr) orbitals, its hopping prossess at ¢ = 0, and that at

@ # 0, respectively. Panels (g) and (h) display the representation and the hopping process of ZgGZ) and ZgQ‘“’),
respectively.

roaxial phase with ¢ # 0 by breaking the mirror symme- as
try o4 shown in Fig. 2. Indeed, as shown in Table I1, z7 is 00 0 —10
close to zero when ¢ = 0°, while z;= £7.21 €V in the fer- Q(a, Eu) _ @ 001 0 0 (10)
roaxial phase with ¢ = £16.89°, and its sign corresponds B 3 0-10 0 0 ’
to the direction of the rotational distortion. Additionally,
the expectation value (ZgGS")> at ¢ = +£16.89° has most (0 E) _ V3 8 8 (1) (1) 8 1
significant contribution, <Z;G3b)> = F4.60 x 1071, @y = 3 00001 ’ (11)
0100 0
2
ga;Ang 0000 1], (12)
0000 O

where the rows and columns correspond to the (pg, py, p-)
orbitals and the (dy,dy,dys, dzs, dsy) orbitals with v =

2% — y?, respectively. Accordingly, Zg?”) represents the
spin-independent off-diagonal real hopping between d or-
bitals on Zr atoms and p orbitals on Og; atoms. As shown
in Fig. 5(e), for the hopping between Zr and Og; atoms

. . Zr—0O 1,1 . Gza
Similarly, H, 1(1010 *!) contains another ETO Z(11 g in the home unit-cell, Zf”) is given by
corresponding to Fig. 3(b).  Figure 5(d) shows a

f t
schematic representation of ngm), and the spinless tQ(Cd”,Zrcpy,Osa +h'c')+t3(cdu,ZrCPm706i +he), (13)

; ) (a) (a) : . . 1
atomic E octupoles (QS% Qayz, Qs ) that constitute  where CLU 7 (Cp,.04;) 18 the creation (annihilation) oper-

Z:(l?“*) are defined in the p-d hybrid orbitals space (p|d)  ator of the electron with d,, (p,) orbital at Zr (Og;) atom



in the home unit-cell. The hopping parameters t; and
ts are related to the coefficient z17 as ty = 211/6\/5 and
ts = z11/4, respectively. Similarly to ZgG‘”’), this hopping
is allowed only in the ferroaxial phase with ¢ # 0° by
breaking the mirror symmetry oq, as shown in Figs. 5(e)
and (f). This is confirmed from the DFT calculations,
where z1; is close to zero when ¢ = 0°, while z1; = +4.35
eV in the ferroaxial phase with nonzero ¢, and its sign
is reversed according to the direction of the rotational
distortion, as shown in Table II. The expectation value
Zg?z“) at ¢ = £16.89° is the second largest following
@z, (Z$T)) = F3.80 x 10

In the CEF terms, the ETD Z{“*) in H3%) and the
EH ZéQ“b) in Hézél); also make noticeable contributions.

As shown in Fig. 5(g), the site-cluster ETD Z(1GZ) arises
from the vortex-like configuration of the spinless atomic
E dipoles Q® = ( ;a), éa)) on the Og; atoms, which are
defined in (s|p) orbitals space as

Q;a,Eu) _ (1 0 O), Qg(f’Eu) = (O 1 0) (14)

This ETD is also allowed only in the ferroaxial phase
with ¢ # 0, leading to the on-site hybridization between
the s and (ps,py) orbitals at the Og; sites. On the other

hand, ZgQ“b) corresponds to the atomic EH fog) on the
Zr atom, which are defined in the (dy, dy, day, dyz, dz)
orbitals:

0000 0

e 00 0-10

a,

(A — — 10 0 0 0 1 (15)
0-10 0 0
00100

As shown in Fig. 5(h), ZgQ“) corresponds to the d,-d,.
and d,,-d, hybridization between the d orbitals at the
Zr atom. The signs of the coefficients z; and z3, as well
as those of the expectation values (Z5G2)> and <Z§Q4b)>,
correspond to the direction of the rotational distortion.
From the above results, we conclude that the two
ETOs Z;ng), corresponding to the spin-independent off-
diagonal real hopping between p orbitals at nearest-
neighbor P and Og; atoms, and Zg?z”), corresponding to
the spin-independent off-diagonal real hopping between d
orbitals on Zr atoms and p orbitals on Og; atoms, provide
the dominant contributions to the ferroaxial transition.
In addition, the ETD Z{°*) in H'2%) and the EH Z{@*

in HéZEr%, have also significant contribution to the CEF
terms in the ferroaxial phase.

To further clarify the orbital characters involved in the
relevant hybridizations associated with the above four
multipoles, we evaluate the energy-resolved expectation
values (Z;) (E) for ¢ = £16.89° , which is defined as

(Z,) (E) = Nik S (k| Z; [nk) 6(eu — E). (16
nk

Figure 6 shows the energy-resolved expectation values,
(Z52)) (B), (Z25) (B), (2°2)) (B), and (Z{") (E)
together with the DOS in Fig. 4(a). They take nonzero
values in the ferroaxial phase, and their signs reverse
according to the direction of the rotational distortion,
indicating that these multipoles serve as quantitative
measures of the ferroaxiality. Notably, the bond-cluster
ETOs (Z(7G3”)> (E) and (Zif“ﬂ (E) show opposite signs
in the valence and conduction bands, being positive in the
valence bands and negative in the conduction bands. In
contrast, the site-cluster ETD (Z§G2)> (E) and the atomic

EH <Z§Q4b)> (E) exhibit oscillatory behavior with both
positive and negative values across the valence and con-
duction bands.

Furthermore, each peak appearing in (Z;) (E) corre-
sponds to a peak in the DOS of the relevant orbitals
involved in the hybridization associated with Z;. Once
the ferroaxial order appears, additional off-diagonal hy-
bridizations among the p—p, s—p, and p—d orbitals emerge.
These hybridizations induce new bonding and antibond-
ing states, giving rise to additional peaks in the DOS that
are absent in the nonferroaxial phase.

B. Rotation angle dependence of ferroaxiality

We show the evolution of the expectation values (Z;)
of the four SAMBs by systematically changing the ro-
tation angle ¢ from 0° to £30°, while keeping the lat-
tice constants and the P — Og; bond length fixed at the
values obtained from the structural optimization. Note
that the Zr — Og; bond length varies with ¢. Figure 7
presents how (Z;), which characterize the strength of the
multipoles in the electronic states, evolves with the rota-
tion angle ¢. As shown in Figs. 7(b), (d), (f), and (h),
(Zj) vanishes in the nonferroaxial phase with the mir-
ror symmetry oq (¢ = 0°), whereas it becomes finite in
the ferroaxial phase (¢ # 0°) and increases linearly with
increase of ¢ from zero. Furthermore, The sign of (Z;) re-
verses depending on the direction of rotation. Therefore,

(GSE) (GZG) (GZ) (Q4b) ~
<Z7 >7 <Z11 >7 <Z1 >7 and <Z3 > play as proper
indicators of ferroaxiality, and their sign correspond to
the direction of rotation.

C. Effect of relativistic spin-orbit coupling

Finally, we discuss the effect of the relativistic SOC
on the ferroaxial transition, especially the contribution
of the spinful ETD represented by the cross-product—
type SOC G- = (I x 7)./V/2 [34], where I and & de-
note the atomic orbital and spin angular momenta, re-
spectively. We also performed DFT calculation by using
the fully-relativistic ONCV pseudopotentials [47] down-
loaded from PseudoDojo [48] at ¢ = £+16.89°, and built
spinful SymCW models. All the parameters used in the
DFT calculation keeps as same as the spinless calcula-
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FIG. 6: Energy-resolved expectation values (Z;) (E) given by Eq. (16) (right panel) together with the DOS (left
panel) obtained from the DFT calculations in Fig. 4(b). The red and blue lines represent the results for ¢ = +16.89°
and ¢ = —16.89°, respectively. Please extend the energy-range as [-23 eV,15 eV].

TABLE III: Coefficient 2} and expectation value (Z})
of the site-cluster spinful ETD G, at P, Zr, and Og;
atoms. The column of “Hybridization” represents the
corresponding Hilbert space.

Hybridization z;(GZ) [eV] (z%)
{p,P|p, P) 9.33 x 1075 1.88 x 107
(d, Zr|d, Zr) —1.05x 107* 1.65 x 1076

{p, Osi|p, Osi) —1.14 x 1072 1.06 x 1073

tion with the scalar-relativistic ONCV pseudopotentials.
By considering the SOC, the additional SOC-driven local
term Hgoc is appeared in the SymCW Hamiltonian given
by Eq. (4), and it is expressed as the linear combination
of the product of the spinful SAMB Z; and its coefficient
z}, where the prime denotes the spinful term. Using the
obtained spinful SymCW models, we evaluated the coef-
ficient z/; and the expectation value (Z}) of the spinful
ETD G, at P, Zr, Og; atoms, which are summarized in
Table. III.

As shown in Table. III, the contributions of the spinful
ETDs are orders of magnitude smaller than those of the
spinless ferroaxial terms located at the same atom in Ta-
ble. II. We further examined the other spinful contribu-
tions including spin-dependent hoppings, and confirmed
that their magnitudes are below 4 x 10~2 and 2x 10~3 for
z; and (Z}), respectively. In addition, we confirmed that
the coefficients of the spinless ferroaxial SAMBs, such
as z7, 211, 21 and zs, and the corresponding expecta-
tion values, (Z{**)y (z{$=)y  (z{9)} and (Z{F*)) are
quantitatively almost unchanged as shown in Table. IV.

Therefore, we conclude that the relativistic SOC has a
negligible influence on the ferroaxial transition.

TABLE IV: Coefficient z; and expectation value (Z;)

of chgb), Z(SM), chz) and ZéQ‘“”) calculated with SOC
and without SOC at ¢ = 16.89°.

Zj [GV] <ZJ>
SAMB (w/o SOC) (w/0 SOC)
ACED) 4.05 —2.44x 107"
! (7.21) (—4.60 x 1071)
7(Gza) 6.16 —5.38 x 107!
H (4.35) (—3.80 x 107 1)
7(G=) -1.14x107° —2.24 x 107!
! (—2.61 x 107°) (=159 x 1071)
7(Qu) 5.36 x 107" —-1.24 x 107"
3 (3.79 x 1071) (—8.74 x 1072%)
VI. CONCLUSION

We have performed a comprehensive microscopic
analysis of the displacive-type ferroaxial transition in
KoZr(POy)2 by combining DFT calculations with a
SymCW approach formulated in the framework of
SAMB. This method has enabled us to quantify the elec-
tronic ferroaxial degrees of freedom directly from realis-
tic band structures and to decompose the Hamiltonian
into a linear combination of the complete set of spinless
multipoles. Within this multipole-based description, we
have identified that the ETD, ETO, and EH, all sharing
the same symmetry, emerge as the key microscopic ingre-
dients of the ferroaxial phase. Among them, the bond-
cluster ETOs associated with the P-Og; and Zr-Og; bonds
provide the dominant contributions: they arise from spin-
independent off-diagonal real hoppings between the p or-
bitals on P and O atoms and between the d orbitals on
Zr atoms and the p orbitals on O atoms. We have further
shown that the site-cluster ETD at the Og; sites and the
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FIG. 7: SAMBs belonging to the Ay, IR are shown in the left column: those located at (a) the P—Og; bond (Z;G%)),

(¢) the Zr—Og; bond (Zg?z")), (e) the Og; site (ZEGZ)), and (g) the Zr site (ZgQ‘“’)). The mirror symmetry oq,
indicated by the orange dashed line, forbids these hybridizations at ¢ = 0°. When the symmetry is reduced to P3, oq
is broken, and the SAMBs become nonzero, as shown in the right column. The variations in the expectation values
of the SAMBS respect to ¢ are also shown in the right column.
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atomic EH at the Zr sites also make non-negligible con-
tributions through on-site hybridizations between s and
(pz, py) orbitals and between different d orbitals, respec-
tively. The expectation values of these multipoles vanish
in the nonferroaxial P3m1 phase, while those become fi-
nite in the ferroaxial P3 phase, and grow approximately
linearly with the rotation angle ¢, with their signs fol-
lowing the direction of the rotational distortion. They
therefore serve as quantitative order parameters for the
electronic aspect of ferroaxiality. Furthermore, we have
demonstrated that the effect of relativistic SOC is negli-
gibly small in the ferroaxial transition.

Overall, our results demonstrate that the essential
electronic-origin ferroaxiality in KoZr(PQO,)s arises pre-
dominantly from spin-independent orbital hybridizations
among different orbitals and different atoms, rather than

from relativistic SOC. The present analysis highlights the
power of the SAMB-based SymCW framework for disen-
tangling microscopic ferroaxial degrees of freedom in real
materials, and it provides a useful basis for exploring fer-
roaxiality and related rotational structural transitions in
a broader class of compounds.
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